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Toothed gear modelling was� �"!� (�=>!��� � � (!'!%��� ��%.&
=��"�*���$%�0"(���)�(�#!��# #��0�0!%(-�1�%#��(�*!�"�)(�� 
����"!)�$!�%�*�)!��#�$��%!�0%!(!��!)&���)� �"!#%��(! ���!((
 �%�)!(#$���"��� #(��#*!)���� �"!�*�#��!����!�#(�!(�#*��!)�#�
?�@=%��(.#�et al. 2000). The synthesis of the kinematic mo-
dels is presented in works (Müller 1986, Wilk 1981, Klekot
1992). Modelling of gearboxes is shown in several referen-
ces (Fakhfakh et al. 2005, Endo et al. 2007, Nagwa et al.
2008, Tian et al. 2009). However, it is not possible to treat
each subassembly of an automobile separately, since their
interaction occurs all the time. Simultaneously, we are de-

aling with a continuous change of the rotational speed and
engine load. Thus, the cyclostationary and transient proces-
ses occur in the vehicle drive system.

The dynamic model of the automobile gearbox is even
more complex since the clutch transfers vibrations from the
automobile engine and additional dynamic excitations from
the foundation are influencing the gearbox component ele-
ments, which makes the model strongly non-linear (Fig. 1).

The investigations performed on real objects as well as
the simulations allowed us to formulate several conclusions
concerning the influence of the gearbox operation on the
vibroacoustic signal generated by it. Components related to
individual cylinder operation are clearly seen, and their fre-
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quencies for the 4-cylinder engine are determined by the
equation:

0
1

,
2cf k f= ⋅ ⋅  k = 1, 2, 3 ... (1)

where f0 – basic frequency (shaft rotational speed).

The shaft rotational speed has also an influence on
the vibration signal amplitudes. The diagnostic proce-
dure of the gearbox can be done automatically during dri-
ving. In such a case, the reference model must be ‘a priori’
defined and identified in an adaptive way – on the grounds
of the recorded and averaged vibration signal for the de-
termined shaft rotational speed of the new gearbox. After
each repair of the drive system (not only the gearbox)
the reference model must be identified anew. To achieve
this the vibration signal is being pre-processed. At first
resampling occurs, it means the transfer from the time
domain to the crankshaft rotation angle domain. Then, the
signal is filtered, synchronously averaged, and eventually
undergoes decimation. To simplify this procedure as much
as possible, the model is identified and diagnosed for the
determined rotational speed, it means when the automobile
is driving with the determined speed without abrupt load
changes.

� �������	����������	
������

����������������������

The basic dominant aspects of the vibroacoustic signal are
the tooth mesh frequency and its multiples.

0zf f z= ⋅ (2)

where:
f0 – basic frequency (shaft rotational speed),
z – teeth number of the driving wheel.

Successive pairs of teeth entering into contact can be
treated as the impuls!�  �%�!(�  �%� (#$����*�)!��#�$� ��)� �%!
)!(�%#=!)�=���"!�0��(!��%�#��?�@=%��(.#�3;;2A6

( )1
1

( ) , , ...z n
z

p t p N z z t
f

⎛ ⎞
= ⋅δ −⎜ ⎟

⎝ ⎠
(3)

where:
pz – function dependent on the load N, and parame-

ters z1, ... zn, which are e.g. production accuracy,
teeth wearing rate, assembling accuracy, place
of measuring etc.,

δ – Dirac’s delta,
fz – tooth mesh frequency.

In real systems the Dirac’s delta in an impulse of limited
amplitude and the signal spectrum is expressed by the follo-
wing formula:

( ) ( ) ( )z z zP P Hω = ω ∗ ⋅δ ω − ω (4)

where:
Pz(ω) – Fourier transform of the function,

Hz – system transmittance,
ωz – tooth mesh frequency.

As a result of teeth cooperation, the coefficient of teeth
stiffness changes with time, which causes a formation of
side bands around the tooth mesh frequency and its harmo-
nics (the second group of spectrum components). When the
teeth begin to wear out and inter-teeth clearance increases,
the amplitude of these components also increases.

The third group of the vibroacoustic signal components
of �"!�$!�%����(�#���!(��"!�"�%*��#�(�� ��"!�=�(#�� %!B�!���
?("� �� %����#����� (0!!)A-���*!%��(� �=(!%'��#��(� ?�@=%��C
(.#�et al. 2001, Komorska 1999) indicate that, as the gear is
wearing out, all production and assembling deviations are
increasing these very components.

The gearbox in the automobile works under dynamic
conditions of misalignment and unbalancing; therefore,

 �!�����'!%�$!�(0!��%�*�� �$!�%=�8�'#=%��#������!�!%��#��
?����  %!B�!��#!(A
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when the toothed gear is wearing out, it is increasing
the occurrence of the harmonic rotational speed series of the
crankshaft as expected.

The mathematical model of the gearbox is highly nonli-
near. Wearing out of the gearbox causes qualitative and
quantitative changes in the time waveform, the spectrum of
vibrations, and the acoustic pressure signals. Two various
approaches to the gearbox vibroacoustic signal are possible.
Either we can look for nonlinear model coefficients or we
can write the linear model introducing into it, in an evident
way, components related to wear and defects.

The first approach is difficult for an application due to
problems with the identification of such a model, which
requires an active experiment making the model unique for
only a single gearbox specimen. In the second method, the
nonlinear model undergoes linearization, since nonlinear
effects are substituted by new components appearing in
the signal at the determined defects. The remaining uniden-
tified components occur in the description as the model
structural error.

��� ����%)���!� �#�"� �"!� �=�'!&� !80��)#�$� *�)!�� ?�@C
=%��(.#� 3;;2A�  �%� �"!� $!�%=�8� ��)!%� *�#��!nance condi-
tions, we obtain the model of the vibroacoustic signal in the
time domain:

( ){ }

( ) ( )

( )

( ) ( )

( ) ( )

0

0
0

0

, , ,

,... ,...

,...

* ,... ,...

* ,... ,...

t j

z i zj i
z

sb i
z

sbj i i

j i j i j

S x t r n

k
p t z t h t z

f

k n
p t z t

f f

m
h t z p t z t

f

h t z t z

Θ =

⎛ ⎞
= ⋅δ − ∗ − τ +⎜ ⎟

⎝ ⎠

⎛ ⎞⎛ ⎞
+ ⋅δ − ± ∗⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

⎛ ⎞
− τ + ⋅δ − ∗⎜ ⎟

⎝ ⎠

− τ + ϕ + ψ

(5)

and in the frequency domain:

( ){ }
( ) ( ) ( )

( ) ( )( )
( ) ( ) ( )

( ) ( )

0

0 0

0

, , ,

,... , ...

,...

,... ,...

,... ,...

j

z i z zj i

sb i z

sbj i i

j i j i j

S X r n

P t z k H z

P z k n

H z P z m

H z z

ω ω Θ =

= ⋅δ ω − ω ⋅ ω +

+ ω ⋅δ ω − ω ± ω ⋅

⋅ ω + ω ⋅δ ω − ω ⋅

⋅ ω + Φ ω + Ψ

(6)

where:
St, Sω – average operators in the time and

frequency domain,

{xj(t, Θ, r, n)} – signal recorded in the j point, sta-
tionary and ergodic in the time
domain t, being the regression in
the life time domain Θ, limited in
the location of the measuring point
domain r and the gearbox set n,

pz, hzj – amplitude and the transfer func-
tion to the jth measuring point of
the impulse force of teeth entering
into contact,

psb, hsbj – amplitude and the transfer func-
tion to the jth measuring point of
the impulse force being the result
of the variable teeth stiffness coef-
ficient during working,

p0, h0j – amplitude and the transfer func-
tion to the jth measuring point of
the impulse force caused by dyna-
mically changing errors of unba-
lancing and misalignment,

ϕj – function describing the structural
model error, containing also such
forces which we can not identify,

zi = zi(Θ, r, n) – state variables,
k, m, n – integrals.

����������"#$

When the impulse forces as well as the character of the
signal responses are known and the signal has random noise
features (Janiszowski 2002), it is better to chose the Auto
Regressive Moving Average model structure (ARMA),
which contains both the influence of the exciting signal x
and components containing past output values. It is descri-
bed by the differential equation:

0 1

1 1

( ) ( ) ... ( ) ( 1)

... ( ) ( )

( ) ( ) ( ) ( )

n

n

n n

i i
i i

y k b x k b y k n a y k

a y k n k

b x k i a y k i k k
= =

= + + − − − −

− − − + ε =

= − − − +ε = ν θ∑ ∑

(7)

where:

[
]

( ) ( ), ( 1),..., ( ),

( 1) ( 2) ,..., ( )

k x k x k x k n

y k y k j k n

ν = − −

− − − − − − −
(8)

0 1[ ,..., , ,..., ] 'n nb b a aθ = (9)

Number n of time instants is the order of the model.
Equation (7) can be expressed in another form:

( ) ( ) ( ) ( ) ( ) ( )y k B z x k A z y k k= + + ε (10)
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where:

1 2
1 2( ) ... n

nA z a z a z a z− − −= − − − − (11)

1 2
0 1 2( ) ... n

nB z b b z b z b z− − −= + + + + (12)

The ARMA structure corresponds to the block diagram
of the digital mixed filter. The block diagram of the ARMA
model is presented in Figure 2.

 �!����
�)!��� ��"!��
�(�%����%!

Before identification the signal must be properly prepa-
red by:

D %!*�'���� ����(�������*0��!��(���)��%!�)(&
D  #��%��#���#���%)!%����(!�!����"!��"�%���!%#(�#�� %!B�!���

%��$!&
D )!�!%*#���#��� � � �"!� ������%%!���#���  ����#��� �%� (��C

�"%����(� �'!%�$#�$&
D )!�#*��#��-

�%����#�&�'#$#(���"#$

The wavelet transform enables the linear signal decomposi-
tion by means of an arbitrary base function characterised by
the finished and short interval which assumes non-zero va-
lues. If ψ(t) is the mother wavelet then the daughter wa'!�!�
"�(��� �%*�?�#�E�(#!�#�F�455:A6

( )
, ( )a b

t b
t

a

ψ −
ψ = (13)

where a is a scale coefficient and b is a shifting.

By changing parameters a and b the wavelet family can
be formed.

The continuous wavelet transform is easy for interpreta-
tion, however, in practical applications it is better to use the
discrete wavelet transform. As a result of the quantization
of parameters a and b, the following equation equivalent is
obtained:

( )( )/ 2( ) 2 2 2m m m
mn t t n− −ψ = ψ − (14)

where m is a discrete scale coefficient and n discrete shi-
fting.

The inverse discrete wavelet transform allows for the si-
gnal reconstruction and is described

( ), , ,
,

( ) , [ ]m n m n m m n
m n m n

f t f d n= ψ ψ = ψ∑ ∑∑ (15)

where ( ),[ ] ,m m nd n f= ψ  denotes wavelet coefficients and

,m nψ  wavelets of the frequency scale coefficients m and
displacement in time n.

On the grounds of wavelet coefficients as a scale coeffi-
cient and displacement in time (or a shaft rotation angle)
function signal reconstruction can be performed. Thus, the
model identification can be reduced to the detection of coef-
ficients dm[n].

Since in case of random signals can be many wavelet
coefficients, their compression can be performed taking
into account only the most energetic.

%� �����������	��

In order to investigate an influence of the wear of the gear-
box teeth on the vibroacoustic signal active experiments
were carried out for the following states:

3A $!�%=�8�#��$��)��!�"�#�������)#�#��,
4A �!!�"�� � ��)%#'!��"!!��� � �"!�G�"�$!�%� (�#$"������%����

372�� ���)#�*!�!%,���)&
2A �!!�"�� ���)%#'!��"!!��� ��"!�G�"�$!�%�(#$�# #���������%�

���372�� ���)#�*!�!%�?�#$-�2A-

 �!��%��H�%���!!�"�� ��"!�$!�%=�8

Accelerations of the gearbox vibrations were processed
by means of the Bruel & Kjaer DeltaShear sensors, IEPE
No. 4514 of a work temperature from –40 to 85 oC, fixed by
a screw joint. An additional signal of the crankshaft posi-
tion for vibration signal synchronisation was recorded.
Signals of 1-minute duration were recorded during driving
with a constant speed. Small speed fluctuations were elimi-
nated during further analysis.

Figure 4 presents the comparison of spectra of the vibra-
tion accelerations measured on the gearbox housing for the
different gearbox states.
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In accordance with expectations, the worn teeth passing
in the gearbox causes quantitative and qualitative changes of
frequency characteristics of the vibration signal. The third
case, which is significant teeth wearing, does not require any
complicated analysis. The vibration amplitude increases nearly
20 times, and the noise caused by the gearbox is audible in
the driver’s seat. The defect generates a sequence of harmo-
nic components of the crankshaft rotational speed in which
even the tooth mesh frequency is lost (x41). Harmonics are
clearly amplified by the system’s natural frequencies.

The case of the initial wearing of teeth deserves more
attention. Periodical, small increases of the signal vibration
amplitude are seen in the time diagram, while more harmo-
nic components appear in the spectrum.

Diagnostics can also be performed based on the time wa-
veform. In order to eliminate random disturbances, the syn-
chronous averaging of 10 engine work cycles were carried
out using the crankshaft position signal. Figure 5 presents
the averaged time waveforms of the accelerations of the ge-
arbox vibrations for the gearbox in good technical condi-

tion, for initially worn, and just before a failure during two
engine crankshaft rotations.

The third case illustrates the distinct increase of vibration
amplitudes during worn teeth passing through the gearbox.

The wear of the gearbox teeth is also distinctly seen
when the signal is decomposed in the domain of time (an-
gle) and frequency (scale). The results of the wavelet analy-
sis performed for two crankshaft rotations by means of the
Morlet wavelet, which is often chosen by researchers (Jin et
al. 2000, 2003), at the analysis of gearbox teeth defects, are
illustrated in Figure 6.

At initial teeth wear, the components of vibrations appear
at the small scales, which is characteristic for impulse for-
ces caused by the defects of individual teeth. The increased
amplitude zone occurs for wavelets of scales 56–90 and at
a local maximum for the scale coefficient 83. This range
corresponds to the previously analysed harmonics range.
The second zone constitutes large scales characterising
low-frequency vibrations that originate from shaft rotatio-
nal speeds and their consecutive harmonics.
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Amplitudes of the harmonic components of the vibration
signal of the gearbox in good technical condition and with
the initial wear at 1/3 of the diameter measured during ope-
ration are compared in Figure 7a. In Figure 7b there is a list
of amplitudes for the gearbox with the initial wear and just
before the failure.

The basic component (crankshaft rotational speed) and
its successive eight harmonics play a large part in the signal
spectrum, but their amplitude does not change even with

significant wear of the gearbox. However, a clear amplitude
increase is seen in the 9th to 30th harmonics of the crankshaft
rotational speed.

Assuming an increase of the harmonic components of the
rotational speed as a symptom of the gearbox wear, the sim-
ple diagnostic measure in a form of the sum of these ampli-
tudes can be formulated.

30

9

( )
i

H H i
=

= ∑ (16)

where H(i) – amplitude of the ith harmonic of the crankshaft
rotational speed.

 �!��,���!(���(�� ��"!������(#(�� ��"!�$!�%=�8�'#=%��#��(�(#$���&��=��#�!)�=��*!��(�� ��"!�����#����(���'!�!���%��( �%*� �%��"%!!
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The measures defined by Eq. (16) for the gearbox in
good technical condition, for the gearbox with worn teeth,
the gearbox just before a failure, and for the new pair of
toothed wheels for three rotational speeds (2000, 3000 and
4000 rpm) are listed in Table 1. At the initial teeth wear, the
measure was increased by approximately 2.7 times for 2000
and 3000 rpm and by 1.5 times (the least) for 4000 rpm.

��-$#��


!�(�%!(�� ��"!��!!�"��!�%�� ��"!�$!�%=�8���������!)�=�(!)���
�"!�(�*�� ��"!�"�%*��#�(� �%�'�%#��(��!�%�(��$!(�����"%!!

%����#�����(0!!)(

)�� �������"#$�'#������(���

Let us perform the parametric identification for the time-
waveform of the gearbox vibration signal of the drive sys-
tem in good technical condition. This signal should be
prepared by filtering out high-frequencies (higher than
70 times the crankshaft frequency) and by synchronous
averaging. Then, the autocorrelation function must be de-
termined. Decimation was also applied since the signal was
over-sampled and the model identification would require
too many, rather useless, coefficients.

The model quality assessment is done on the basis of the
following indices: Akaike’s Information Criterion AIC, Fi-
nal Prediction Error FPE, and Fit (Komorska 2011). On the
basis of the model assessment indices, it can be assumed that
the ARMA model with 10 a parameters and 8 b parameters
is satisfactory. The comparison of the recorded vibration si-
gnal with the ARMA model output is presented in Figure 8.

The comparison of the autocorrelation function of the
reference model vibration signal of the gearbox, with the
autocorrelation function of signal recorded for the gearbox
with initial worn teeth, is presented in Figure 9.

 �!��.���#(��� ��"!��*0�#��)!(�� �'#=%��#������!�!%��#��(� �%�(���!((#'!�"�%*��#�(�� ��"!�!�$#�!�%����#�����(0!!)6
�A� �%��"!�$!�%=�8�#��$��)��!�"�#�������)#�#�����)��#�"�#�#�#�������%���!!�",�=A� �%��"!�$!�%=�8

�#�"�#�#�#�������%���!!�"���)�>�(��=! �%!��� �#��%!

Rotational 
speed 
of the 

crankshaft 

Good 
gearbox 

Initial  
wear 

Before 
failure 

New  
gearbox  

(after 
replacement) 

2000 rpm 1.87 5.01 115.25 2.31 

3000 rpm 5.49 14.88 283.21 5.72 

4000 rpm 18.77 27.45 452.75 13.95 

�A
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In the case of statistic models the autocorrelation func-
tion waveform for various degrees of toothed wheel we-
aring out is similar because only the signal modulation is
discovered. The selected measures of the signal and the di-
mensionless coefficients determined for the reference mo-

del and for the worn out gearbox as well as the relative
changes of these measures are listed in Table 2. The highest
sensitivity to wearing out shows the Peak-to-Peak value and
the dimensionless coefficients (Peak coefficient and Impul-
se coefficient).

Signal measure Equation Reference model Defective gearbox Measure change 

Peak-to-peak value ( ) ( )max 0 min 0PPx x t x t= > + <  0.74 1.66 2.24 

Average value 
1

1
( )

N

k
x x k

N =
= ∑  0.14 0.18 1.28 

Square value 2 2

1

1
( )

N

k
x k

N =
ψ = ∑  0.04 0.06 1.50 

RMS value 2

1

1
( )

N

RMS
k

x x k
N =

= ∑  0.19 0.25 1.31 

Peak coefficient PP

RMS

x
C

x
=  3.80 6.64 1.75 

Impulse coefficient PPx
WI

x
=  5.11 9.39 1.84 

��-$#�

�#$����*!�(�%!(�� ��"!��!!�"��!�%�� ��"!�$!�%=�8� �%��"!�%! !%!��!�*�)!����)��"!���%��$!�%=�8����2555�%0*
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!�(�%!(�� ��"!��!!�"��!�%�� ��"!�$!�%=�8���������!)�=�(!)�����"!���'!�!��!�'!��0!
 �%�'�%#��(��!�%�(��$!(�����"%!!�%����#�����(0!!)(

Rotational speed 
of the crankshaft 

Good gearbox Initial wear Before failure 
New gearbox  

(after replacement) 

2000 rpm 6.85 13.42 387.43 5.94 

3000 rpm 18.31 47.92 563.58 14.55 

4000 rpm 24.21 54.69 685.02 24.20 

 

)�%��2�'#$#(���"#$�'#������(���

Figure 10 presents the wavelet decomposition for the
scale coefficient 83 of the vibration signal of the gearbox in
good technical condition and the gearbox with worn teeth,
while Figure 11 presents envelopes of these signals.

Based on the signal envelope the average value can be deter-
mined according to the following equation for diagnostic aims:

0

1
( )

T

wav enva a t dt
T

= ∫ (17)

where:

awav – envelope of the wavelet of scale 83 of the
synchronously averaged signal,

T – time of one rotation of the engine crank-
shaft.

Measures calculated according to Eq. (17) for various
rotational speeds and for various wear degrees of toothed
wheels are listed in Table 3.
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Three ways of the gearbox vibration signal modelling and
identification were presented. Each of them separately or all
of them jointly can be implemented in the on-board automo-
bile system during its normal maintenance. The model iden-
tification program as well as diagnostics of the gearbox
condition can be done automatically.

All of the presented measures of the wear of the gearbox
toothed wheels are based on the signal modulation and
increase of the amplitude of consecutive harmonics of the
engine rotational speed, which appear when worn teeth
enter into tooth contact. This is clearly seen in the time
waveform of the gearbox housing vibrations, its autocorre-
lation function and even more precisely in the time–fre-
quency distribution carried out by means of the continuous
wavelet analysis. On this basis, simple measures of the
wear, which allow for the diagnosing of this type of defect,
can be formulated. They are based on the detection of har-
monics and on the envelope of the processed signal. Ran-
dom errors are impossible in this method because the analy-
sis is carried out on the synchronously averaged signals.

We can conclude from the investigations that, for the gi-
ven gearbox type and for the analysed fifth gear, the highest
amplitudes coincide with the 16th and 17th harmonics,
which is related to the system’s natural frequencies. That is
the cause of the analysed scale in the wavelet analysis. For
another drive system, another gear, and a different automo-
bile, the maximum of the harmonics of worn teeth can occur
in a different place of the spectrum. The problem can be
solved by looking for such frequencies in an adaptive way.
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