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Thin inhomogeneities of material structure are not only the
wide-spread type of technological defects (those are cracks,
different voids filled with a foreign material etc.), but they
are often intentionally introduced into the medium for ob-
taining new functional properties of materials (those are
materials reinforced with fibers, plates, stringers etc.). Due
to the imperfect processing of such materials, thin elements
introduced in a material can often be in the imperfect me-
chanical contact (fully or partially debonded) that can cause
the wear and even mechanical fracture of the key structural
elements, which are produced of these materials. On the
other hand, due to the friction the heat is generated on
the surfaces of imperfect contact, and consequently me-
chanical energy dissipates. Thus, these composites can be
a good damping materials and absorbers of a sound and me-
chanical vibrations.

The review of the basic works concerning models of
solids’ contact is provided in Ref. [10]. The study of thin
elements of material structure under the perfect contact with
the medium is held in the works, which consider thin strin-

gers and overlays [1]; fibers of the reinforced composite
materials [2, 15]; thin lamellar reinforcing elements [5, 6];
methods of calculation of piles in a ground [8]; elastic fas-
tenings of console beams and anchors [14]; approaches
concerning strengthening of walls of underground build-
ings and mines, methods for reinforcement of holes by thin
elements [17] etc. Less attention is paid to the questions of
imperfect interaction of thin inclusions with a medium.
Mainly thin absolutely rigid inclusions with a fully debon-
ded single side are considered under the smooth contact
with a medium [1, 3, 12], and also with an account of fric-
tion [4, 12]. The elastic inclusions are studied only in a few
works, for example, a thin completely debonded at one side
flexible inclusion is considered in Ref. [7].

Thus, the construction of different possible models of
contact interaction of thin elastic inclusion with a medium,
in particular, which are based on the models of inclusion
with a perfect mechanical contact, seems to be expedient.
As a basic one, the model of a thin elastic inclusion [9] is
considered, which is constructed basing on the coupling
principle for continua of different dimension [16] and intro-
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duced into the boundary element method. The constructed
models together with the general approach [9] will allow
considering a wide range of problems of imperfect inter-
action of thin elastic inhomogeneities with a medium,
which is the first step to the study of wear of structures,
produced from the structurally inhomogeneous materials
and energy dissipation in them.

� ��	�����������������
���������

For the modeling of solids with thin inhomogeneities,
a coupling principle for continua of different dimension is
often used [16]. This principle involves the replacement of
a thin inclusion with a surface of a discontinuity of stress
and displacement fields. Frequently, a median surface of
a thin inhomogeneity is chosen as the discontinuity surface.
The inclusion is thus removed from consideration as a geo-
metrical object, and it is assumed that inclusion’s mechani-
cal influence is reduced to the influence of the above-men-
tioned discontinuity surface (a line for 2D problems). Thus,
according to a discontinuity function method [16] the study
of a stress state of a solid (an exterior problem) is reduced to
the study of the influence of unknown discontinuity func-
tions and is considered without account of the inclusion’s
material properties. It is clear that the stress state of the solid
depends on these discontinuity functions, the solid’s ma-
terial properties, the geometrical features of the problem,
the contact conditions at the thin inhomogeneity interface,
and the external load.

On the other hand, owing to a small thickness of the in-
clusion, the tractions and displacements at the faces of the
inclusion are related with each other. Corresponding rela-
tions, which include mechanical properties of the inclusion
and its thickness, are called the mathematical model of
a thin inclusion. This model does not depend on the solid’s
properties, and it can be considered as an interior problem.
There are only three basic requirements for the mathemati-
cal model of a thin inclusion [16]: (1) the number of equa-
tions should be equal to the number of the unknown discon-
tinuity functions; (2) the model should be simple for further
solution of the obtained system of equations; and (3) the
model should simulate the essential features of the inclu-
sion’s behavior.

Since the coupling principle and a discontinuity function
method consider exterior and interior problems indepen-
dently, several inclusion models, which simulate different
features of the inhomogeneity, can be developed for the
same exterior problem, and using the same inclusion model,
one can solve different exterior problems.

Consider a plane problem of elasticity for an isotropic
solid with a boundary Γ containing a thin internal inclusion,
which is modeled based on the coupling principle for con-

tinua of different dimension by the line ΓC of field disconti-
nuities. In Ref. [9] according to the approaches [13, 16] the
equations of elastic equilibrium of a solid (under the condi-
tions of plane problem of elasticity) are presented in the
following form:

8 (��	#��	%����%�#��&	1��&#		�	1��%�$	�#	�	�)��#�	�.�(�%�	Γ
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and the model of thin elastic inclusion (actually its interac-
tion conditions with a medium) is reduced to the functional
dependences

( ) ( )
( ) ( ) ( )

, , ,

, , , 1, 2

u
i i j j

t
i i j j

u F t u

t F t u i j

Σ = Σ Δ

Δ = Σ Δ =

y y

y y
(2)

Here ui and ti are the displacement and traction vectors;

( ) ( ) ( ) ( ) ( ) ( ), ;+ − + −Δ = − Σ = +� � � � � �  superscripts «+» and
«–» denote values, which correspond to the surfaces

andC C
+ −Γ Γ  formed with the line ΓC; nj is a unit normal

vector; RPV stands for the Riemann Principal Value, CPV
for the Cauchy Principal Value, and HPV for the Hadamard
Principal Value of an integral. Here and further the Einstein
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summation convention is assumed. The kernels of the inte-
gral equations are derived in Refs. [13, 16]:
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=
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= κ

= − π + κ⎡ ⎤⎣ ⎦

= κ −

G – shear modulus,
κ – Muskhelishvili constant, which equals

κ = (3 – ν)/(1 + ν) for plane stress and κ = 3 – 4ν for
plane strain;

ν – Poisson ratio;
Cijkm – components of elasticity tensor.

In the case of a perfect mechanical interaction of thin
inclusion with a medium in Ref. [9] the explicit relations for
the functionals (2) are obtained

( ) ( )
( ) ( ) ( )

, , ,

, , , 1, 2

u
i i j j

t
i i j j

u F t u

t F t u i j

Σ = Σ Δ

Δ = Σ Δ =

y y

y y

�

�

(3)

which account the transverse and longitudinal tension and
shear, and also bending of the inhomogeneity. Besides, Ref.
[9] presents the numerical solution approach, which is
based on the dual boundary element method [13]. The con-
ditions of a perfect mechanical interaction (3) allow con-
structing of corresponding dependences for different cases
of imperfect contact between thin inclusion and a medium.

��� ������������ ������!"���#"!������"����

Assume, that thin inclusion is debonded from the surface

C
−Γ  at the section .C C

− −γ ⊂ Γ  Thus, there is no mechanical

interaction at .C C
− −γ ⊂ Γ  Then at a collocation point C

−∈ γy
the following boundary conditions hold:

( ) ( ) ( ) ( )i0, 1,2i i it u u i− + += = =y y y (4)

Here the nonitalic superscript «i» denotes values, which
correspond to the inclusion.

With the account of notations i i it t t+ −Σ = +  and

i i it t t+ −Δ = −  the first of the conditions (4) allows obtaining
the first equation of the model of thin inclusion debonded at

:C C
− −γ ⊂ Γ

( ) ( ) ( )t
i i iF t t− ≡ Δ = Σy y y (5)

As thin inclusion adjoins one face ( )C
+Γ  of the disconti-

nuity surface it is necessary to consider its longitudinal ten-
sion and shear, and also bending. For this purpose one can
use the second equation of a model (3) of a perfectly bonded
inclusion. Due to the small thickness of inclusion, the dis-
placements of the median surface are close to the displace-
ments i

iu +  of the face ,C
+Γ  thus one obtains the second

equation for debonding at :C
−γ

( ) ( ) ( ) ( )u u
i i i iF u F u− ≡ Σ = − Δy y y y� (6)

Similarly, if inclusion is debonded from the face C
+Γ  at

the section ,C C
+ +γ ⊂ Γ  then at the collocation points C

+∈ γy
the following boundary conditions hold

( ) ( ) ( ) ( )i0, 1, 2i i it u u i+ − −= = =y y y (7)

Thus, one can obtain the equation of inclusion debonded
at :C

+γ

( ) ( ) ( )

( ) ( ) ( ) ( )

;t
i i i

u u
i i i i

F t t

F u F u

+

+

≡ Δ = −Σ

≡ Σ = + Δ

y y y

y y y y�

(8)

Model (5), (6) of inclusion completely debonded at
a face C

−Γ  with the account of additional conditions of the
absence of a material in the domain, which borders ,C

−Γ  can
be used for studying of thin elastic overlays. Thus, for the
problem solution it is possible to use the dual equations (1'),
or a single equation (1) together with the model (6) of an
overlay.

�� �$�����������������#�!��%��"$����"!�"

Now consider that thin inclusion is under a smooth contact
(tangential tractions are zero) at the section C C

− −γ ⊂ Γ  of
the discontinuity line ΓC. At the collocation points C

−∈ γy
the following boundary conditions should be satisfied

( ) ( ) ( ) ( ) ( )i i+0, ,n nt u u u u− ± ± +
τ τ τ= = =y y y y y (9)
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Proceeding from the first of the conditions (9) and
a model (3) of a perfect contact one can obtain

( ) ( ) ( ) ( ), t
n nt t t Fτ τΔ = Σ Δ =y y y y� (10)

With the account of relations

,i ij j i ji jt t t t′ ′= α = α (11)

where 1 2, ,nt t t tτ′ ′= = and the components of rotation tensor
ααααα equal α11 = n1, α12 = n2, α21 = –n2, α22 = n1, from Eq. (10)
one receives

( ) ( ) ( ) ( )1 1 2 2
t n t

i i i j j i j jF t F t− ≡ Δ = α α + α α Σy y y y� (12)

Similarly with (6), using the second and the third of con-
tact conditions (9) one can obtain

( ) ( )

( ) ( ) ( )

u
n n

u

u F

u F uτ τ τ

Σ =

Σ = − Δ

y y

y y y

�

�

(13)

Taking into account the coordinate transformation (11)
and identity ki kj ijα α = δ  from Eq. (13) one can receive the
second equation of a smooth contact at :C

−γ

( ) ( ) ( ) ( )2 2
u n u

i i i i j jF u F u− ≡ Σ = − α α Δy y y y� (14)

If thin inclusion is under a smooth contact at section
,C C

+ +γ ⊂ Γ  similarly with (12) and (14) taking into account
Eq. (8) at the collocation points C

+∈ γy  the following equa-
tions hold

( ) ( ) ( )

( ) ( ) ( )

1 1 2 2

2 2

t n t
i i j j i j j

u n u
i i i j j

F F t

F F u

+
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= α α − α α Σ

= + α α Δ

y y y

y y y

�

�
(15)
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Consider the case, when besides the normal tractions the
forces of friction governed by the Coulomb law exist on
the sections of imperfect contact between inclusion and
a medium. In the case, when the force of friction is less than
the maximal one, the conditions of perfect mechanical con-
tact are satisfied, and Eq. (3) is used. Therefore, only the
limit case can be considered.

Assume that inclusion is under the contact with friction
at section C C

− −γ ⊂ Γ  of its face .C
−Γ  Then at the collocation

points C
−∈ γy  the following boundary conditions should be

satisfied:

( ) ( )

( ) ( ) ( ) ( )i i+,

n

n n

t sft

u u u u

− −
τ

± ± +
τ τ

=

= =

y y

y y y y
(16)

where f is a coefficient of a dry friction; the numerical mul-
tiplier s, which can get values of 1 or –1, specifies the direc-
tion of a friction.

Two last conditions in (16) are the same as correspond-
ing conditions in Eq. (9), therefore, one of the equations of
a model of imperfect contact with friction are the same as
given by Eq. (14). The first condition in Eq. (16) gives the
following relations

( ) ( )

( ) [ ]

( )

2

t
n n
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t
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(17)

With the account of dependences (11) this allows to ob-
tain

( ) ( ) ( ) ( )

( ) ( )

1 2 1

2 2 1
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i i i j ji

i j j j
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+α α − α Σ
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(18)

In the case of imperfect contact with friction at section

C C
+ +γ ⊂ Γ  at the collocation points C

+∈ γy  the following
conditions of imperfect contact hold

( ) ( ) ( ) ( )

( ) ( )

i

i

, ,n n nt sft u u

u u

+ + ± ±
τ

− −
τ τ

= =

=

y y y y

y y
(19)

Therefore, one of the equations of a contact with friction
according to (15) is as follows:

( ) ( ) ( )2 2
u f u

i i j jiF F u+ = + α α Δy y y� (20)

The second equation is constructed basing on the first of
conditions (19):
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Hence, one can obtain
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The constructed conditions of imperfect interaction of
thin inclusion with a medium can be easily introduced into
the boundary element method code of Ref. [9].

�)� 
�"�#%��!"�����(����"!�"������"����

Consider that the location and the length of a zone of possible
delamination of thin inclusion are known. However, the con-
tact conditions between inclusion and a medium are still un-
known, because inclusion can be in a smooth contact if tn < 0
(normal stress are considered negative at contact of solids
due to the exerted pressure), or to be completely debonded
(when inclusion is debonded the surfaces of the latter and the
medium should not be constrained, thus, Δun > 0). The account
of friction is also related with certain complications, because
the Coulomb law sets only the limit value of friction. There-
fore, for determination of the contact conditions one should
use the iterative procedures provided in Ref. [11].

&� ���������� �*������

&��� 
��!%��!"��� ���������

Consider the plane strain of the infinite elastic medium con-
taining a thin elastic inclusion from another material. The
thickness of inclusion 2h equals 0.1 of its lengths 2a. Rela-
tive rigidity of inclusion equals k = Ei/Em =102 and the Pois-
son ratios of inclusion and a medium are identical and equal
0.3. Here Ei is an elastic modulus of inclusion and Em of the
medium. Inclusion at one face ( )C

+Γ  is under the perfect
contact with the medium, and at another ( )C

−Γ  it is under
the perfect or a smooth contact or contact with friction. In
the latter case it is assumed that the friction coefficient f
equals 0.7. At the infinity the medium is loaded by tractions
σxx = p,  σyy = –p (p > 0). The problem scheme is depicted in
Figure 1. The values of tangential contact traction xt

±  acting
in the medium at the surfaces C

+Γ  and C
−Γ  for the case of

perfect (curve 1) and smooth (curve 2) contact or contact

with friction (curve 3) are plotted in Figure 1. The dashed
curves represent the displacement discontinuity and the ra-
tio of tangential and normal tractions at the surface .C

−Γ  30
quadratic discontinuous boundary elements are used to
mesh the inclusion (when the contact with friction is con-
sidered, 50 boundary elements are used). When the number
of elements is increased from 30 to 50, the deviation in the
obtained values of contact tractions is less than 0.5<.

One can see in Figure 1 that delamination of a thin inclu-
sion at C

−Γ  increases the values of contact tractions near the
ends of inclusion at .C

+Γ  The smaller is friction the higher
are tangential tractions, which reach their maximal values in
the limit case of f = 0. Under the contact with friction at C

−Γ
the inclusion is sliding near its ends. It should be also noted
that inclusion is completely debonded from a medium at its
tips. At the section of (–0.36a; 0.36a) thin inclusion is under
the perfect contact with the medium and does not slide.

The calculated values of friction together with displace-
ments of inclusion and medium faces can be used for study-
ing of the energy dissipation at cyclic load of a composite
with deboded inclusion.

&�� �!#"�!������(�#����$���

In Ref. [17] the practical importance of study of holes
enforced with thin overlays is shown and the approach for
the study of curvilinear holes, which can be mapped onto
the unit circle with the function ( ) ( )1

0
NR +ω ζ = ζ + ε ζ  is

proposed. This approach allows studying symmetrically
enforced holes with the shape of regular polygon with
rounded vertices. The model of an overlay proposed in this
article is free of these restrictions and allows studying par-
tially enforced holes of arbitrary shape, and also solids with
surface overlays and stringers.

As an example, consider the distribution of hoop stress
σθθ at the circular hole, which is symmetrically enforced
along the half of the circle with the opened stiffening rib.

+�,�-�����&=�&#���	%�&#�%#	#��%#��&�	(��	#��	$�((���&#	%�&#�%#	%�&$�#��&�	�(	#��&	�&%�.���&
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The scheme of the problem and the dependence of hoop
stresses on a polar angle θ and overlay’s relative rigidity k
are depicted in Figure 2.�This figure shows that the increase
in enforcement’s relative rigidity causes the reduction of
stress concentration, given by the Kirsch problem solution;
and mostly at the enforced part of a hole. The desired nota-
ble effect of stress concentration reduction is provided with
the overlay’s relative rigidity of k = 102–105 (for its half-
thickness h = 0.01R, where R is a radius of a hole). How-
ever, it is necessary to simultaneously take into account that
with the increase in overlay’s relative rigidity k the increase
in hoop stress concentration is observed under an overlay
near its end faces. This is explained with the occurrence of
the square root singularity of stress field, the same as for the
problems of rigid stamps indention.

)� �	������	�

Basing on the integral equation method and a coupling prin-
ciple for continua of different dimension the equations for
analysis of the plane problem of elasticity of solids contain-
ing thin inclusions are obtained. Proceeding from the inclu-
sion model under the perfect contact with a medium the
models of debonded and partially delaminated inclusions
are constructed. The smooth contact and contact with fric-
tion along with the full delamination are considered. The
numerical analysis shows the correctness and efficiency of
the proposed models of thin overlays and the models of thin
inclusions under the imperfect contact.
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