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SUMMARY

The paper presents a discrete-time LTV controller for the rejection of harmonic disturbances with time-verying
based on a state-augmented observer-based state-feedback controller with a time-verying internal model and
a scheduled state-feed back gain. The control design method is based on quadratic stability for LPV systems. The
design is carried out in discrete time and the controller can easily be implemented on real-time hardware.
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DYSKRETNY REGULATOR LTV DO ELIMINACJI SKEADOWYCH HARMONICZNYCH ZAKEOCEN

ZE ZMIENNA W CZASIE CZESTOTLIWOSCIA

W pracy przedstawiono dyskretny regulator LTV do eliminacji skladowych harmonicznych zaktocen. Wprowadzony
regulator bazuje na sprzezeniu od zmiennych stanu z zaleznym od czasu wewnetrznym modelem. Konstrukcja regu-
latora wykorzystuje wlasnosci stabilnosci uktadow LPV. Regulator zostal opisany rownaniami dyskretnymi i moze
by¢ tatwo zaimplementowany w ukladach czasu rzeczywistego.

Stowa kluczowe: aktywne sterowanie hatasem, redukcja zkiocen, ukiad liniowy niestacjonarny, obserwator, sprze-

Zenie od stanu
1. INTRODUCTION AND MOTIVATION

The design of controllers for the rejection of multisine dis-
turbances with time-varying frequencies is considered. The
frequencies are assumed to be known. Such a control pro-
blem frequently arises in active noise and vibration control
(ANC/AVC) in applications where the disturbances are
caused by imbalances due to rotating or oscillating masses
or periodically fluctuating excitations, e.g. the torque of
a combustion engine, and the rotational speed is measured.
Application examples are automobiles and aircrafts.

For the rejection of disturbances with time-varying fre-
quencies, time-varying controllers that are automatically
adjusted to the disturbance frequencies are usually used.
Although time-invariant controllers might be sufficient
in some applications [1], time-varying controllers usually
result in a much better performance, particularly if the dis-
turbance frequencies vary over fairly wide ranges. Such
time-varying controllers can be constructed in several ways
(see Sec.2.1). The controller considered here consists of
a state-augmented observer with a time-varying internal
disturbance model and a scheduled state-feedback gain (see
Sec. 3), as proposed in [2]. However, the controller of [2]
was designed in continuous-time and only tested in simula-
tion studies (on a very simple two-mass system) for a sin-
gle-frequency disturbance. In this paper, the control design
method is formulated in discrete-time and the controller is
validated on an ANC headset for a disturbance signal con-
sisting of four harmonics.

The remainder of this paper is organized as follows. In
Sec. 2, an attempt is made to classify existing approaches
and some general control design considerations are dis-
cussed. The state-augmented observer-based state-feed-
back approach is described in Sec. 3. In Sec. 4, the calcula-
tion of stabilizing state-feedback gains for time-varying
systems in polytopic linear parameter-varying (pLPV) form
is discussed. The application of this method for the rejection
of harmonic disturbances is treated in Sec. 5. Real-time
results are presented in Sec. 6. A discussion and some con-
clusions are given in Sec. 7.

2. CONTROLLER DESIGN:
OVERVIEW, STABILITY
AND IMPLEMENTATION ASPECTS

In this section, an overview of control approaches for the
rejection of harmonic disturbances with time-varying fre-
quencies is given (Sec. 2.1) and stability and implementa-
tion aspects are discussed (Secs. 2.2 and 2.3, respectively).

2.1. Overview and classification of control approaches

A common approach in ANC/AVC is adaptive filtering,
where the filter weights are usually updated with the
FxLMS algorithm [3]. In most cases, disturbance feedfor-
ward is used, although it is possible to use an adaptive filter
in feedback control with a technique called “secondary path
neutralization” [3], which is equivalent to internal model
control [4].
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Another approach is to use gain scheduling, where the
scheduling parameters are calculated from the disturbance
frequencies. This can be further subdivided into indirect
and direct scheduling methods. In indirect scheduling, the
controller or part of it, e.g. a state-feedback or observer
gain, is determined from a set of pre-computed quantities
through interpolation or switching. For example, for LPV
systems where the uncertain parameters are contained in
a polytope, one controller is calculated for each vertex and
the resulting controller is obtained from interpolation [5].
For the rejection of harmonic disturbances, a continuous-
time LPV approach has been suggested in [6, 7] and tested
in simulations for a single sinusoidal disturbance in [7].
Approaches based on observer-based state-feedback con-
trollers are presented in [2, 8—15]. In [8—10], the observer
gain is selected from a set of pre-computed gains by switch-
ing and in [11], the observer gain is calculated by interpola-
tion. In [2, 12, 13] and this paper, the state-feedback gain is
scheduled. In [14, 15], both the state feedback gain and the
observer gain are scheduled.

In direct scheduling, the dependence of the controller on
the scheduling parameter does not correspond to a simple
interpolation or switching law. For example, for LPV sys-
tems where the parameter dependence is expressed as
a linear fractional transformation (LFT), the uncertain pa-
rameters also enter the controller through an LFT [16]. For
harmonic disturbances, LPV-LFT approaches have been
suggested and applied in real time in [17-21]. Another
example for direct scheduling is a controller based on
a time-varying state estimator, e.g. a Kalman filter, where
the scheduling parameters enter the controller through the
recursive equations for the state estimate and the error cova-
riance matrix. Such a controller is presented and compared
to an indirect (interpolation) approach in [11].

2.2. Stability considerations

The design approaches can be classified as approaches that
take stability into consideration and such that do not. The
direct scheduling methods [11, 17-21] usually guarantee
stability even for arbitrarily fast changes of the scheduling
parameters. This also holds for the indirect scheduling LPV
methods considered in [2, 6, 7, 13—15] and this paper. In
indirect scheduling, however, the controllers or gains are
sometimes pre-computed for fixed operating points and
then interpolated in an ad-hoc fashion [8—10, 12]. Stability
is then not guaranteed, although it might be expected that
the system is stable for slow variations of the schedu-
ling parameter. For the adaptive filtering approaches, only
approximate stability results seem available to date [3, 22].

2.3. Implementation aspects

As mentioned above, the rejection of harmonic disturbanc-
es with time-varying frequencies is usually achieved
through time-varying controllers. For the real-time imple-
mentation, such a time-varying controller has to be imple-
mented in discrete time. An analogue implementation of
a control algorithm would offer certain advantages (for

example, anti-aliasing and reduction filters that increase the
phase shift and therefore limit the achievable bandwidth,
can be avoided). However, it is difficult to accurately
realize arbitrary high-order time-invariant controllers using
analogue electronics and even more difficult to incorporate
adaptation or gain-scheduling mechanisms in an analogue
implementation.

Sometimes, a control algorithm is designed in conti-
nuous-time and approximately discretized for the imple-
mentation. For a time-varying controller, this discretization
would have to be carried out at each sampling instant. Par-
ticularly in LPV gain scheduling control, an approximate
discretization is proposed [23]. However, this leads to a dis-
tortion of the frequency scale that shifts the controller poles
to other frequencies. For the rejection of harmonic distur-
bances, it is required that the frequencies of the controller
poles match the disturbance frequencies exactly. Therefore,
a frequency distortion cannot be tolerated for controllers
that are designed to suppress harmonic disturbances.
Discretization methods that maintain the frequencies of
the poles such as the zero-order-hold discretization or the
matched pole-zero method [24] are computationally too
expensive (calculation of a matrix exponential, calculations
of poles at each sampling instant).

Also, in active noise and vibration control, the plant
model is often obtained through system identification,
which usually gives a discrete-time plant model. This alone
motivates carrying out the whole design in discrete time
(rather than converting the identified model into continu-
ous-time, using a continuous-time design method and
approximately discretizing the resulting controller).

In this context, it is not surprising that results of the con-
tinuous-time design methods [2, 6, 7, 11, 13—15] are usual-
ly only tested in simulations, whereas the design methods
that are tested in real time [8—10, 12, 19-21] are formulated
in discrete time. Exceptions are [17] and [18], where the
design is carried out in continuous time and the controller is
experimentally implemented. In [17], a very high sampling
frequency of 40 kHz is chosen to reject a harmonic distur-
bance with a frequency up to 48 Hz (in fact, the authors of
[17] state that they chose ,the smallest [sampling time]
available by the hardware”). In [18], the sampling time is
not given, but the spectra are shown up to 1 kHz without
any roll-off, also suggesting a very high sampling frequen-
cy. As mentioned above, it seems more natural to directly
carry out the design in discrete time to avoid discretization
issues. The design method presented in this paper is formu-
lated in discrete time.

3. STATE-AUGMENTED OBSERVER-BASED
STATE-FEEDBACK CONTROL

A standard linear state-feedback control law for the dis-
crete-time LTI plant

Xpk+l | Ap | By Xp.k |
T 60w .
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with control input u, output y and state vector x;, is given by
e =—Kpxp )

where K, is the state-feedback gain. For improved distur-
bance rejection, it is often desired to include additional dy-
namics in the controller. This can be achieved by augment-
ing the plant with an output filter described by

Xvaed = [Au | BM][M} 3)
Yk

The additional dynamics can be chosen such that they
describe the disturbances that the controller should reject,
which corresponds to the well-known internal model princi-
ple [25]. The additional dynamics are therefore referred to
as the “internal (disturbance) model”. If, as in the control
problem considered in this paper, the disturbance character-
istics change over time, a time-varying internal model

X
gt = Am | BM]{;\,&—:] 4)

can be used. Combining (1) and (4) leads to the overall,
possibly time-varying, model

. XM, k+1 AM k BMCp 0 XM,k
k+1
[.V+ =| Xpk (5| 0 Ap | By || *pk |=
k|
yk 0 Cp ‘ 0 uk (5)

fetellz]

The state-feedback control law then becomes

XM,k
u :_kak :_[KM,k Kp,kjl|: X, . :| (6)
p;

where a time-varying feedback gain might be required to
stabilize the time-varying system (5). The resulting time-
varying controller is given by

XM,k
M+ | _ Am | 0 By . %
w || Kowe | Kox O || ok

Yk

The system matrix of the internal model, Ay, is also

the system matrix of the controller. Thus, Ay, can be used to
prescribe controller poles. It can easily be verified that con-
troller poles show up as zeros in the closed loop disturbance
transfer functions. Therefore, controller poles can be cho-
sen to correspond to disturbances that are to be suppressed.

As mentioned above, this is the internal model principle
[25]. This is utilized below (Sec. 5.1) for the rejection of
harmonic disturbances. This argumentation, of course, only
holds in the time-invariant case for which transfer functions
and poles are defined (and only for controller poles that are
not cancelled by plant zeros).

If the plant states are not available for feedback, they can
be estimated with an observer given as

Fpt
ﬁp,kH:[Ap—ch | L Bp] Y |=
273
®)
Fok
=|:Aobs |L Bp] Yk
Uy

where L is the observer gain and Ag,s = (A, —LC}) is the
system matrix of the observer. Using the estimated states
J?p instead of the true states x,, results in the overall time-
varying state-augmented observer-based controller

XM, k+1
'ﬁp,k+l =
Uy
)
Apig 0 —Byp || Xmk
=|-B,Kyy A,-B,K,-LC, | -L || &4
Kk K« ‘ 0 || >

where a sign reversal in By, L and y, has been introduced to
write the controller in the standard negative feedback form.
This controller structure is shown in Figure 1.

Introducing the observer error X = x, — fcp, the dynam-

%
ics of the closed loop system can be written as

XM, k+1
{M} - -

= Xp,k+1
Xk+1 P
k+1
Amx ByC, 0 vk
=|-B,Knmix Ay—B,Kyi | BKyy || xp [= (10)
0 0 | Aws || X

_ | Astok | BEL || x,
0 Aobs JNCk

and thus can be separated into the time-varying dynamics
Agpo k = (Ax —BKj) of the plant under state feedback and
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the time-invariant dynamics A, of the observer error.
Choosing a constant observer gain such that A, is stable
and a time-varying state-feedback gain such that the time-
varying dynamics described by Agp, ;. are stable therefore
guarantees overall stability of the closed loop system. In the
following section it is described how a time-varying stabi-
lizing feedback gain can be found for systems where the
matrix A, is in pLPV form.

4. GAIN-SCHEDULED STATE-FEEDBACK
CONTROL FOR PLPV MODELS

The controller structure described in Sec. 3 requires a time-
varying state-feedback gain K, that has to be computed
on-line in every sampling instant or, more specifically,
whenever A4, changes. If the models of plant and distur-
bance are given in the form of a pLPV system, this can be
reduced to interpolation between fixed state-feedback gains
which can be pre-computed off-line. The theoretical back-
ground for this approach is described in this section.

4.1. State feedback design for pLPV
systems based on quadratic stability

A pLPV system is of the form

xgi1 = A®)x; (11)
where the system matrix depends affinely on a parameter
vector 0,

A@)=A)+01A +..+0y Ay (12)
with constant matrices A4;. The parameter vector © varies in
a polytope © with M vertices v; € RY. A point @€ @ can
be written as a convex combination of vertices, i.e. there
exists a coordinate vector A =[A; .. Ay ] € RM such that
0 can be written as

M
]:

ezz}\,]"]

1 0

Internal model
(time-varying)

Defining 4, ; = A(v) forj =1, ..., M, A(6) can be repre-
sented as

A(G) = A(;\,) = 7\'1AV,1 + 7\'2AV,2 + "'+}\’MAV,M (14)

The matrices A4, ; can be considered as system matrices of
LTI vertex systems

Xkl =Av’jxk, j=1,...,M (15)
and the current system (11) is a convex combination of the
vertex systems in (15).

A pLPV system as in (11) is called quadratically stable

[26] if and only if there exists a symmetric positive definite
matrix P such that

AT(®)PA®)-P <0 forall 6e® (16)
or equivalently (via the Schur complement [27])
P PA(0)
T >0 forall €@ (17)
A®B)'P P

where “> 0” and “< 0” indicate positive and negative defi-
niteness, respectively. Since (16) and (17) have to hold for
every O € O, this constitutes an infinite set of linear matrix
inequalities (LMlIs), which is computationally intractable.
By the following result, it is possible to use a finite set of
inequalities. It holds that a pLPV system in the form of (11)
is quadratically stable for every @€ © if and only if there
exists a symmetric positive definite matrix P such that (16),
or equivalently (17), holds for all vertices v; of ©, that is

AJPA,; -P<0, j=1..M (18)
or, equivalently,
P PA
T >0, j=1,..M (19)
AP P

Controller
(time-varying)

» 4, LC,| L B,
> 1 o o

Observer (time-invariant)

[Ky K, ] of 1Bl
i Ll
> M, k p.k " Cp ‘ o |v
Stau? feedbac}( gain Plant (time-
(time-varying) invariant)

Fig. 1. Time-varying state-augmented observer-based state-feedback controller
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This result is based on one single quadratic Lyapunov
function that assures stability for the whole parameter space
©. Therefore, 0 is allowed to change arbitrarily fast with
time and @ and A can explicitly be assumed time-varying
and denoted as O, and A, respectively. A proof is given
in [26].

These results can be applied to the design of parameter-
dependent state-feedback gains. A system of the form

Xp41 = A(O ) Xy + Buy (20)
is considered and the objective is to find a state-feed-
back gain K(0,) that quadratically stabilizes the closed loop
system

X = (A®) ~BK (8))) x; @D

From the above result it follows that it suffices to find
a single symmetric positive definite matrix P and a finite set
of matrices Ky ; such that

P P(A,;-BK,;)
= >0,
(A,;-BK,;) P P (22)

j=L..M

Then, K (6, ) has to be chosen as

M
K®) =% Kyj=K0y) (23)

Jj=1

because then it holds that

M M
A(Gk)—BK(Gk) = 2 }\’j,kAV,j —BZ }\’],kKVJ =
j=1 Jj=1
(24)

and therefore quadratic stability of (21) is implied due to the
results presented above.

4.2. Computation of state-feedback gains
for the vertex systems

In this section, sufficient conditions that guarantee closed
loop stability and a certain H, performance level for the
controlled vertex systems that can be used to calculate state-
feedback gains for the vertex systems are derived. To use an
H, performance level, an additional performance input is
introduced that enters the state update for each vertex sys-
tem of the pLPV-system in (20). This input can be interpret-
ed as process noise. For every j = 1, ..., M, this yields

Xp = Ay X + By +wy (25)

As a performance output, the artificial signal

[ 1/2 X }
Zp =

1/2

R u
is defined that weights the states and the control signal with
matrices Ql/ % and R"? respectively. The objective then is
to find state-feedback gains K ; that stabilize the system

and minimize the A, norm of the transfer path from w; to z;,
when the control signal #; in (25) and (26) is chosen as

(26)

W =—K, ;x; 27)

This objective can be stated as the minimization of the
H, norm of the system

z=Gw (28)
which has the state-space representation
Al|B .
Kt |_ |2 ﬂ, A=A,;-BK,,,
Zk C 0 Wk ¥ ¥
(29)
1/2
B= I C= ?/2
-R"K,

If the system is stable, the H, norm of this discrete-time
LTI system is given by
|G|} = trace CW,€T (30)

where the controllability gramian w, satisfies the discrete-
time Lyapunov equation
AW AT -w_+BB" =0 31)

Therefore, if there exist symmetric positive definite ma-
trices P and W such that

APAT—P+BBT <0 (32)
W -CPC" >0 (33)
trace W < y° (34)

then it follows that ||G||2 <7y for y>0. Through the Schur
complement, (32) and (33) can be transformed to

(P PAT
3 >0 (35)
AP P-BB'
[w P
o >0 (36)
PCT P
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Introducing

» Q1/2 N 0
Q= 0 , R= Rl/z P Yv,j=KVJP

it follows that if solutions for the matrix variables P, W and
Y, .,j=1, .., M, can be found that satisfy the 2M/+1 LMIs

(37

Vi
[P pAY, —yT BT
. >0, j=1,..,M (38)
A,;P-BY,; P-I
[ w QP -RY,
. - >0, j=1,..M (39)
PQ" -YSR" P
trace W < yz (40)

then the system G has an H, norm bounded by 7y. From the
solutions P and Y, ;, the state-feedback gain for each vertex
system can be calculated as

K,; =Y, ;P (41)

Quadratic stability is then implied for each closed loop
vertex system because of (32). In order to guarantee qua-
dratic stability for the whole parameter space, solutions for
the matrix variables P and W in (38)—(40) have to be the
same for all vertex systems. Therefore, if solutions are
found, also the performance bound 7 is guaranteed for every
fixed 0 in the parameter space O, since it depends only on P
and W.

Once state-feedback gains are found for the vertex
systems, in any instant of time of a realization of the
pLPV-system (20) with 8, € ©, a state-feedback gain can be
found via interpolation according to (23). Quadratic stabili-
ty and the desired H, performance of the closed loop system
(21) are guaranteed. The question of how to compute the
coordinates Aj = [7‘1,1( o Mar ]T e RM with the proper-
ties described in (13) depends on the specific polytope ©.
The case of an N-dimensional cuboid will be considered in
detail in Sec. 5.3.

5. APPLICATION FOR THE REJECTION
OF HARMONIC DISTURBANCES

In this section, the method described in Sec. 4 is applied to
the case of a harmonic multisine disturbance. Specific sys-
tem models and the transformation that leads to a pLPV
system are presented. Also the computation of the coordi-
nates required for interpolation is briefly reviewed.

5.1. Internal model for harmonic disturbances

As discussed in Sec. 3, the internal model can be used to
determine controller poles (that show up as zeros in the

disturbance transfer functions). For complete asymptotic
rejection of harmonic disturbances with frequency f, a com-
plex conjugate controller pole pair has to be placed at
+721tfT, where T is the sampling time. This can be achieved
with the internal model

W _[o 1 5 [0
M™I1 2cosrm)| M1

The disturbance considered here is assumed to be a mul-
tisine with N individual components. The frequency of the

(42)

i-th component at each sampling instant k£ is denoted by
Jir- The frequencies are assumed to vary in intervals
(i min> fimax] € [0, 0.5£;), where f; = 1/T denotes the sam-
pling frequency. The overall internal model can then be ob-
tained by combining individual internal models of the form
(42) according to

AMl,k 500 0
0 500 AMN,k (43)
0 1
Am, k= |:_1 20, :|, 0; = cos(2nf; ;T
Bl.wl 0
BM = 5 9 BMi = 1 5 L= 1, 9 N (44)
BMN

In this internal model, controller poles are placed on the
unit circle, which leads to a controller with infinite gain at
the disturbance frequencies. In practice, it is sufficient
and possibly numerically better to obtain a very high (not
necessarily infinite) controller gain. The poles can therefore
also be placed inside the unit disc and very close to the unit
circle, i.e. at (1 — €)exp(xj2nf7T), where € is a very small
positive number.

The argumentation based on controller poles is techni-
cally only correct for the time-invariant case. If a time-vary-
ing internal model is used, it is not easy to interpret what
happens when the internal model changes. Conceptually,
the argument that the controller has high (infinite) gain at
the disturbance frequencies that are to be rejected should
still hold. It is confirmed by experiments (see Sec. 6) that
even for fairly fast changes of the disturbance frequencies,
excellent disturbance rejection is achieved. For very fast
changes the disturbance attenuation performance gets
worse, but stability is guaranteed even for arbitrarily fast
changes of the internal model due to the design approach of
Sec. 4.

Also, the variations of the disturbance frequency are
not taken into account in the internal model used here.
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A “correct” model (that takes the variations into account)
would involve system matrices AM‘)k of the form

(45)

i

e cos(2nf; ;T)  sin(2nf; ; T)
M. k = —sin(2nf; , T) cos(2nf; ;T)

This aspect is also discussed in [2] for the continuous-
time case, where a “correct” model is used, c.f. egs. (2), (3),
(11) and (12) in [2]. Nevertheless the “incorrect” model
(42) is used here since it is easier to transform this model to
pLPV form than the “correct” model (45) As will be shown
in the next section, in order to avoid a nonlinear dependence
on the parameter space, not the frequency itself, but its co-
sine is considered as the system parameter. For the simpli-
fied model (42) this leads to a dimension of the parameter
space which corresponds to the number of frequencies. For
the same approach, the exact model (45) still inherits a non-
affine dependence because of the presence of the sine. Any
approach to transform this increases the dimension of the
parameter space (and therefore the computational complex-
ity and conservatism of the controller design) significantly.
This problem only arises in the discrete-time setting. In the
continuous-time case, the “correct” model can easily be
transformed to pLPV form [2].

The use of the simpler internal model might have an
effect on the disturbance attenuation for fast changes of the
frequencies. However, for fast changes of the disturbance
frequency, it is expected that in a real application other
effects are more dominant than the “incorrect” internal
model: There will always be a delay between the measured
frequency used in the controller and the true frequency.
Also, if the disturbance and the control signal do not enter at
exactly the same point and the disturbance frequency
varies, it is unclear which frequency “is present” at the point
where the control signal enters the plant at a certain time. As
shown in Sec. 3, closed loop stability is not affected by the
choice of the internal model.

5.2. Transformation to pLPV form

For the design procedure a representation of the system
matrix A4, of the augmented system (5) in the form of
a pLPV system is needed. The necessary transformations
are described in this section.

The matrix Ay from (43) is rewritten as

AM,k =AM(9k) =AM0 +6LkAMI_ +"'+6N,kAMN (46)

which corresponds to the representation of (12), where,
with 0;, from (43),

Avyp o 0

. . 0 1
AMOZ : . : , AMO’_=|:_1 0} (47)

0 AMO,N

The entries of the matrices Ay, are all zero except for

Ay (2,20)=2, i=1,..,N (48)
The system matrix A4, can then be written as
A =AO;)=Ag+0 4 A +...+0y Ay (49)
Ay ByC Ay 0
Ag=| Poa =M (50)
0 A, 0 0

Due to the sampling theorem, it holds that 0 < 27f; , T <T
forall i =1, ..., N and therefore the parameters 0, vary in
arange of [0; i, 0; ] With

ei,min = Cos(znfi,maxT)’ 6i,max = COS(znfi,minT) (51)

since the cosine is monotonically decreasing on [0, m].
Therefore, the parameter vector 6, varies in an N-dimen-
sional cuboid, the “parameter box”

0= [el,min > 9l,malx ]X[GZ,min > 92,max Ix
(52)
---X[GN,min ’ eN,max ]

with M = 2"V vertices.

5.3. Controller implementation

Once the pLPV representation of the considered system is
found, state-feedback gains for vertex systems can be com-
puted following the method of Sec. 4.2. Since the plant is
LTI, the observer required for the estimation of the plant
states can be designed off-line with a standard method (e.g.
LQR or pole placement). The controller is then implement-
ed according to Sec. 3 and the scheme given in Figure 2.
The system matrix Ay, ; is updated in every sampling instant
directly with the measured frequencies, while the state-
feedback gain K; is obtained by the interpolation (23).

The coordinates A; required for interpolation can be
computed following the scheme that is introduced in [5] and
generalized and implemented for an arbitrary number
of vertices in the LMI Control Toolbox for Matlab [28].
Another way of implementation is proposed here that is
suitable for real-time implementation purposes where va-
riables have to be pre-initialized with fixed dimensions.
In [29], a compact way of writing the calculation scheme is
presented, on which the scheme proposed here is based.
If the order of vertices is not changed, every approach leads
to the same coordinates.

The i-th entry v;; of a vertex v;=[v;; _v; v1T of the pa-
rameter box @ is either the lower bound 6, ,,;,, or the upper
bound 6; ,,, of 6, ;. Now, 2N vectors

(53)

133



Wiebke HEINS, Pablo BALLESTEROS, Christian BOHN

GAIN-SCHEDULED STATE-FEEDBACK CONTROL FOR ACTIVE CANCELLATION...

are pre-computed such that

_ 1/(ei,max _ei,min ), if Vii= ei,max (54)
-] 0, it v =6 min

_ 1/(ei,max - ei,min ), if Vii= 9i,min (55)
fmin-J 0, if Vii = Y max

The following steps are then carried out on-line in every
sampling instant:

L6, =cos@nfiyT), i=1,..,N (56)
5 Cimak = 0k =0 min> Ci .k = Oimax —Oik> 7
i=1..,N
N
}\']ak = H(bimax’jcimax ’k +bimin’jcimin ’k ),
3. =1 (58)

ji=L..M

The choice of the coordinates A, is not unique for a poly-
tope with more than N+1 vertices. Another interpolation
scheme might lead to different properties of the resulting
controller.

The resulting controller is shown in Figure 2. It corre-
sponds to the state-augmented observer-based state-feed-
back controller discussed in Sec. 3 (and shown in Fig. 1),
augmented with the updating mechanism described in this
section.

6. REAL-TIME RESULTS

The obtained controller is tested experimentally on an ANC
headset (Sennheiser PXC 300). The experimental setup is
shown in Figure 3. An external loudspeaker generates the
harmonic disturbance. The headset has one microphone in
each ear cup. The objective is to cancel the disturbance with
the loudspeakers of the headset. An anti-aliasing filter is
applied to the output signal and a reconstruction filter to the
control input. The control algorithm is implemented on
a rapid control prototyping unit (dSpace MicroAutoBox).

In this setup, the plant introduced in (1) corresponds to
the transfer function from the output to the input of the con-
trol unit. It is experimentally determined by exciting the
system with a multisine test signal, recording input and out-
put. The transfer function can be estimated using a standard
black-box technique (oe). All usual methods (arx, oe, n4sid)
resulted in models that were suitable for control design, so
the choice of the method was not crucial. If a transfer func-
tion model is identified, it has to be converted to a state-
space representation.
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Fig. 4. Open loop and closed loop amplitude frequency responses for disturbance frequencies of 90 Hz, 180 Hz,
270 Hz and 360 Hz (left) and 100 Hz, 200 Hz, 300 Hz and 400 Hz (right)
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Fig. 5. Microphone signal for fixed frequencies of 90 Hz, 180 Hz, 270 Hz, 360 Hz (left) and 100 Hz, 200 Hz,
300 Hz and 400 Hz (right). The control sequence is off/on/off

The identified system is of 12th order. The disturbance
applied is a sum of four harmonically related sine signals
with fundamental frequency between 90 Hz and 100 Hz.
This gives an internal model of 8th order and a parameter
box in R* with 16 vertices. The resulting controller is of
20th order. A sampling frequency of 1 kHz was chosen such
that the Nyquist frequency of 500 Hz is still higher than the
highest disturbance frequency of 400 Hz (in the fourth har-
monic). The control algorithm has been implemented for
both sides, but only results for the right side are shown.

Figure 4 shows the amplitude frequency response in
open loop and closed loop. At the specified disturbance

350 1

N

250 1

20 e e e NN
150

Frequency [Hz]

0 5 10 15 20
Time [s]

Pressure [Pa]

frequencies, the amplitude response is zero, which corre-
sponds to complete asymptotic disturbance cancellation.
This is confirmed by Figure 5, which shows the correspond-
ing real-time results. Figure 4 also shows that disturbance
amplification occurs in the frequency ranges between the
rejected frequencies. This effect is due to Bode’s sensitivity
integral (“waterbed” effect) [30]. It might cause problems in
applications where significant background noise is present.

In Figure 6, results for a time-varying fundamental fre-
quency are shown. The fundamental frequency decreases
linearly from 100 Hz to 90 Hz and then increases back to
100 Hz. This is repeated four times, every time in a shorter

0 5 10 15 20
Time [s]

Fig. 6. Results for time-varying disturbance frequencies: Frequency variations (left) and microphone signal (right)
in open loop (gray) and closed loop (black)
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Fig. 7. Results for time-varying disturbance frequencies: Frequency variations (left) and microphone signal (right)
in open loop (gray) and closed loop (black)

time interval (two times faster). At the end, the decrease
from 100 Hz to 90 Hz and back to 100 Hz takes place in
1.25 seconds, which is a variation of 16 Hz per second (for
rotating machinery, this would correspond to 960 rpm
per second). Excellent disturbance attenuation is achieved,
although it can be seen that for faster frequency variations,
the disturbance attenuation decreases.

The effect of fast variations of the disturbance frequen-
cies has been further investigated in another experiment.
The results are shown in Figure 7. The disturbance frequen-
cy varies sinusoidally between the minimum and the maxi-
mum value with a variation frequency that increases from
0.1 Hz to 2 Hz over 20 seconds (left-hand side of Fig. 7). It
is seen that for very fast frequency variations, the attenua-
tion performance decreases (but the system remains stable).

7. DISCUSSION AND CONCLUSION

A discrete-time LTV controller for the rejection of harmo-
nic disturbances with time-varying frequencies based on
a state-augmented observer-based state-feedback controller
with a time-varying internal model and a scheduled state-
feedback gain is presented. The control design method is
based on quadratic stability for pLPV systems.

The design method guarantees stability of the closed
loop system also for arbitrarily fast changes of the dis-
turbance frequencies. This is an advantage over other
approaches such as adaptive filtering or heuristic gain
scheduling. The experimental results show that an excellent
disturbance rejection is achieved. The controller corre-
sponds to a well-known state-space control approach which
might lead to an increased acceptance of the control scheme
in industrial applications. The design is carried out in dis-
crete time and the controller can easily be implemented on
real-time hardware.

Some degree of conservatism is present in this approach.
Using a single quadratic Lyapunov function, i.e. introduc-
ing no limitations on the rate of change of the disturbance

frequencies, limits the range of admissible disturbance fre-
quencies that can be covered with the resulting controller.
Also, the polytope that contains the uncertain parameters
can be chosen much smaller and with fewer vertices than
the cuboid applied here, if information on the relations
between the disturbance frequencies is given, as would be
the case for harmonically related frequencies. Thus, feasi-
bility of the LMIs and the upper bound on the system
performance could be improved as well as the time that is
needed to compute the coordinates required for the on-line
interpolation. This is important for applications where
many harmonics have to be cancelled, a wide frequency
range has to be covered and computational resources are
limited, e.g. in automotive applications [8§—10]. This will be
considered in future research.
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