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1.  Introduction

Financial markets are continuously exposed to new information, which exerts 
-

complete absorption of new information into the price of a given instrument is 
referred to as . In practice, however, the vast majority of markets 

-
justment of prices to new information arriving in the market is a gradual process 
that unfolds over time.

linked to the prices of the corresponding underlying assets traded in the spot 
market. Incoming market information usually triggers similar investor reactions 
in both markets (spot and futures). The strong connection between these two mar-
kets ensures that any temporary mispricing is exploited by arbitrageurs, whose 
activity restores equilibrium and guarantees price consistency.

Nevertheless, price changes in the two markets are not perfectly synchro-
nized. In practice, new information may be absorbed more quickly by either the 
spot or the futures market. When the price of the underlying asset or derivative 

time. Such relationships are associated with the existence of Granger causality 
between spot and futures prices  – past price changes in one market may improve 
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the forecasting accuracy of price changes in the other, compared to forecasts made 
without that information.

-
rates new price-relevant information plays the leading role in the price discovery 

as one of the key functions of the futures market. A mature and liquid futures 
market is expected to actively participate in price discovery and contribute to the 

process constitutes an important element in assessing the maturity of a derivatives 

One of the most commonly employed methods of analyzing the price dis-
covery process is the use of a bivariate vector error correction model (VECM). 

-
lationships between the prices of futures contracts and their corresponding spot 
market instruments. This approach has been applied, among others, by Bohl and 
colleagues (Bohl et al. 2011), Mutlu and Arik (Mutlu, Arik 2015), Marcinkiewicz 
and Kompa (Marcinkiewicz, Kompa 2013), Chen and colleagues (Chen et al. 2019, 
2021), and Suliga (Suliga 2025). However, the classical VECM relies on assump-
tions that may limit its usefulness in studies of price discovery, particularly in the 

First, the model assumes linear and time-invariant relationships between 
price changes in the two markets. This implies that the response of one variable 
to the other remains unchanged throughout the entire sample period. In practice, 
especially when the estimation horizon spans several years, this assumption may 

regulatory changes, or macroeconomic turbulence, which may permanently alter 
the relationships between derivatives and their underlying assets. The VECM 
framework does not account for such changes.

Second, the model presumes that the error correction mechanism is inde-
pendent of both the direction and the magnitude of deviations from the long-
run equilibrium. In reality, however, adjustment may occur only after a certain 
threshold is exceeded; for instance, when the deviation becomes economically 

responses are possible; for example, the futures market may react more rapidly 
to overpricing than to underpricing of the derivative. Such nonlinear and state-
dependent reactions cannot be captured by the classical VECM.

Given these limitations, it appears reasonable to apply a nonlinear threshold 
vector error correction model (TVECM) in the study of price discovery. This model 
allows the adjustment mechanism to vary depending on the magnitude and direc-
tion of deviations from equilibrium, making it possible to identify situations in 
which the error correction mechanism actually becomes active. As a result, the 
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transaction costs, limited liquidity, or delayed arbitrage responses. Thus, it offers 

The objective of this study is to compare the usefulness of the classical bivari-
ate VECM and its nonlinear threshold version (TVECM) in analyzing the price 
discovery process on the Warsaw Stock Exchange. The analysis is conducted for 
the most liquid derivative instruments traded on the exchange, namely WIG20 
index futures and their corresponding underlying index.

The study employs daily data from January 2018 to December 2024. During 

and led to a sharp increase in investment risk: the outbreak of the COVID-19 
pandemic and the onset of the war in Ukraine. Both during the initial phase of 

futures contracts experienced steep declines. It can be assumed that the structural 

and the futures markets. In such a context, the results of a classical linear VECM 
estimated on data from 2018 to 2024 would likely be distorted and would fail to 
reliably capture the causal relationships between the analyzed markets.

The comparison of VECM and TVECM outcomes aims to determine whether 
a nonlinear framework  – accounting for market reactions that vary with the 
magnitude and direction of deviations from equilibrium  – can more accurately 
capture the price discovery mechanism under conditions of heightened volatility 
and structural disturbances. In particular, the questions are whether the threshold 

The remainder of this paper is structured as follows. Section 2 presents a re-
view of the literature on the price discovery process, with particular emphasis on 
the application of the VECM and TVECM models as tools for investigating causal 
linkages between derivative markets and their underlying instruments. Section 3 
describes the data and outlines the methodological framework. Section 4 presents 

remarks and a discussion of the study’s limitations.

A mature futures market, characterized by high liquidity, should play an 
important role in the process of price discovery. The dominant role of the de-
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respect to the United States market (e.g., Hasbrouck 2003; Chou, Chung 2006), 
the United Kingdom (Brooks et al. 2001; Gwilym, Buckle 2001), Germany (Booth 
et al. 1999; Gaul, Theissen 2008), and France (Alphonse 2000; Buckle et al. 2019).

information faster than the spot market include, among others, lower transaction 
costs, the leverage inherent in derivative instruments, the absence of short-sale 

In the case of emerging markets, previous research on the contribution of 
futures contracts to the price discovery process differs considerably across mar-
kets. For example, with regard to the Korean market, Min and Najand found that 
index futures began to dominate the price discovery process almost immediately 
after their introduction (Min, Najand 1999). By contrast, as demonstrated by Guo 
and colleagues, on the Chinese market, along with the development of the futures 
segment, futures contracts gradually took over the leading role in price discovery 
from the spot market (Guo et al. 2013). Similarly, in the case of the Greek market, 

-
pearing to be biased as forecasts of spot prices (cf. Kenourgios 2005; Andreou, 
Pierides 2008). However, studies conducted in later periods demonstrated the 
dominant role of futures in the price discovery process on that market (cf. Kavus-
sanos et al. 2008; Kavussanos, Visvikis 2011).

Research on the price discovery process on the Warsaw Stock Exchange (WSE) 
is relatively scarce. An analysis concerning the early years of the WSE’s deriva-
tives market (1998–2009) was conducted by Bohl and colleagues (Bohl et al. 2011). 
Using daily closing prices of the WIG20 index and the corresponding futures con-
tracts, and applying a bivariate VECM, they showed that the spot market played 
the leading role in price discovery during the analyzed period. By splitting the 
sample into two subperiods, they also demonstrated that after investment funds 

increased the share of institutional investors in derivatives trading  – the role of 
WIG20 futures in price discovery rose. While the average contribution of the fu-

Causal relationships between the WIG20 index and its futures contracts 
were also investigated by Marcinkiewicz and Kompa using VAR and VECM 
models (Marcinkiewicz, Kompa 2013). The authors employed both daily data 
and high-frequency data (5-, 15-, and 30-minute intervals) from 2008 to 2011. In 

in each of the estimated VECM models only in the equation describing futures 
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price changes was, however, followed by an incorrect conclusion: “this means 
that in the long run causality runs from futures to spot.” The conclusion should 

index is the Granger cause of futures prices. In light of this interpretation and the 
absence of full estimation results, the evidence provided by Marcinkiewicz and 

of index futures to price discovery on the Warsaw Stock Exchange in 2008–2011 
(Marcinkiewicz, Kompa 2013). Writing in the conclusion of their work that the 
futures market reacted faster than the spot market to incoming information and 

causal relationship, they likely overstated the role of the futures market in price 
discovery during the analyzed period.

Studies on the price discovery process on the Warsaw Stock Exchange were 
also conducted by Mutlu and Arik (Mutlu, Arik 2015) and Suliga (Suliga 2025). 
However, these studies focused on causal relationships between the prices of 
single-stock futures (SSFs) and the prices of their underlying shares. Both stud-
ies employed a bivariate VECM, and both indicated that it was the stock market, 
rather than the futures market, that played the leading role in price discovery.

Mutlu and Arik, in addition to the Polish market, examined the Russian, Ko-
rean, and Indian markets (Mutlu, Arik 2015). With respect to Poland, for twenty 
pairs of instruments (SSF contracts and their underlying stocks), they used daily 
data covering the period from the introduction of each series of contracts up to 
August 15, 2014, as well as 60-minute data from April 1 to August 15, 2015. The 
authors did not include the full estimation results of the VECM models in their 
paper. They provided only the average contributions of the spot and futures 
markets to price discovery, estimated on the basis of those models. For the Polish 

Suliga carried out an analysis of the price discovery process for single-stock 
futures with the highest contract multiplier (1000) and their underlying shares 
(Suliga 2025). The study covered the years 2020–2023 and was conducted using 
daily data. The results demonstrated that in most cases, stock prices were the 
Granger cause of futures prices, both in the context of short-run and long-run 
relationships. Causality running from stock prices to futures prices was found 
in the long run for only three companies and in the short run for only one out 

contract multiplier (and thus higher leverage) does not guarantee the dominance 
of these contracts in the price discovery process, especially when futures trading 
volumes are relatively low (Suliga 2025).
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2.2. VECM and TVECM models  

The classical bivariate vector error correction model (VECM) has been 
employed in numerous studies conducted so far relating to the price discovery 
process. This model has been applied to the analysis of causal relationships 
between the spot and futures markets in relation to the Chinese (Hou, Li 2013; 
Liu, Qiao 2017; Xu 2018), Greek (Fassas, Siriopoulos 2019), Indian (Kumar, 

et al. 2016), Polish (Bohl et al. 2011; Marcinkiewicz, Kompa 2013; Mutlu, Arik 
2015; Suliga 2025), Russian (Mutlu, Arik 2015), and Taiwanese (Chen et al. 2019; 
Chen et al. 2021) markets.

In the classical VECM, it is assumed that the structure of the cointegrating 
relationship remains stable throughout the adopted research period and that the 
causal relationships between the analyzed time series are linear. In practice, these 
assumptions are not always met, and the economic realism of the model is simpli-

alter the structure of participants in the futures market. In some studies on price 
discovery, the research period is therefore divided into subperiods, and the VECM 
is estimated separately for each (e.g., Bohl et al. 2011; Marcinkiewicz, Kompa 2013; 
Xu 2018; Chen et al., 2021). This division usually serves the purpose of testing 

of causal relationships between the spot and futures markets.
The linear VECM also assumes that the process of returning to equilibrium 

is symmetric and linear, regardless of whether the deviation from the long-run 
equilibrium is positive or negative. In reality, however, it is possible that the re-
sponse to disequilibria between markets is asymmetric; for example, prices may 
adjust more rapidly in cases of undervaluation than in cases of overvaluation 
(or vice versa). Applying the VECM with a division of the research period into 
subperiods does not solve this problem and does not allow for the detection of 
potential asymmetries in market mechanisms. Modeling such asymmetries is 
possible through the application of the threshold vector error correction model 
(TVECM), originally introduced by Balke and Fomby (Balke, Fomby 1997) and 
further developed by Hansen and Seo (Hansen, Seo 2002), which extends the 
classical VECM. In this model, the concept of a threshold (or thresholds) is 
introduced, assuming that once the threshold is exceeded, the error correction 
mechanism changes.
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In research on price discovery and causal relationships between derivative 
prices and the prices of their underlying assets, the TVECM has been employed 
by, among others, Martens and colleagues (Martens et al. 1998), Kim and col-
leagues (Kim et al. 2010), Mamatzakis and Remoundos (Mamatzakis, Remoundos 
2010), Ters and Urban (Ters, Urban 2020), and Xi and colleagues (Xi et al. 2023).

Mamatzakis and Remoundos (Mamatzakis, Remoundos 2010) applied 
a threshold VECM with a single threshold to analyze cointegration between spot 
and futures prices of Brent crude oil, using data from 1990 to 2009. Their results 

Applying a threshold model instead of the classical linear VECM allowed them 
to more precisely capture the relationships between the examined markets.

Xi and colleagues (Xi et al. 2023) employed both the classical VECM and 

2 
futures market in the second phase of the European Union Emissions Trading 

an important role in the price discovery process during the research period and 
that the use of past futures prices could improve spot price forecasts. By employ-
ing the threshold model, Xi and colleagues (Xi et al. 2023) found that, in the short 

exhibited very slow adjustments to long-run equilibrium in the presence of de-

2008 and its aftermath.
Ters and Urban presented a methodology for estimating a three-regime 

TVECM with an unknown cointegrating vector, based on a novel dynamic grid 
evaluation (Ters, Urban 2020). The authors highlighted that applying a three-
regime threshold model made it possible to estimate the range in which arbitra-
geurs have no incentive to trade, meaning that the error correction mechanism is 
not activated. It becomes active only when the basis exceeds a critical threshold, 

costs. Only then can one expect arbitrageurs to enter the market and execute 
transactions. Such a mechanism supports the presence of nonlinear adjustment 
dynamics and the existence of three regimes, with the middle regime correspond-

the characteristics of the relationships between cointegrated spot and futures 

applications of the TVECM with two thresholds, relating to the palladium market 
and to S&P 500 index futures (Ters, Urban 2020).
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A three-regime TVECM was also applied by Martens and colleagues and 
Kim and colleagues in their studies of causal relationships between the S&P 500 
index and its futures contracts (Martens et al. 1998; Kim et al. 2010). Their choice 

arguing that arbitrageurs enter the market only when the mispricing between the 
spot and futures markets is large enough to compensate for the transaction costs 
they incur and the associated risks of interest rate and dividend changes. If the 
error correction term ect -
able. For this reason, the authors considered the use of a three-regime threshold 
model to be appropriate for studying the price discovery process, with the middle 
regime corresponding to ect 0

The results obtained by Martens and colleagues (Martens et al. 1998) showed 
that in their research period (S&P 500 futures contracts expiring in June and De-
cember 1993), the impact of the futures market on the spot market was greater 

from long-run equilibrium on current returns increased with the degree to which 
futures prices diverged from their theoretical values.

An analysis of the nonlinear dynamics of causal relationships between the 
S&P 500 index and its futures contracts was also conducted by Kim and colleagues 

-

equilibrium relationship), consistent with the cost-of-carry model Kim et al. 2010).
Kim and colleagues found that when prices move outside this band, i.e., 

futures price series become stationary mean-reverting processes (Kim et al. 2010). 
Prices within the no-arbitrage band, however, were found to be non-stationary. 

-
ings of Martens and colleagues (Martens et al. 1998), namely that futures prices 
dominate in the price discovery process (the index adjusts to futures prices, not 
the other way around).

Taking into account the arguments of Ters and Urban (Ters, Urban 2020) as 
well as the results obtained by Martens and colleagues (Martens et al. 1998) and 
Kim and colleagues (Kim et al. 2010), the threshold VECM with two thresholds 
(three regimes) appears to be a more suitable tool for analyzing the price discovery 
process in the spot and futures markets than the model with two regimes (a single 
threshold). In this study, therefore, the classical VECM will be compared in terms 
of its usefulness for analyzing price discovery on the Warsaw Stock Exchange 
with the three-regime threshold model. The information criterion (AIC) further 

-
lyzed data than the model with a single threshold.
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3. Data and research methodology

This section presents the data and methodology used in the empirical analy-
sis. It begins with a description of the dataset, including the WIG20 index and its 

to examine the price discovery process.

3.1. Data used

The study employed daily closing prices of the WIG20 index and its fu-
tures contracts for the period from January 2, 2018, to December 30, 2024. Futures 
contracts on the WIG20 index are the most liquid instruments on the Warsaw 
Stock Exchange’s derivatives market. In the years 2018–2024, the average annual 
turnover value of these derivatives amounted to PLN 262,695 million, which rep-

on the Warsaw Stock Exchange. The multiplier of WIG20 futures contracts has 
a value of 20, which means that a change of one index point in the underlying 
index results in a change of PLN 20 in the contract value. Each quarter, a new 
series of WIG20 futures contracts is introduced into trading, which remains listed 
on the exchange for one year. The expiration days of the derivatives are the third 
Fridays of March, June, September, and December. Thus, at any given time, 
four consecutive contract series are simultaneously traded. The series of WIG20 
contracts with the nearest expiration date usually exhibits the highest liquidity, 
while on the expiration day of that series, the subsequent series takes over the 
dominant position in terms of liquidity.

In order to conduct the analysis of the price discovery process using the 
VECM and TVECM models, it was necessary to construct a uniform time series 
covering daily closing prices of futures contracts from January 2018 to December 
2024. This series was built on the basis of closing prices of the contracts with the 
nearest delivery date, whereby the transition to the subsequent series was set 
at the expiration day of the current one. This method of constructing the series 
makes it possible to obtain the most reliable representation of prices, taking into 
account trading volume and the number of open positions in the futures market 
(see Fassas, Siriopoulos 2018).

Figure 1 presents the time series used in the study. The blue line (WIG20) 
represents the series of WIG20 index closing prices, while the red line (FW20) rep-
resents the series of daily closing prices of the futures contracts on this index, 
constructed according to the principles described above. Figure 1 illustrates 

the nearly parallel trajectories of their time series. In many instances, these series 
overlap, and the differences visible at certain points in time remain relatively small.



94

Milena Suliga

Figure 1. Daily closing prices of the WIG20 index and WIG20 futures 
(January 2018 – December 2024).

The conducted study used logarithms of closing prices of the WIG20 index 
(St) and its futures contracts (Ft), as well as daily log returns. The following nota-
tions of log prices were adopted:

,t t t t (1)

and of log returns:

1 1,t t t t t t (2)

Table A1 in the Appendix reports the basic descriptive statistics for the log 
returns of the WIG20 index and its futures contracts over the sample period. The 
interpretation of these results is provided directly below the table. As indicated 
there, the values of the individual descriptive statistics are very similar across 
both markets. 

3.2. Research methodology

According to the cost-of-carry model, which is the classical economic model 
used for the valuation of derivative instruments and which assumes the absence 
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of arbitrage opportunities, the fair price Ft of a futures contract at time t is ex-
pressed by the formula:

 r d T t
t tF S e  (3)

In this equation, St denotes the price of the underlying instrument, r is the 
risk-free interest rate, d is the dividend yield, while T t represents the time 
remaining until the expiration of the derivative.

Logarithmizing equation (3) on both sides allows us to observe that the cost-
of-carry model assumes the existence of a linear relationship between the log 
prices of spot and futures:

 t t  (4)

In econometric models, the variability of returns, dividends, and the time 
remaining until contract expiration is often omitted. As a result, relation (3) is 

t and ft are cointegrated of order (1,1). 

the log returns  ft are stationary), and that there exists a linear combination 
of them, ect, which is stationary. Without loss of generality, one may assume that 

that the futures price is a linear function of the spot price:

 1t t t  (5)

From equation (5), it follows that the stationary linear combination ect , called 
the error correction term, can be expressed as:

 1t t t  (6)

1], is called the cointegrat-
ing vector.

Classical VECM Model

The classical two-dimensional Vector Error Correction Model (VECM), used 
to describe the relationships between cointegrated spot and futures prices, takes 
the following form:

 1 , , ,1 1
 (7)

 1 , , ,1 1  (8)



96

Milena Suliga

In the general case, the n-dimensional VECM model takes the following 
matrix form: 

 1
1

Y Y Y  (9)

where 1 2, , ,t t t tnY y y y  is a vector of non-stationary time series. 

In order to examine the existence of cointegration between the non-stationary 
time series t and ft

expressed by equations (7) and (8), one may apply the Johansen test (Johansen 
1991, 1992), which is based on the estimation results of the VECM model and 
requires the computation of two test statistics: 

 
1

ln 1
n

trace i
i r

r T  (10)

 1ln 1r T  (11)

The i values appearing in equations (10) and (11) are the eigenvalues of the 
matrix  from the general form (9) of the n-dimensional VECM model, ordered 
in ascending sequence. By means of the trace statistic trace(r), one tests the null 
hypothesis that the number of distinct cointegrating vectors is not greater than r 
against the alternative that there are more. The maximum eigenvalue statistic 

(r), on the other hand, is used to verify the null hypothesis of the existence of 
exactly r cointegrating vectors, against the alternative that there are r 1. Natu-
rally, in the case of the two-dimensional model described by equations (7) and (8), 
at most one cointegrating vector may exist. Hence, performing the Johansen test 

series are cointegrated of order (1,1).
 and 

f accompanying the error correction term ect 1 measure the speed of price adjust-
ment in each market following a disturbance in the long-run equilibrium relation 

price adjustment takes place in the spot market. This would signal the existence 

to the spot market, pointing to a substantial contribution of the futures market to 
f 

would indicate an analogous causality running in the opposite direction, and thus 

context of long-run causal relationships.
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The examination, based on the VECM model, of the existence of short-run 
causal relationships between the prices of the derivative and the prices of its cor-

of the parameters ,  ( , ) appearing in equations (7) and (8) with the lagged 
,  in 

equation (7) will mean that futures prices are the Granger cause of spot prices. 
Conversely, the existence of short-run causality running in the opposite direction 

,  in equation (8).

As mentioned earlier, the TVECM model was introduced by Balke and Fomby 
(Balke, Fomby 1997) and later extended by Hansen and Seo (Hansen, Seo 2002). 
The model employs a regime-based approach that allows the adjustment process 
to vary depending on the size of the deviations from the long-run equilibrium. 

-
grating vector obtained, the values of the error-correction term ect are computed. 
Subsequently, depending on the value of ect 1, the values of the time series t and 
ft are partitioned into three regimes (R 1, R0, R1) according to the rule:

 
1 1 1

1 1 2 0

1 2 1

t t t

t t t

t t t

 (12)

where 1 0, 2 0 

 10.05 0.95 for 1,0,1 ,t iP ec R i  (13)

where P denotes probability. The selection of the optimal thresholds 1, 2 is based 
on searching a preliminary grid of values. For each combination of potential thresh-
olds, the parameters of the TVECM model are estimated, and the most optimal 
of those are chosen, which minimize the sum of squared residuals of the model.

The lower regime R 1 will include those observations t and ft, for which, on 
the previous day (t
to the spot price, whereas the upper regime R1 will consist of those values t, ft, for 
which, on the preceding day, the derivative price was correspondingly too high 
relative to the price of the underlying instrument. The middle regime, in turn, 
comprises those values of the time series t and ft, for which the error correction 
term ect 1
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meaning that deviations from the long-run equilibrium described by equation 
(5) are moderate.

After partitioning the data into three regimes, the VECM model is estimated 
in each of them separately with the same lag order . The TVECM model can 
therefore be described by the following equations: 

 , , 1 , , , , , ,
1 1

 (14)

 , , 1 , , , , , ,
1 1

 (15)

where i  { 1},

To prevent overparameterization, the optimal lag length  in both the VECM 
and TVECM models is selected based on the Bayesian Information Criterion (BIC), 
with adjustments made if autocorrelation of the residuals is observed. According 
to the results obtained by Martens and colleagues (Martens et al. 1998), it may 
be expected that in the TVECM model, the impact of the error correction term 
on the values of index and futures returns will be considerably smaller in the 
middle regime, corresponding to the no-arbitrage band, than in the lower and 
upper regimes. One may therefore expect the following inequalities: , 1 ,0  
and ,1 ,0  in the equation describing the changes in spot prices as well as 

f, 1 f,0  and f,1 f,0  in the equation relating to futures price movements.

measures of the average contribution of the spot and futures markets to the price 
discovery process, the common factor weights, were calculated. These measures 

have subsequently been employed in other studies addressing the issue under 
consideration (see, e.g., Bohl et al. 2011; Mutlu, Arik 2015; Fassas, Siriopoulos 
2019; Suliga 2025):

 
f

 (16)

 1 . (17)

As follows from equations (16) and (17), the common factor weights are based 
 and 
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contribution of a given market to the price discovery process only in the context 
of long-run (error-correction) causal linkages. How should these values be inter-
preted? The larger the ratio of f to  in absolute terms, the stronger the response 
of the futures market (relative to the spot market) to a disturbance from the long-
run equilibrium relationship between prices in the two markets. The market that 
reacts more strongly does not dominate price discovery; rather, it tends to follow 
the other market, adjusting to changes that have occurred there earlier. A larger 
absolute ratio f / thus translates into a higher value of , which indicates the 
spot market’s contribution to price discovery. In the abovementioned research, 
the measures  and f have been computed based on estimates from the classical 
bivariate VECM. In the present study, they will also be computed within each of 
the regimes of the threshold VECM (TVECM).

4. Empirical results

The empirical investigation, the results of which are presented in this chapter, 
followed the structure outlined below. At the outset, whether the analyzed time 
series satisfy the fundamental assumptions regarding stationarity and cointe-

models. The main part of the study, conducted after validating these assumptions, 

-
sions were drawn concerning the contribution of the spot and futures markets 
to the price discovery process over the period under study. In the second stage, 
a threshold VECM with three regimes was estimated using the same dataset. 
The conclusions regarding the roles of the spot and futures markets, derived 

of the study in order to assess their consistency.
The results of the Augmented Dickey–Fuller (ADF) test, reported in Table A2 

in the Appendix, indicate that the log price series t and ft are nonstationary in 

order one, I(1).
Table 1 presents the results of the cointegration tests for the series t and 

ft  using Johansen’s procedure. The values of both test statistics, trace and , 
clearly indicate that the null hypothesis of no cointegrating vector should be 
rejected in favor of the alternative hypothesis that the series t and ft  are coin-

cointegrating vector.



100

Milena Suliga

Table 1

Cointegration test results

Johansen test statistics values 

Cointegrating vectortrace  

H0 : r  0 H0 : r  1 H0 : r  0 H0 : r  1

40.90*** 5.64 35.27*** 5.64

the fundamental assumptions of the VECM framework. In the next step of the 

were therefore estimated. The Bayesian Information Criterion (BIC) indicated an 
optimal lag order of 2; however, due to the presence of autocorrelation in the re-
siduals, the lag order was increased to 3, which resolved this issue. Residuals 
were examined for heteroskedasticity, which was detected; therefore, parameter 

-
tion results of the model are reported in Table 2.

-
eter f

long-run causal relationships between spot and futures prices, this result indicates 

to its futures contracts. This suggests that during the analyzed sample period, in 
situations where the long-run equilibrium relationship between spot and futures 

futures market. Hence, it was the spot market that initiated the disequilibrium, 
while the derivatives market followed the price changes of the index.

Table 2

Estimation results of the VECM model

Equation C.f.w.

 t

  ,1  ,2  ,3  ,1  ,2  ,3  

0.007 0.190 0.038 0.031 0.022 68.33

 ft
f  f  ff,1  ff,2  ff,3  ,1  ,2  ,3 f 

0.014** ** *** 0.621*** 0.256 0.085 31.67

Note: The symbols *** and **

respectively, based on Newey–West robust standard errors. The last column (C.f.w.) contains the 
values of the common factor weights 



101

Linear vs. threshold cointegration approaches to price discovery...

,1, which appears in the equation describing changes in futures 

during the analyzed period, the daily return on WIG20 futures contracts depended 

the existence of short-run causality running from the spot market to the futures 
market. The daily futures returns also depended on their own lagged value, as 

ff,1. It should be noted that 
in the equation describing t

the futures market to the spot market ( , ,1 , ,2 , ,3

computed according to equations (16) and (17). These results suggest that over 
the period 2018–2024, the average contribution of the spot market to the price 

-
tion from the futures market that was less than half of this.

In summary, the results presented in Table 2 provide no basis for conclud-

process on the Warsaw Stock Exchange during the period under investigation. 
Instead, they suggest that this process occurred primarily in the spot market, with 
the derivatives market following it and performing only a secondary function. 

-
leagues (Bohl et al. 2011) for the WIG20 index and its futures contracts. Taking 
into account prior studies on the role of index futures in price discovery in other 
emerging markets (Min, Najand 1999; Kenourgios 2005; Andreou, Pierides 2008; 
Kavussanos et al. 2008; Kavussanos, Visvikis 2011; Guo et al. 2013), the results 
reported in Table 2 suggest that the Polish market behaves in an atypical way. 
While in the cases of the Korean, Chinese, and Greek markets, it has been shown 
that the derivatives market  – if not from the outset, then at least with further 
development  – gradually took over the price discovery function from the spot 

for the Polish futures market indicate that its role in the price discovery process 
remains limited despite more than two decades of existence.

However, as noted in the previous section, the classical VECM suffers from 
important analytical limitations. Above all, as a linear model, it assumes stability 
of the cointegrating relationship and homogeneity of adjustment mechanisms 
throughout the entire sample period. In reality, this assumption may be overly 
restrictive, particularly in the context of dynamically changing market conditions. 
The sample period  – 2018 to 2024  – includes episodes of exceptionally strong 
economic disturbances, most notably the global COVID-19 pandemic and the 
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market participants’ behavior and the structure of the linkages between the spot 
and futures markets. In particular, the years 2020–2022 were characterized by 

Under such conditions, the assumption of a homogeneous, linear adjustment 
process may lead to distorted inferences. The return to equilibrium between spot 
and futures markets may have taken different forms during stable and unstable 
periods, and it may also have been asymmetric  – i.e., stronger in response to nega-
tive shocks than to positive ones. The classical VECM is incapable of capturing 
such nonlinearities and regime shifts.

For this reason, the TVECM model was employed in the subsequent stage 
of the analysis. This framework makes it possible to account for asymmetries 
and varying adjustment dynamics depending on the extent of the deviation 
from equilibrium. By allowing for different error-correction mechanisms across 
regimes, the TVECM may provide a more adequate tool for analyzing periods 
characterized by instability and structural shocks.

the basis of the Bayesian Information Criterion (BIC). This criterion indicated 
a TVECM with a lag order of 1. However, the BIC for the TVECM (BIC  

35,234.70) is higher than that for the classical VECM (BIC  35,339.94) 
employed in the previous stage, suggesting that the VECM provides a better 

its greater complexity, as BIC imposes a stronger penalty for additional param-
eters than AIC.

In contrast, the AIC for the TVECM is lower than for the VECM (AIC  
35,376.80, while AIC  35,247.04), indicating some support for the TVECM 

The estimated threshold values appearing in equation (12) amounted to 
(rounded to three decimal places): 1 0.004 and 2 
the observations fell into the lower regime. This means that on approximately one 
quarter of the trading days under consideration, the error-correction term given 
by equation (6) was negative and lower than 1 , implying that the daily closing 
price of WIG20 futures contracts was undervalued relative to the underlying 

on most of the trading days, the spot and futures prices did not deviate largely 

fell into the upper regime, in which the error-correction term ect was positive 
and greater than 2, signifying that the WIG20 futures contracts were overpriced 
relative to the index.
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The division of observations across regimes is illustrated in Figure 2. The vast 
majority of observations are located in the middle regime (blue), corresponding 
to minor deviations from equilibrium, where adjustment mechanisms are likely to 
remain inactive. The lower regime (red) is more numerous than the upper regime 
(green), suggesting that instances of futures undervaluation occurred more fre-
quently than cases in which futures were overvalued relative to the spot market 
during the sample period. This may point to asymmetric arbitrage costs or the 
existence of other market frictions. Horizontal dashed lines have been added to 

Note: The lower regime corresponds to the values ect 0.004, while the upper regime includes the 
values ect  0.004. The values ect  [ 0.004; 0.004] determine the middle regime

Figure 2. Division of correction error term values ect across the three regimes

The results of the TVECM estimation are presented in Table 3. The residuals 
were found to be free of autocorrelation but exhibited heteroskedasticity; conse-

using 
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robust Newey–West standard errors. In the upper part of Table 3 (Panel A), the 
estimated parameter values of the model corresponding to the lower regime are 

 and f 

undervalued relative to the WIG20 index, neither the spot nor the futures market 
responds in a systematic way to restore equilibrium. The error correction mecha-
nism appears to be locally inactive.

limit arbitrage activity. As a result, observed mispricing may not be perceived as 

conditions observed during the sample period, including the COVID-19 pandemic 
and the outbreak of the war in Ukraine. Periods of heightened uncertainty and 
volatility are typically associated with reduced liquidity and increased risk aver-
sion, which can limit arbitrage activity and lead to a temporary breakdown of the 
equilibrium adjustment process.

Moreover, Figure 2 reveals clustering of observations within the lower re-
gime. This indicates that deviations from equilibrium are persistent rather than 
transitory, as the system tends to remain in this regime for several consecutive 
periods once the threshold is crossed. Such regime persistence is consistent with 

-
ment process is not only weak but also delayed.

,1 and ff,1  (at the 0.1 and 0.01 levels, respectively), 
which appear in the lower regime in the equation related to changes in futures 
prices, indicate that the daily return on WIG20 index futures depended on both 
its own lagged value and on the previous day’s return of the index. The value of 

,1 in particular indicates the potential presence of unidirectional 
short-run causality: if futures prices are too low relative to the closing value of 
the WIG20 index on a given day, only the futures market reacts to the informa-
tion contained in spot prices the following day. Such a unilateral transmission of 

as the classical VECM model indicated short-run causality running only from the 
WIG20 index prices to the futures prices.

Panel B, constituting the middle part of Table 3, presents the results of the 
TVECM parameter estimation obtained for the middle regime. As in the lower 

 and 
f 

the middle regime corresponds to observations for which the value of the error 
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long-run equilibrium between the spot and futures markets was present. Under 
such conditions, the adjustment mechanism toward equilibrium was not activated. 
According to the suggestions of Ters and Urban (Ters, Urban 2020), this regime 

Table 3

Estimation results of the TVECM model

Equation C.f.w.

Panel A: lower regime

 t

  ,1  ,1  

0.002 0.106 0.153 58.09

 ft
f  f  ff,1  ,1 f 

0.003** 0.147 *** 0.521* 41.91

Panel B: middle regime

 t

  ,1  ,1  

* 0.254 88.86

 ft
f  f  ff,1  ,1 f 

** ** 0.549*** 11.14

Panel C: upper regime

 t

  ,1  ,1  

0.006** ** 0.056 51.28

 ft
f  f  ff,1  ,1 f 

0.005** ** 0.151 48.72

Note: The symbols ***, ** and *

respectively, based on Newey-West robust standard errors. The last column (c.f.w.= common factor 

-
vations. This means that on the majority of days covered by the analysis, no sig-

the correction mechanism remained inactive. This fact casts doubt on the results 

it was assumed that the adjustment mechanism operates regardless of the scale 
of the deviation from the long-run equilibrium between spot and futures prices.
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,1 and ff,1, it is noteworthy that in the middle 
regime  – similarly to the previous regime  – only ff,1

(at the 0.01 level). This suggests that, during periods of relative stability between 
the markets, futures returns depend on their own lagged values, whereas this is 
not the case for WIG20 index returns.

,1 

of unidirectional short-run causality running from the spot market to the futures 
market: futures prices respond to past values of the underlying index, while no 

obtained from the classical VECM model, which also indicated short-run causality 
running from the spot market to the futures market.

The lower part of Table 3 (Panel C) presents the estimation results of the 
TVECM parameters corresponding to the upper regime. In this case, both er-

 and 
0.05 level. This regime corresponds to a positive term ect, meaning that ft 1 t. The 
negative estimate of ( f 
to get back to the equilibrium state. However, the estimate  was also obtained 
as negative (  0.501). It means that in the situation of a large positive error 
correction term, the spot prices also decrease, which is not conducive to restor-
ing an equilibrium state. Bohl and colleagues (Bohl et al. 2011) suggest that it is 

the same sign. However, to restore the equilibrium in the long run, the inequal-
ity  f  should hold. This holds in our case in absolute values, but the test 
of the statistical difference between  and f does not provide grounds to reject 

to the standard expectations of the error correction mechanism and suggest that 
both the spot and futures markets respond in a similar direction to deviations 
from equilibrium. Instead of correcting the deviation, both markets appear to 
move in parallel, which may prevent the spread from narrowing in a systematic 
way. This suggests a breakdown of the classical arbitrage-based error correction 
mechanism in the upper regime.

One possible explanation for this behavior is the presence of common infor-
mational shocks affecting both markets simultaneously. In periods of heightened 

become constrained due to increased risk or market frictions. As a result, prices 
on both markets may adjust concurrently to new information rather than through 
a mechanism aimed at restoring equilibrium. As can be seen in Figure 2, the up-
per regime consists predominantly of observations from the period 2022–2024,  
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may be associated with increased uncertainty. Moreover, similarly to the lower 
regime, a clear clustering of observations can be observed. This indicates that 
once the system enters this regime, it tends to remain there for several consecu-
tive periods, which suggests that the adjustment process in the regime is delayed 
or weakened rather than immediate. This is consistent with the obtained  
and f values. The results therefore point to the dominance of common factors 
driving both markets, rather than the operation of an effective arbitrage mecha-
nism linking them.

and its futures contracts do not depend on either their own lagged values or the 
lagged returns observed in the other market.

This lack of short-run interdependence further supports the interpretation 
that price dynamics are driven primarily by contemporaneous informational 
shocks in the upper regime rather than by systematic interactions between the 
two markets. In other words, standard short-run transmission mechanisms appear 
to be dominated by exogenous factors affecting both markets simultaneously.

The last column of Table 3 contains the values of the common factor weights, 
calculated according to formulas (16) and (17), separately for each regime. In 

and f  – are close to 

the spot market in both cases. The values of  and f computed in the middle 

market. These results differ substantially from those based on the classical VECM 

in the price discovery process throughout the entire sample period. This discrep-
ancy highlights an important limitation of the linear VECM framework, which 
assumes a constant adjustment mechanism and stable relationships between 
markets over time.

In contrast, the TVECM model reveals that the error correction mechanism is 
-

ferent regimes. As a result, the process of restoring long-run equilibrium cannot 
be regarded as uniform across market conditions. Common factor weights rely on 
the existence of a well-functioning error correction mechanism. However, in the 
regimes where such a mechanism is absent or ineffective, the estimated weights 
cannot be considered reliable indicators of the relative contributions of the spot 
and futures markets to price discovery. The results suggest that the linear VECM 
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underlying dynamics between the stock and futures markets by averaging across 
fundamentally different market states. 

term across regimes, the following inequalities can be observed: 1 1 0 
and: 1

f 0
f f

1 . These inequalities between f values are not consistent with 

the lower and upper regimes should be higher than in the middle regime. Once 
again, these results highlight the non-standard behavior of the error correction 

-
lar studies conducted for the U.S. market by Martens and colleagues (Martens 
et al. 1998) and Kim and colleagues (Kim et al. 2010), partial consistency can be 
observed with respect to the existence of a no-arbitrage band. The results of the 
present study suggest that such a band may also be present in the Polish market; 
however, the adjustment mechanism is not uniformly activated once the threshold 
is exceeded as deviations from equilibrium are not always effectively eliminated 
in either the upper or the lower regime. 

Furthermore, the results obtained for the WIG20 index and its futures differ 
from those reported for the S&P 500 index and its derivatives with regard to the 
price discovery process. While studies for the U.S. market point to a dominant role 
of the futures market, the evidence for the Warsaw Stock Exchange suggests that 
price discovery is not stable over time and varies across regimes. In particular, the 
spot market appears to play a leading role in some regimes, while the relationship 
between the markets weakens or is dominated by common informational shocks 

to changing market conditions. 

5. Summary and conclusions

The aim of the study was to compare the usefulness of the classical Vector 
Error Correction Model (VECM) and its nonlinear threshold version (TVECM) in 
analyzing the price discovery process on the Warsaw Stock Exchange. The study 
covered daily data on the closing prices of the WIG20 index and its futures contracts 
from 2018 to 2024, thus encompassing both periods of relative market stability 
and periods of pronounced market turbulence associated with the outbreak of the 
COVID-19 pandemic and the war in Ukraine. Such a broad time horizon made 
it possible to assess to what extent the two models are capable of capturing the 
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mechanisms of price discovery under conditions of volatility, asymmetry, and 
potential structural changes.

The estimation results of the classical VECM model indicated unequivocally 
the dominant role of the spot market in the price discovery process. Both the 

-
sality suggested that in the years 2018–2024, it was the WIG20 index that initiated 
changes, while the futures contracts followed. The measures of the contribution of 
spot and futures markets to the price discovery process (common factor weights) 
suggested that the average contribution of the spot market to price discovery was 

earlier results in this respect (Bohl et al. 2011) and implied a secondary role for 
WIG20 futures contracts in the price discovery process.

However, when analyzing the estimation results of the classical VECM model, 
attention was drawn to its limitations stemming from its linear nature and the 
assumption of constant adjustment mechanisms over the entire sample period. It 
was therefore hypothesized that the conclusions derived from the VECM model 

-
ket during the analyzed period. To verify this hypothesis, the threshold TVECM 
model was employed in the subsequent stage of the study, which made it possible 
to incorporate nonlinearity and differentiated market reactions depending on the 
magnitude and direction of deviations from equilibrium.

The estimation results of the TVECM model revealed that the error correc-
tion mechanism behaves differently and, at least in part, unexpectedly. In line 

observed in the middle regime, which can be interpreted as a no-arbitrage band. 

in the lower regime, while both markets reacted in a similar direction to deviations 
in the upper regime, which did not lead to an effective reduction of disequilibrium. 

and are not necessarily eliminated through the classical arbitrage mechanism.
Moreover, the regime-based analysis showed that short-run relationships 

between the spot and futures markets are unstable. In the lower and middle 
regimes, short-run causality from the spot market to the futures market was 

indicating that price transmission mechanisms cannot be adequately described 
by a single, stable structure.

A comparison of the two models highlights that the VECM tends to over-
simplify dynamics by imposing a constant adjustment mechanism, whereas the 
TVECM captures regime-dependent variations in both the error correction process 
and short-run interactions. Nevertheless, even the TVECM may not fully account 
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-
tions of both models.

Importantly, the results indicate that the contribution of the spot and futures 
markets to price discovery is not stable over time. While the VECM suggests 
a dominant role of the spot market, the TVECM indicates that this dominance 
is conditional and may vary across regimes, with extreme market turbulence 
potentially driven by common informational shocks rather than classical arbi-
trage mechanisms.

Finally, it should be noted that the study’s results are subject to important 
limitations stemming from the use of daily data, which were employed due to 
the lack of access to high-frequency intraday data. While daily data are suitable 
for analyzing long-term relationships, in modern markets, the informational 
leadership of a given market in the price discovery process can manifest within 
minutes, seconds, or even milliseconds. For example, Hasbrouck  showed for the 
U.S. market that informational contributions to price discovery, which remain 
unclear at a one-second frequency, may only be revealed at the sub-millisecond 
level (Hasbrouck 2021).

In recent years, most studies have relied on high-frequency intraday data to 
analyze price discovery and the relative informational contributions of spot and 

the details or the true speed of price adjustments across markets. This limitation 
is particularly relevant during periods of heightened market volatility, such as 
the COVID-19 pandemic and the outbreak of the war in Ukraine, when intraday 
information transmission was rapid and markets were highly reactive. Therefore, 

high-frequency dynamics of the price discovery process. Future research will aim 
to extend this analysis using high-frequency intraday data, which would allow 
for a more precise assessment of the speed and microstructural dynamics of price 
discovery between the spot and futures markets.
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Table A1 presents the basic descriptive statistics for the log returns of the 
WIG20 index and its futures contracts. The results indicate that the individual 
descriptive statistics are very similar across both markets. Both return series exhibit 
negative skewness, while their high kurtosis values suggest a strong concentration 

-

distribution can be considered normal.

Table A1

Descriptive statistics for the log returns of the WIG20 index  
and its futures contracts in the years 2018–2024

Statistics
Time series

 t  ft

mean
median
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minimum

maximum 0.0810 0.0900 

standard deviation 0.0148 0.0152

skewness

kurtosis 11.6772 10.3662

J-B test statistic 5648.3*** 4052.1***

N 1748 1748

Table A2 reports the results of the stationarity tests for the log prices of the 
WIG20 index and its corresponding futures contracts, as well as for the log returns. 
The Augmented Dickey–Fuller (ADF) test statistic obtained for the price series t 
and ft

that there is no basis for rejecting the null hypothesis that the series of log spot 
and futures prices are nonstationary and exhibit a stochastic trend. By contrast, 

returns t  and ft, as test statistics reported on the right-hand side of the table 

t and ft are 
integrated of order one, I(1).

Table A2

Results of stationarity tests for the time series of log prices  
and log returns of the WIG20 index and its futures contracts

Alternative hypothesis H1

ADF test statistic

t ft  t  ft

no drift no trend *** ***

drift ** ***

drift and trend *** ***

Note: The symbols *** and **

respectively

Table A1 cont.
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Summary
This study evaluates and compares the usefulness of the classical Vector Error Correction Model 
(VECM) and the Threshold Vector Error Correction Model (TVECM)  in analyzing the price 
discovery process on the Warsaw Stock Exchange. The empirical analysis uses daily data on 
the WIG20 index and its futures contracts from 2018 to 2024. The VECM results indicate unidi-
rectional long-run and short-run causality from the spot market to the futures market, with the 
latter primarily adjusting to deviations from equilibrium. The estimated common factor weights 
suggest that the spot market accounts for about two-thirds of the overall price discovery. Based 

and persistent. However, the TVECM reveals substantial nonlinearities and regime-dependent 
-

ation, near-equilibrium, and overvaluation of futures, within which the adjustment mechanisms 
differ notably. In both the lower and middle regimes, the error correction mechanism is weak 

eliminated. In particular, the middle regime, which accounts for the majority of observations, 
can be interpreted as a no-arbitrage band in which mispricing is too small to trigger arbitrage 
activity. In the upper regime, although both markets respond to deviations, their adjustments 
occur in the same direction, preventing the restoration of equilibrium and suggesting a break-

informational shocks and heightened market uncertainty rather than a stable lead–lag relationship 
between the markets. The comparison demonstrates that while the VECM provides a convenient 

a constant adjustment process. The TVECM offers a more informative framework by capturing 

-
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