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Casting production is accompanied by various physical phenomenon such as heat and
mass exchange, crystallization, phase transformations, stress formation and etc. One of
the most important factors which influence ���	quality of a final product is ���	nature and
���	kinetics of a liquid metal motion during mould filling.

High temperature which occurs in this process, makes it difficult to observe these type
of flows in real conditions. Thus, computer simulation software is more often used in order
to analyze temperature changes, microstructure formation and obviously liquid metal mo-
tion inside the mould [1, 2]. The usage of numerical flow models, which are usually based
on ���	Navier-Stokes equation, in those programs is associated with the need to perform
complicated and time consuming calculations. For this reason, there is a clear tendency to
search for alternative approach in computer modeling of foundry processes. One of the
most interesting solutions is so called lattice Boltzmann method (LBM) which, as it was
shown in [3, 4] can be successfully used for numerical simulation of liquid metal flows.
A big advantage of LBM based algorithms is simplicity in numerical implementation as well
as very effective use of modern CPU/GPU architecture, including parallel computation.

One of the most important property of liquids, which have significant influence on
nature and kinetics of incompressible flows (i.e. liquid metals as well) is kinematic viscosi-
ty. In case of foundry alloys, this parameter depends highly on temperature. In numerical
models used in casting simulation software, the influence of crystallization process on
motion of liquid metal is also taken into account through changes in the local viscosity [5].

�����  !"�!�#��$% ���&'(' )*+,�������������



�0

In typical lattice Boltzmann models, kinematic viscosity of fluid is constant for all cells in
the mesh. This assumption makes it difficult to use LBM algorithms for ���	simulation of
real processes which appear in casting productions. For this reason, there is a reasonable
need to search for solutions which allows to take into account local viscosity changes in
���	lattice Boltzmann method.

The work is an extension of the abstract presented at the scientific conference on the
occasion of 60th anniversary of the Faculty of Foundry Engineering at AGH University of
Science and Technology [6].
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In algorithms based on ���	Lattice Boltzmann method, model evolution is described by
the following equation:
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where fi is a particle distribution function in i direction, δ�� time step, f eq an equilibrium
distribution function characteristic for the specific type of LBM model [7], τ relaxation
time, ei a set of discrete dimensionless velocities.

The equilibrium distribution function  f eq may stay in a general form as fallows [8]:
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where: ρ and u are fluid density and velocity respectively, cs sound speed for a model.

The value of the parameters appearing in equation (2) for ���	discussed here two-di-
mensional D2Q9 model (2 dimensions, 9 velocities) are presented in Table 1.
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Parameter c from Table 1 is defined as c = δx/δt, where δx is a cell size. Usually it is
assumed that c = 1, hence δx = δt.

 ωi
 

ei
 

cs
 

i = 0 4/9 (0, 0) 

i = 1, 2, 3, 4 1/9 ( ) ( )( )cos 1 / 2 ,sin 1 / 2i i c⎡ − π ⎤ ⎡ − π ⎤⎣ ⎦ ⎣ ⎦  

i = 5, 6, 7, 8 1/36 ( ) ( )( )cos 1 / 2 / 4 ,sin 1 / 2 / 4 2i i c⎡ − π + π ⎤ ⎡ − π + π ⎤⎣ ⎦ ⎣ ⎦  
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In ���	 lattice Boltzmann method the problem is usually solved on a regular, square
(two- dimensional case) grid (Fig. 1).
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Local density�ρ and fluid velocity u for each time step can be calculated as ���	sum of
a particle distribution function, according to equations:

8 8

0 0

,i i i
i i

f u f e
= =

ρ = ρ =∑ ∑ (3)

Equations (1) is the most common approximation of a lattice Boltzmann equation i.e.
approximation BGK (Bhatnagar-Gross-Krook). In this case for the whole computational
domain a single relaxation time τ is usually used (mentioned single relaxation time model),
which can be computed from:

( ) 2
2

0.5 s
t

c
x

δυ = τ −
δ

(4)

where υ stands for fluid kinematic viscosity.
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By analyzing the Eq. (4), it can be seen that in ���	 lattice Boltzmann method a direct
relationship exists between relaxation time and fluid kinematic viscosity. Hence, for typical
algorithms based on LBM, viscosity is also a constant parameter for all cells in the mesh.
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In some works [9] direct attempts of using a separate relaxation time τ (i.e. a different kine-
matic viscosity as well) for each cells, can be found. However, it is often a source of insta-
bility in the model.

It is also worth mentioning that problems with numerical stability are one of the major
drawback of algorithms based on LBM. An influence of particular parameters on ���	 sta-
bility of ���	lattice Boltzmann method can be visualized through a presentation of relaxation
time τ in the form [10]:

0.5
Res

MaN

c
τ = + (5)

where Ma, Re, N are Mach number, Reynolds number and number of cells in characteristic
direction, respectively.

To perform a computation it is necessary to satisfy the condition: τ > 0.5. From Eq. (5)
it can be seen clearly that together with an increase of Reynolds number (decrease of kine-
matic viscosity) model stability decreases (τ → 0.5). This problem is crucial in ���	case of
simulation of liquid metals flow, which, due to their high density (compared to other
fluids), are cha-racterized by low kinematic viscosity.

One of the most commonly used method for ���	stabilization of LBM algorithms is so
called Smagorinsky subgrid model [11], in which model instability is compensated through
increase of local viscosity of fluid. From a physics point of view, such an approach is ques-
tionable, because this kind of interference (which does not result from ���	physics of the
process) may change ���	nature and ���	kinetic of the flow.
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In this work, the authors’ used so called Fractional Step (FS) method, originally pre-
sented by Shu et al. [10], in order to stabilize numerical solutions for high Reynolds number
flows. This involves the need to divide calculations in each time step into two parts:
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The main idea of the presented solution is an application of the Fractional Step method
not only to stabilize the model, but also to take into account local changes of kinematic
visco-sity. Thus b parameter is defined as:

( )FSb = υ − υ (8)

where υ is a value of local viscosity for each mesh cell υ = υ(x) (in the case when viscosity
depends on temperature υ = υ(T)), υFS is fictitious viscosity calculated from the equation
(4) with parameter τ = 1:

2
2

0.5 s
t

c
x

δυ =
δ

(9)

Thanks to this approach, relaxation time is still constant for all mesh cells, while the
real kinematic viscosity is taken into account in the correction step. The equation (7) can be
effectively solved with the use of an explicit difference scheme.
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A validation procedure of presented solutions was performed both for flows with con-
stant kinematic viscosity and for the case where viscosity depends on the horizontal posi-
tion of the cell in the computational domain (υ = υ(x)).

In the literature there is a lack of analytical solutions for the fluid flows with locally
variable viscosity. That is why, the obtained results were confronted with data received
from commercial simulation environment COMSOL Multiphysics. This application allows
for the simultaneous modeling wide range of physical phenomenon and allows for their
cross-correlation.

Validation of the proposed method was made based on a flow in square domain
(Fig. 2), in which the top wall moves with constant velocity u0 (Lid driven cavity problem).

Detailed parameters of performed simulations are presented in Table 2.
The analysis has been conducted for three different cases A, B and C. In first one (A)

viscosity is constant in the whole system υ = υ1. For B case, viscosity change linearly from
υ1 value (in point x = 0) to value υ2 (for x = L) according to equation:

( )2 1 1xυ = υ − υ + υ (10)

In the third case (C) viscosity is also constant for all mesh cells: υ = υ2.

Case B reflects situation more closely related to problems occurring during mould fill-
ing, where areas of liquid metal with lower temperature (closer to mould walls) are charac-
terized by much higher viscosity than places with higher temperature.
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In this work two different boundary conditions in the analyzed domain i.e. No-Slip and
Moving Wall, were used. In the first case the fluid velocity at the wall is set to 0 [m/s] (left,
right and bottom wall). The second boundary condition was implemented on the top wall
which moves (driving fluid) with constant velocity of 0.01 [m/s].

In the lattice Boltzmann method (predicator step) No-Slip boundary is, in the simplest
form defined as follows:

( ) ( ), ,i invf x t t f x t+ δ = (11)

where inv means the direction inverse to i.

Parameter Value 

Length of computational domain L, m 1 

Velocity on the top wall u0, m/s 0.01 

Velocity on the other walls uw, m/s 0 (No-Slip boundary condition) 

Kinematic viscosity υ1, m
2/s 0.0004  

Kinematic viscosity υ2, m
2/s 0.000004  
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The distribution function is computed form equation (11) instead of equation (6) in
the case when in inv direction there is a neighboring No-Slip wall. For the rest of the boundary
cells (Moving Wall boundary) it is necessary to transfer the momentum of a moving wall
into fluid. This can be done by boundary conditions usually used for taking into account
fluid – obstacle interaction [12]:

( ) ( ) 0, , 6i inv i if x t t f x t e u+ δ = + ω ⋅ (12)

The fractional Step Method requires also a definition of boundary conditions for cor-
rector step. In this work, explicit difference scheme was used in order to solve the equation
(7). Hence, the implementation of boundary conditions for corrector step is relatively sim-
ple and leads to defining constant values of velocity on the domain walls, accordingly
ux = 0.01, uy = 0 for the top wall and ux = 0, uy = 0 for other walls, where x and y stand
respectively for horizontal and vertical coordinates in the Cartesian system.
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Figure 3 shows a direct comparison of velocity fields, for three chosen cases (A, B, C),
obtained with a computer program based on a presented model (left column) and as a result
of simulation in COSMOL Multiphysics software (right column).

In all three analyzed cases, the obtained results are characterized by fairly high com-
patibility. For issues A and C the results from computer program based on the presented
model as well as data from the COMSOL system, are almost identical. It is also confirmed
by an analysis of velocity profile (case A) in the horizontal axis located in the middle of the
computational domain (Fig. 4).

Some differences are visible for case B (Fig. 5). It can be caused by using an irregular
computation grid in the COMSOL software. In this case, the distribution of grid nodes is
also irregular, which combined with viscosity dependence on x coordinate can cause some
minor errors.

%� ����������

The proposed method allows for taking into account local kinematic viscosity changes
while maintaining the stability of a numerical solution. The obtained results are characteri-
zed by high compatibility with data received from commercial simulating environment
COMSOL Multiphysics. It concerns both for flows, in which kinematic viscosity is con-
stant for the whole computation domain, as well as for the case, when it is different for
particular lattice cells. By the expansion of the presented method with the heat transfer
process (so called Thermal Lattice Boltzmann Method) it is possible to simulate the motion
of a liquid metal in the case where viscosity depends on temperature.
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