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Numerical methods based on the CAFD method [1] (Cellular Automaton + Finite
Differences) have a wide application in the simulation of the following physical pheno-
mena: heat transfer, components diffusion in the solid and liquid, nonequilibrium thermo-
dynamic of the phase transformation under the condition of inhomogeneous chemical
composition of growing and vanishing substances, grain nucleation and growth. This
method can predict the temperature and concentration fields [2].

In the CAFD models parabolic nonlinear differential equations are solved numeri-
cally by finite differences method. The order of magnitude of lattice cell size used for the
microstructure modeling is equal to one micron. That is why the CAFD models are time
consuming.

The „bottleneck” of the modeling is the temperature calculation because for the real
properties of metals and alloys the time step in the temperature simulation is a few order of
magnitude shorter than in the diffusion fields solution [3]. The main aim of this paper is the
verification of the ability to accelerate the numerical Gauss-Seidel (GS) solution for
the implicit scheme of temperature field calculation by means of the reduced number of the
successive approximation in the iterative solution of the set of model difference equations.
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From the mathematical point of view, the heat flow in the adjoining sub-domains of
different substances with a common moving interface B between them may be described by
the non-linear differential equation:
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( )div grad
T

c T Q
∂ = λ +
∂τ

(1)

with a zero source function Q = 0 and moving boundary condition on B

( ) ( )grad grad
B B

L T T− +⋅ = λ − λu (2)

where:
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L – enthalpy of the phase transformation at the interface.

In the numerical solution the linear equation was substituted by the non-linear with the
following source function:

sdf
Q L

d
=

τ (3)

where fs – volume fraction of the new phase.

According to the eq. (3), heat source is equal to zero in the one-phase domains whereas
it has non-zero value only in the interface cells (were grain boundary is placed).

In the numerical solution thermal conductivity equation (1) is substituted by the set of
difference equations (one equation for one lattice node i)

,i j j i i
j

d T q T ′+ =∑ (4)

where:

( ) ( )2
, ,i j i j i

i j

d c x
≠

= − λ Δτ Δ (5)

 ( ) ( )2
, ,1i i i j i

j

d c x= + λ Δτ Δ∑ (6)

   i i iq L f c= Δ (7)

T'i – temperature of the node i in the previous time step,
Δ�i 4 ������
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#��.
Δτ	
λi,j – mean value of the heat conductivity between two adjacent cells i and j.
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Calculations of the temperature and concentration fields are the important parts of the
CAFD simulation. Matrix D for the coefficients of the set of equations (4) has a diagonal
structure. According to [4, 5] the Gauss-Seidel (GS) solution method is the most effective
for the iterative solution of sets of equations with a diagonal matrix. This method consists of
the iterative solution of set (4) and sequential substitution of unknown variables by results
of the previous step:

( ) ( ) ( )( ) ( )( )1 1
, ,

,

1k k k k
i i j i ji i j j

i i j i j i

T T q d T d T
d

+ +

< >

⎡ ⎤
′⎢ ⎥= − − −

⎢ ⎥⎣ ⎦
∑ ∑ (8)

where indices k and k+1 means previous and present steps of the iterative process.

The iterative process will compete when

( ) ( )1k kT T+ − ≤ ε (9)
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The ability of the acceleration of the numerical solution in the non-uniform tempera-
ture field modeling was analyzed by the GS method with reduced iteration number
(GSRIN). In the proposed algorithm further sequential substitutions of the unknown va-
riables Ti were excluded from the iteration loops from the step when the following condition
will be fulfilled:

( ) ( 1)m m
i iT T −− ≤ ε (10)

This implies that GS method described by the set of equation (7) was substituted by
following:

( )
( ) ( )( ) ( )( )

( )

1
, ,1

,

1
for

for

k k k
i i j i ji j jk

i i j i j ii

k
i

T q d T d T k m
dT

T k m

+
+

< >

⎧ ⎡ ⎤
⎪ ′⎢ ⎥− − − ≤⎪ ⎢ ⎥= ⎨ ⎣ ⎦
⎪
⎪ >⎩

∑ ∑
(11)

The precision of the proposed algorithm was verified by confrontation of the obtained
results of the calculation with the known analytical solution of the Schwarz task [6].
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Analytical solution for the heat transfer in the two adjacent half-spaces (one occupied
by a superheated metal and next one by a mold material) was presented in [5]. This solution
was obtained for the uniform initial conditions and gives the temperature distribution in the
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both half-spaces and the position of the solidifi-cation front. The solution may be used for
the temperature calculation in the one-dimensional system „casting – mold” when the con-
vection phenomenon may be neglected. It was assumed that the solidification temperature
TS is constant.

Heat resistance in the contact between metal and mold was neglected. For the tempera-
ture distribution as in the half-space of metal, as in the half-space of mold following general
solution was obtained:

( ), erf
2

i i i
i

x
T x A B

a

⎛ ⎞
τ = + ⎜ ⎟⎜ ⎟τ⎝ ⎠

(12)

Specific solutions for the liquid metal (i = 1), for solid metal (i = 2) and for mold (i = 3)
are:

( ) ( )
1

2
1

11

, 1 erf 1 erf
2

L S L
ax

T x T T T
aa

−⎡ ⎤⎛ ⎞ ⎡ ⎤⎛ ⎞
⎢ ⎥τ = + − − − β⎜ ⎟ ⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟τ⎢ ⎥ ⎢ ⎥⎝ ⎠⎝ ⎠ ⎣ ⎦⎣ ⎦

(13)
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2
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, erf erf
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C S C
x
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τ = + − β⎜ ⎟⎜ ⎟τ⎝ ⎠

(14)
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, erf
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x
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(15)

where TL and TM – initial values of the temperature in the half-spaces of metal and mold
(respectively), a
8
λ9�
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Temperature TC in the contact between metal and mold is the constant calculated from
the relation:

1
3 3

1 1
erf erf 1C S M

b b
T T T

b b

−⎛ ⎞⎛ ⎞
= + β β +⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
(16)
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− −
−β − −β = π ρ β

− ββ +
(17)

where b c= λ  is a heat accumulation constant.
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Numerical solution was obtained on the one-dimensional lattice with 2000 nodes and
spatial step equal to 1 mm. Properties of the materials and initial conditions are presented in
the Table 1.
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For the evaluation of the solution precision the mean square error was used:

( )2
, ,

1

n

Sch i N i
i

T T

n
=

−
δ =

∑
(18)

where:
TSch – results obtained from the analytical Schwarz solution,

TN – results of numerical solutions,
n – number of nodes in the lattice.

Temperature distribution according to Schwarz’s solution is presented in Figure 1a for
L1=8=7
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 :10–6,
10–5 and 10–4 K). The behavior of numerical solutions by using GS and GSRIN methods are
similar: the smaller tolerance value, the smaller difference between numerical and analyti-
cal solutions take place.

Values of the mean square error for modeling time 5400 s as a function of tolerance are
shown in Figure 2a. As indicated in this picture, for the smaller tolerance the results of the
numerical modeling are closer to the analytical solution.

Value for 
Name Symbol 

metal mold 
Units 

Volumetric heat capacity c 6 026 400 762 840 J/(m3⋅K) 

Heat conductivity � 18 1.0 W/(m⋅K) 

Initial temperature TL/M 1 205 20 oC 

Enthalpy of the phase 
transformation 

L1 267 955 – J/kg 

Solidification temperature TS 1 200 – oC 

Solidification constant β 0.2065 – 
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For the estimation of hardware loading during the numerical solution the total num-
ber of the iterative scheme (8) used for every node was counted for the GS and GSRIN
algorithms. Results were presented in Figure 2b. As illustrated, the smaller tolerance of the
iteration, the more operation were necessary for the temperature distribution determination
for both schemes, but for the GS method the hardware loading is almost three times greater
than for the GSRIN.
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Temperature distribution according to Schwarz solution for non-zero heat source
at solid-liquid interface (L1 according to Tab. 1) is presented in Figure 3a after the time
5400 s. As viewed in these figures, the solid layer width is smaller in this case than
in the previous solution. Divergences between numerical solutions and analytical
ones are shown in Figure 3b–d for the same tolerance values of the numerical so	
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Values of the mean square error for modeling time 5400 s as a function of tolerance are
shown in Figure 4a. For the tolerance 10–4 K, as indicated in th���
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����fication in the CAFD models. Points
where temperature value is equal to Ts are placed always in the lattice nodes. Position of
the solid-liquid interface was estimated with the tolerance equal to half spatial step of the
lattice and was changed step-wise. In the analytical solution the interface position changes
continuously.

For the comparison of both algorithms’ efficiency in this case the total number of oper-
ation was counted (as previously). These results are shown in Figure 4b. As it is indicated in
this figure, the smaller tolerance value the more operation number is necessary for the task
with a non-zero source function. In this case the proposed GSRIN algorithm is more time-
saving than known GS.
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The time saving calculation scheme named as GSRIN was proposed for temperature
calculation in the CAFD solidification modeling. In the proposed solution the reduced and
diversified number of iteration was used for the temperature value estimation in the differ-
ent lattice nodes.

The results of the GSRIN solution are close to the results obtained by classical GS
scheme.
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numerical solution does not give the best results and the smaller mean square difference
between numerical solution results and exact analytical. The possible reason of this solution
behavior is the discrete character of changes of the solidi������
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