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Structures under load changing with time often suffer failure, which occurs without
any clear plastic deformation but is a consequence of cracks that appear after certain num-
ber of the changing load cycles; if this happens, the factor responsible is the fatigue of
material. In practice, this term means a finite number of cycles which the material is capable
of bearing until the failure occurs. The process of material damage as a result of fatigue is
divided into the three main stages: crack initiation, crack propagation and final collapse.
These stages are very important in the determination of fatigue life of the structural
elements.

One of the main quantitative criteria of the material fatigue behaviour is the fatigue
strength. It depends on many factors, which either do not affect or affect to a small extent
only the static mechanical properties. For example, the quality of the specimen surface
(smoothness, internal stresses, surface hardening, etc.) are of no major importance for the
results of static tests, but are critical for the fatigue strength.

The conventional fatigue tests (the determination of Wohler curve) have been known
as a test method for a long time. Yet, their obvious drawback is the need to use a relatively
large number of the specimens, and if an appropriate number of the test stands is not avail-
able to run parallel fatigue tests at different levels of the medium stress and for different
values of the maximum stress amplitude, the time of the experiments may extend to even
several weeks. One of the means to eliminate this drawback is by reducing the duration of a
conventional fatigue test; an alternative is to conduct studies under quasi-static loads [2, 3].
Based on the results of such studies, the fatigue strength can be to evaluated as an allowable
stress level, or as a stress approaching the asymptote of a Wöhler curve without the need to
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determine the course of this curve in a range of the stress values higher than the fatigue
strength [4, 5].

In this publication, tests were carried out on specimens cut out from a tubing (a part of
the subway tunnel lining) applying the method described in other papers [2, 5] and defined
by the authors as a MLCF method (modified low-cycle fatigue test). Using the obtained
results, the maximum allowable total true permanent strain was determined. Additionally,
the strain behaviour was examined by Mathara technique on a real cast tubing and the ob-
tained results, supported additionally with the Huber-Mises-Hencky strength hypothesis,
enabled determination of the equivalent strain. Detailed examinations and a comparison of
thus calculated value of the equivalent strain with the value of the allowable strain deter-
mined from a modified low-cycle fatigue test (MLCF) prove that the allowable strain can
serve as an indicator of fatigue life.
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The analysis of mechanical properties in a range of the low-cycle changing loads in
Coffin-Manson and Morrow’s approach [1, 2, 3, 4, 5], covered also by a Polish standard [6],
is known as a LCF (Low Cycle Fatigue) test method. Its essence consists in studies carried
out under the conditions of symmetrically applied loads. The loading cycle is based on
a tension and compression alternatively applied onto the specimen within the range of
“hypercritical” stresses, i.e. above the fatigue limit, starting in most cases with the stress
amplitude that will cause permanent strain of at least 0.20. Adopting such conditions leads
to a reduced number of cycles responsible for the specimen failure, while the results of tests
made on one specimen are represented by one point on the low-cycle fatigue strength curve
(Fig. 1). Hence it follows that the results are the more accurate, the larger is the number of
the specimens used in the test.
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Practical application of the LCF test is limited to materials characterised by good plas-
tic properties, since the whole measuring range is substantially lying well above the yield
strength limit [2, 3]. As specified by relevant standard [6], the test consists in subjecting the
specimen to uniaxial changing loads (operating in a tensile-compressive mode) until failure
of the specimen occurs, and in recording during the test the number of cycles and the stress-
strain (force-displacement) relationship in the form of a hysteresis loop. The parameter con-
trolled during the test is stress (force related to the specimen initial cross-section), strain
(the specimen reference line), or displacement (of the loading system).

The determination by this method of the limit cycles for several values of the am-
plitude enables various other criteria used in the material evaluation to be determined,
including the limit strain value.

According to the above mentioned researchers, the following equations can be written
down:

σa = K' (εp)n' (1)

σa = σ'f (2Nf)
b (2)

εp = ε'f (2Nf)
c (3)

where:
σa – the cycle stress amplitude,
σ'f – the „fatigue life coefficient” roughly equal to the tensile strength Rm,
εf – the true permanent strain caused by stress σ',

2Nf – the number of loading cycles to specimen failure,
εp – the permanent strain (the true strain caused by 2Nf number of loading cycles,

where: εp = ln(1 + εk), and where εk =Δlpermanent /l0,
K' – the cyclic strength coefficient,
n' – the cyclic strain hardening exponent,
c' – the fatigue ductility exponent,
b – fatigue of the exponent (Basquin’s coefficient).

Assuming a constant value of the modulus of elasticity E (over the whole stress range
up to a fatigue limit), the following equation expressing the elastic strain εe can be written
down:

εe = σf /E* (2Nf)
b (4)

Assuming now that 2nF equals the minimum number of cycles that the material must
endure under the effect of the changing stress of an amplitude σa equal to the fatigue limit
(a „reference” number of cycles), an equation allowing for total strain (εc) after this number
of cycles and after any arbitrary lower number of cycles can be written down:

εmax = εe + εf  = σf /E* (2Nf)
b + ε'f (2Nf)

c (5)

εmax – maximal permissible true strain in changing loads.
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Here it should be emphasized that the measurement of the above mentioned parameters
in a standard low-cycle fatigue test (LCF) requires 6–10 specimens, which creates problems
in the case of structurally inhomogeneous materials. On the other hand, in its modified form
(the MLCF test) [2, 3], this method allows the same parameters to be determined on one
specimen only, as discussed extensively in other studies [2, 3, 6, 9].

The fatigue strength Zgo (Fig. 2), necessary for the computation of test parameters, is
estimated from an experimental diagram plotted for a diverse group of materials, starting
with pure metals and ending in alloys of ferrous and non-ferrous metals [2, 3].
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Various effort hypotheses are formulated as theorems allowing the assessment if
loading applied on a structural element and inducing in this element the state of two-or
triaxial stress exceeds or not the allowable value. The values of the allowable stress (σdop)
are established in mechanical tests carried out under a uniaxial state of stress, while the
adopted effort hypothesis allows replacing the load-induced state of stress with the,
so-called, equivalent stress. The energy hypothesis, or Huber-Mises-Hencky hypothesis
(briefly denoted as HMH), which was used in this study, adopts the pure non-dilatational
strain energy as a criterion, which leads to the following expressions derived for an equiva-
lent stress under the 3D and 2D plane stress state, respectively:

( ) ( ) ( )
3

3

2 22 2
1 2 2 3 3 1 0

2 2 2
1 1 2 2 0

1

2
⎡ ⎤σ − σ + σ − σ + σ − σ ≤ σ⎢ ⎥⎣ ⎦

σ − σ σ + σ ≤ σ
(6)
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The use of maximum strain determined during the low-cycle fatigue test (5) requires
an appropriate transformation of the conditions set out by the HMH hypothesis. Using
a generalised form of Hook’s law and making transformations suggested in [2], Huber
hypothesis of pure non-dilatational strain can be written down as:

( ) ( ) ( )

( )

2 22 2
1 2 2 3 3 1 02

2 2 2 2
21 2 1 2
022

1

2(1 )

( )(1 ) (4 1 )

1

⎡ ⎤ε − ε + ε − ε + ε − ε ≤ ε⎢ ⎥⎣ ⎦+ μ

ε + ε − μ + μ + ε ε μ − − μ
≤ ε

− μ

(7)

Setting the critical conditions, therefore, the knowledge of the modulus of elasticity
becomes superfluous, but one should remember that in this way a simplification is made,
because the above equations have been written on the assumption that the values of the
modulus are equal for both the cast element and specimen. Therefore it is advisable to deter-
mine the limit strain according to formula (5) on a specimen taken from the real casting, and
this is precisely what has been done in the present studies. Surely this procedure cannot
guarantee that the influence of local casting heterogeneities will be totally eliminated, but if
there are places in the casting of inferior quality, the strain in these areas will assume higher
values which, when compared with the critical strain determined for material of higher
properties, will indicate the dangerous level of deformation.
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Studies described in this article proceeded in two ways. First, using the results of fa-
tigue tests carried out on specimens cut out from the cast tubing (Fig. 3 and Tab. 1), the
selected mechanical properties presented in Table 2 were determined in accordance with the
MLCF procedure. Second, the internal stresses were measured in the real cast tubing, whose
schematic diagram and the distribution of strain gauge rosettes are shown in Figure 4. Tests
were conducted by Mathara programme, which assumes drilling of holes at the point of
intersection of the longitudinal axes of the three strain gauges forming a rosette, and in
measuring thus induced strain by individual strain gauges included in the rosettes (measure-
ments are taken before and after drilling of the holes).
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Table 3 compares the values of strain measured by individual strain gauges included
in the subsequent rosettes and the calculated values of principal strain. The next step was
calculation of the equivalent strain using Huber-Mises-Hencky hypothesis.

To evaluate effort, the calculated equivalent strain can be compared with the allowable
strain determined from the results of the modified low-cycle fatigue test (MLCF). The
strain, which is an arithmetic mean of the measurement results (Tab. 2), assumes the value

d0 D l0 l1 l2 L D H 

mm mm mm mm mm mm mm mm 

8 10 40 45 30 125 12 16 

No. R m R0.02 R0.2 Zgo b c ε .max 

2t 569.5 339.4 478.8 188.5 –0.09603 –0.44562 0.01069 

3t 556.7 340.7 469.3 186.0 –0.09523 –0.53495 0.00899 

4t 532.8 342.7 487.3 191.4 –0.08891 –0.34262 0.01156 

5t 539.0 220.7 461.5 160.0 –0.10560 – – 

6t 603.8 347.9 485.9 191.8 –0.09959 –0.52493 0.01001 

7t 492.7 308.2 483.5 182.8 –0.08612 –0.36353 0.01005 

8t 532.7 343.5 488.1 191.8 –0.08872 –0.33262 0.01116 

9t 533.1 125.4 114.2 69.0 –0.17765 –0.54589 0.02866 

10t 492.0 430.9 446.4 181.8 –0.08650 –0.36032 0.00977 

11t 573.2 411.1 489.1 226.1 –0.08079 –0.56922 0.01141 
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of 0.01237, which means that, despite an obvious heterogeneity in the values of deforma-
tion within the whole cast tubing, the critical levels have not been exceeded in any of the
tubing zones.
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The study was made under project no. 10.10.170.345

Rosette no.  Strain gauge no.  ε ε1 ε2 ε0(Huber) 

R1 
1 
2 
2 

340 
153 
–76 

 
583 

 
–89 0.000695 

R2 
1 
2 
3 

–86 
–107 
–61 

 
61 

 
–254 0.000313 

R3 
1 
2 
3 

–70 
–543 
–40 

47 –648 0.000753 

R4 
1 
2 
3 

222 
–75 
–24 

251 –104 0.000334 

R1.1 
1 
2 
3 

10 
1 
9 

11 –1 0.000013 

R2.1 
1 
2 
3 

–106 
–74 
–94 

–74 –106 0.000131 

R3.1 
1 
2 
3 

–61 
–64 
–87 

–38 –87 0.000099 

R4.1 
1 
2 
3 

19 
36 
3 

53 2 0.000060 



�>

������
��	

?1@ ���� ������������ ���!�	
A�!%�
�%��'�
'���B�*�C�DE
B*F
B����'�
*������
�GA�
G��!B�'�
1���

?2@ "�#�"�	
$�������
'���B�*�C�D
�
�%!-�����
�+��+
����'&'
H���'��
�
'
�-��
��
�I'C�D
�'�D
�
*�
����
B��

�'��B�'�
���
G��B�
J���'��
�'��
$��%&'
1��4
:�����
���!�!�
���
-�5��!���;

?3@ ����	����!�	
K������
*������C�'�
'�5����
�
�����%&'
!����
��!%�!��-�'�+
'IB�%��!��
��!%�
�%��
B��
�

�5
�LH�M
B*�����
��
$��%&'�
1��/
N)921>OP�

?4@ ���� ������	
N*F
B����'�
��!B
B����
*������
GA#�
G��!B�'�
1�P�

?9@ ���
���$
���"
�������"$%��� &����
���� '$"�	
 �����*�����!
 ��
.�����
 �������
�����!�!�
�
Q�-���
 ��
 ���

���
����
 7������
 ������*�
 7������
 ��
 ������������
 ��� ��!���
 ��
 =������!
 ��5����
 =������!
 >1�/1�
 �-����

1�PP�
Q� �!��
R������
1�P�

?>@ �A)�4O�)/4334	
K������
��!%�
�%��'���
B*F
B����
*�����

?P@ "�#�"�	
J-��*���B�
+�
-�����*�
5���M
��!%�
�%��'�+
-�&5�
B*F
B����'�+�
����
G��B�
J���'��
�'��

2//9�
!-��'�B�����
B
-��
�
'C�!��+
��
1/�1/�1P/�34

?�@ ����	����!�	
G�B��
B����
'���B�*�C�D
�
-�!��
��'�+
����'&'
��
-��!��'��
�����
�
�%�*���
+��
���
�

$�*�!+�
.��������
B��)J���'��
B�+�
��A
S
J��B��C
'
$��%�'���
.����������
1P
:1�P1;�
P

?�@ "�#�"�	
N�!��!�'����
B*�����%�'���+�
��!%�
�%��'�+
-�&5�
B*F
B����'�+
��
'�B��
B����
'C�D
�'�D
�

*�
����
B��
�
 H���'�
 ��=
 '
 ��*-������B�
 -�%�+�'�+
 �
 -��'�H!B���+�
 ����
 G��B�
 J���'��
�'��

$��%&'
2//9�
!-���'B�����
��
-��+�%��
5���'
B���
��
4#�K//>29

Q�
�� ��

R������
2/11



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


