
OF GEOTECHNOLOGY

FORMERLY AGH DRILLING, OIL, GAS

JO
UR
NAL
J

AND ENERGY
2024, vol. 41, no. 4

2024

 ISSN 2720-3581



OF GEOTECHNOLOGY

FORMERLY AGH DRILLING, OIL, GAS

JO
UR
NAL
J

AND ENERGY
2024, vol. 41, no. 4

OF GEOTECHNOLOGY

FORMERLY AGH DRILLING, OIL, GAS

JO
UR
NAL
J

AND ENERGY
2021, vol. 38, no. 1

2024

 ISSN 2720-3581



The “Journal of Geotechnology and Energy” (formerly “AGH Drilling, Oil, Gas”) is a quarterly published by the Fac-
ulty of Drilling, Oil and Gas at the AGH University of Krakow, Poland. Journal is an interdisciplinary, international, 
peer-reviewed, and open access. The articles published in JGE have been given a favorable opinion by the reviewers 
designated by the editorial board.

Editorial Team 

Editor-in-chief

Dariusz Knez, AGH University of Krakow, Poland

Co-editors

Oleg Vityaz, Ivano-Frankivsk National Technical University of Oil and Gas, Ukraine
Awad Ahmed Quosay, University of Khartoum, Sudan
Mohammad Nooraiepour, University of Oslo, Norway
Katarzyna Chruszcz-Lipska, AGH University of Krakow, Poland
Szymon Kuczyński, AGH University of Krakow, Poland
Małgorzata Formela-Rydarowicz, AGH University of Krakow, Poland

Editorial Board

Rafał Wiśniowski 
Danuta Bielewicz 
Stanisław Dubiel 
Andrzej Gonet 
Maciej Kaliski 
Stanisław Nagy 
Stanisław Rychlicki 
Jakub Siemek 
Jerzy Stopa 
Kazimierz Twardowski

Publisher

AGH University Press 

Linguistic corrector: Aeddan Shaw
Technical editor: Kamila Zimnicka
Desktop publishing: Munda
Cover design: Paweł Sepielak

© Wydawnictwa AGH, Krakow 2024
Creative Commons CC-BY 4.0 License
ISSN: 2720-3581
DOI: https://doi.org/10.7494/jge

Journal website: https://journals.agh.edu.pl/jge

_____________________________________________________________________________________________
Wydawnictwa AGH (AGH University Press)
al. A. Mickiewicza 30, 30-059 Kraków
tel. 12 617 32 28, 12 636 40 38
e-mail: redakcja@wydawnictwoagh.pl
www.wydawnictwo.agh.edu.pl
_____________________________________________________________________________________________

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.7494/jge
https://journals.agh.edu.pl/jge
mailto:redakcja@wydawnictwoagh.pl
http://www.wydawnictwo.agh.edu.pl


CONTENTS

	

Jan Macuda
Activation of a dewatering well with the SKINAUT clay mineral disintegration agent	 5

Iwona Kowalska-Kubsik
Simulations of the behavior of a pipeline made from three different types of materials  
on a landslide	 11

Przemysław Toczek, Tomasz Kowalski, Rafał Artym 
Use of inclined boreholes as injection holes for filling backfill chambers	 21

Adam Jan Zwierzyński
Mathematical model to analyze the geometric limitations of mechatronic devices moving
in curved pipe sections	 27

Urszula Solecka 
Secondary arsenates from the Ľubietová-Svätodušná copper deposit in Slovakia	 35

Krzysztof Skrzypaszek
Possibilities of applying the extended Eyring rheological model in the technology  
of cement slurries used in oil drilling	 43

Jan Macuda
Evaluation of operating conditions of filtration columns of relief wells sited  
within the “Żelazny Most” Mining Waste Disposal Facility 	 55

Michał Maruta
Using surface geophysical methods to detect voids in the near-surface zone	 63

Przemysław Toczek, Tomasz Kowalski, Krzysztof Skrzypaszek, Cezary Cały	
Investigation of soil conditions in a selected section of a railway cut  
as a basis for designing geoengineering works to improve their geotechnical parameters	 73





5

Journal of Geotechnology and Energy | vol. 41 | no. 4 | 2024 | pp. 5–9

https://doi.org/10.7494/jge.2024.41.4.6755

ACTIVATION OF A DEWATERING WELL 
WITH THE SKINAUT CLAY MINERAL 
DISINTEGRATION AGENT

Jan Macuda

AGH University of Krakow, Faculty of Drilling, Oil and Gas, Poland 
ORCID: 0000-0002-8180-8014
e-mail: macuda@agh.edu.pl

Abstract: The drilling of hydrogeological boreholes by rotary methods and with the use of drilling 
mud impairs the permeability of water-bearing rocks in the near-hole zone. This is mainly caused 
by the penetration of solids and mud filtrate into the pores or fractures of the drilled rocks. Con-
sequently, the depression increases, and the hydraulic efficiency of the borehole drops, leading to the 
reduction of well productivity.

As a means of improving the damaged permeability of rocks in the near-hole zone, a clay mineral 
disintegration agent called SKINAUT was developed and patented. To evaluate its effectiveness in 
industrial conditions, a test was carried out to activate a dewatering borehole for intaking water from 
loose formations at the Szczerców open cast. The applied chemical helped to decolmatate the pore 
medium and lower the hydraulic resistance of the borehole, resulting in a reduction in depression 
and a significant improvement of its hydraulic efficiency. 
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1. Introduction 

When aquifers are drilled with a  rotary drilling mud 
method, rocks in the near-hole zone undergo colmata-
tion. This leads to physical changes in the porous medi-
um due to the deposition of solid phase particles and 
penetration of the drilling mud filtrate. Then the filtra-
tion rate of water in the colmatated parts of the aquifer 
is lowered, resulting in a growing depression and a drop 
in the hydraulic efficiency of the borehole. Consequent-
ly, the total capacity of the borehole is reduced [1].

The drilling mud circulating in the borehole is also 
responsible for the formation of clayey deposits on the 
borehole wall, which also increases the hydraulic resist-
ance to water entering the borehole [1, 2]. When drill-
ing hydrogeological boreholes, the colmatation of rocks 
in the near-hole zone is also accompanied by clogging 
of the active surface of the filter when it is installed in 
a borehole [1, 3]. 

Currently, the industry practice does not offer any 
effective way to significantly reduce the colmatation in 
the near-hole zone during borehole drilling with benton-
ite muds. One of the best ways to reduce the near-hole 
zone colmatation is to drill in aquifer formations at the 
“pressure limit” level. In all countries where strict accept-
ance criteria for intake and dewatering boreholes are the 
case, prior to putting the boreholes in operation, activa-
tion treatments are mandatory to minimize the degree of 
damage to rock permeability in the filter zone. Cleaning 
of the filter zone from filtrate and solids improves the 
hydraulic efficiency of the borehole, and before all, has 
a significant impact on increasing borehole productivity 
and extending its life [2–4]. To improve the damaged per-
meability of rocks in the near-hole zone, especially with 
clayey particles, an effective clay mineral disintegration 
agent called SKINAUT was developed and patented [4]. 
To evaluate its effectiveness under industrial conditions, 
a  dewatering borehole, drilled with the rotary drilling 
mud method, was subjected to an activation treatment. 
The dewatering borehole subjected to the treatment was 
located within the Szczerców open cast of PGE KWB 
Bełchatów (a lignite mine).

2. Characteristics of geological 
and hydrogeological 
conditions of drilling works 
within the Szczerców open 
cast area

The Szczerców open cast rests in the western part of the 
“Bełchatów” lignite deposit, and is situated within the lat-

itudinal Kleszczów trench, 40 km long and 1.5–2.0  km 
wide, formed in the Jurassic and Cretaceous strata. Three 
elements of different structure are distinguished in it – the 
western one with a length of 8 km within the “Szczerców” 
deposit, the middle one with a  length of 12  km with-
in the “Bełchatów” deposit, and the eastern one within 
the “Kamieńsk” deposit [5]. The “Szczerców” and “Beł-
chatów” deposits are separated by a salt diapir, while the 
“Kamieńsk” and “Bełchatów” deposits are separated by 
a  fault zone – the Widawka fault. Such a  tectonic struc-
ture causes that within the “Kamieńsk” deposit the depth 
of occurrence, formation and its thickness differ from 
the remaining two outcrops [6]. The oldest documented 
formations, i.e. the Lower Carboniferous Culmic faci-
es, developed as claystone, siltstone, black clay shale and 
greywacke, and the Permian formations represented by 
the Rotliegendes and Zechstein sediments developed as 
salts and associated gypsum and anhydrite, are related to 
the existing salt diapir with an average thickness of 775 m 
and a  width of about 550 m [5]. This structure pierces 
the Upper Jurassic and Cretaceous and the eroded Ter-
tiary strata. The subcoal complex of the Lower Miocene 
is sandy and silty-silty, with layers of lignite coals. The 
thickness of these sediments varies from 10 m to 130 m, 
with a maximum of 270 m [5, 6]. The coal complex dated 
to the Middle Miocene is the most important part of the 
whole system. The bottom is formed by a layer of tuffites, 
3–5 cm thick, above which is a thin seam of lignite with 
quartzite sands overburdened. Higher up is the main lig-
nite seam with a thickness of 40–60 m, and the depth of 
the bedrock is 170–300 m [6]. The “Bełchatów” deposit, 
with resources of 1.2 billion t, contains lignite, defined as 
proper, detrital, and weakly layered. The seam thickness 
is 30–70 m, in places 100 m, and even 230.5 m [4]. With-
in the “Szczerców” deposit, 750 million t resources, and 
a seam thickness of 12–140 m, proper and proper-xylitic 
lignite occurs. The top part of the complex is formed by 
clay-carbonaceous and clay-sandy sediments of the supra-
coal series [6]. The Tertiary sediments are strongly reduced 
outside the trench area and their thickness does not exceed 
50 m. The depth of freshwater ranges from 400–600 m b.s.

Three aquifers can be distinguished in the lignite 
area, i.e. Quaternary, Tertiary and Cretaceous-Juras-
sic [5]. The Quaternary horizon mainly consists of sands 
and gravels with a thickness of 20–40 m, locally decreas-
ing to zero. In the Kleszczów trough, the thickness reach-
es 150 m. On the northern side, parallel to the axis of the 
ditch, there is an erosion trough, where sands and gravels 
overlie Mesozoic sediments reaching an average thick-
ness of 155 m (locally 300 m). In natural conditions, the 
water of this complex was supplied by precipitation. The 
depth of occurrence of the first aquifer was 0–2 m b.s. in 
river valleys, and 5–10 m b.s. in morphologically elevat-
ed areas. This complex was characterized by a free water 
table. The Tertiary floor is built up by fine- and medi-
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um-grained sands above the lignite seam, within the 
seam and in the subcoal complex. The thickness of the 
latter is 0–200 m (average 35 m). The Cretaceous-Jurassic 
strata, composed of limestone, marl, sandstone and sand, 
are characterized by the occurrence of fractured and 
fissure-karst waters, which distinguishes them from the 
others. The Tertiary and Cretaceous-Jurassic horizons 
are characterized by a pressure head and, in places, free 
water table. They are located at similar depths as the Qua-
ternary horizon and are supplied by infiltration and/or 
hydrogeological windows. As in the case of the Quater-
nary complex, the watershed areas of the Widawka River 
basin were the recharge zones for both of these horizons.

3. Design and technology of 
performing a dewatering 
borehole

The dewatering borehole, which was subjected to the 
activation treatment with the new SKINOUT clay parti-
cle disintegration agent, was drilled by the rotary meth-
od with reverse mud circulation to a depth of 170.0 m. 
The borehole was drilled using a Wirth L4 drilling rig.

The borehole was drilled with a  1.16-m-diameter 
pipe bit to a  depth of 8.0 m, where the surface casing 
ϕ 0.92 m was installed. After this column was cemented 
to the top and the cement slurry set, further drilling was 
carried out to the planned depth with a ϕ 0.76 m cutter 
bit. Afterwards, a steel pipe filtering column with a nom-
inal diameter of 0.356 m was installed, followed by a res-
in-bonded gravel-packed filter, of the following design:

	– overfilter pipe 55.0 m long, outer ϕ 0.356 m, 
	– I filter section 9.0 m long, outer ϕ 0.45 m, 
	– interfilter pipe 6.0 m long, outer ϕ 0.356 m, 
	– II filter section 13.0 m long, outer ϕ 0.45 m, 
	– interfilter pipe 270 m long, outer ϕ 0.356 m, 
	– III filter section 10.0 m long, outer ϕ 0.45 m, 
	– subfilter pipe 40.0 m long, outer ϕ 0.356 m. 

The annular space between the borehole wall and 
the filtering column was filled with gravel pack of gran-
ulation 3–5 mm.

4. Types of drilling mud

The dewatering borehole was drilled with the benton-
ite-polymeric mud, ensuring smooth and uncomplicat-
ed drilling process. However, in the course of drilling 
through loose formations, this mud is responsible for 
the formation of a compacted sediment on the borehole 

wall and the mechanical colmatation of the pore space 
in the near-borehole zone of the aquifer. As a  conse-
quence, the permeability of the near-borehole zone is 
decreased in the aquifer and the resistance to water flow 
into the well grows [1, 3, 6]. The recipe of the mud used 
for drilling a dewatering well was the following:

	– bentonite – 3%, 
	– polymer – 0.3%, 
	– Na2CO3 – 0.5%, 
	– Na2HCO3 – 0.2%, 
	– NaOH – 0.2%.

To improve the conditions of water filtration in 
the near-filter zone, the activation procedure was per-
formed with agents disintegrating clayey minerals and 
removing them during treatment pumping operations.

5. Methodology for assessing 
hydraulic efficiency of 
a dewatering borehole 

For the purpose of evaluating the quality of dewatering 
borehole construction and the effectiveness of activa-
tion treatments to improve water flow conditions in the 
filter zone, Jacob and Hantush methodics was used [1, 
3]. Here the magnitude of total depression in the hydro-
geological borehole, coming from laminar flow resist-
ances in the aquifer as well as turbulent flow resistances 
in the near-filter zone, and the borehole itself, can be 
described with the formula below:

	 s = BQ + CQ2 = sw + ∆	   (1)

where: 
	 s 	– 	total depression in a  hydrogeological borehole 

with water pumping capacity of Q [m], 
	 Q 	–	 pumping capacity (output) of the hydrogeologi-

cal borehole [m3/h], 
	 B 	–	 resistance coefficient of laminar flow in the aqui-

fer [h/m2], 
	 C 	–	 coefficient of turbulent flow resistance around 

the hydrogeological well, in the filter and in the 
filtering column; [h2/m5]; the C-factor is called 
the well resistance coefficient, 

	BQ	–	 actual depression, resulting from the laminar 
flow of water in the aquifer, 

	CQ2	–	 hydraulic drop.

It can be assumed for this model that the zone 
of turbulent motion, in which the nature of the flow 
changes from turbulent to laminar, is constant and 
independent of the pumping rate.



8

Jan Macuda

Journal of Geotechnology and Energy

This theory was put into industrial practice after 
it was greatly simplified by Bruin and Hudson [1]. 
According to this methodology, Jacob’s initial formula 
(1) was written in the form:

	

s
Q

B CQ� �
�

 (2)

and after its transformation the equation assumes the 
following form:

	
C s BQ

Q

s
Q

B

Q
�

�
�

�

2
�  

(3)

Equation (3) can be solved graphically, as visual-
ized in Figure 1. The graphical representation of unit 
depression s/Q in the function of Q rate helps deter-
mine coefficients B and C [1, 3, 4].

Fig. 1. Graphical method for assessing hydraulic efficiency  
of a hydrogeological borehole,  

after Bruin and Hudson procedure (2)

Having the results of multistage pumping, the values 
of s1/Q1; s2/Q2; s3/Q3, etc. for successive stages of pumping 
are plotted on the axis of ordinates of the aforementioned 
diagram, and corresponding values of well discharge Q1; 
Q2; Q3, etc. on the axis of abscissa. The plotted points 
should form a  straight line, whereas its extension to 
the intersection of the axis of ordinates determines the 
numerical value of the hydraulic resistance coefficient 
of the aquifer B. The value of the tangent of the angle of 
inclination of the determined straight line defines the 
numerical value of the hydraulic resistance coefficient of 
well C, in compliance with the formula:

	
C

s
Q

B

Q
�

�2

2

2 �
 (4)

The value of the C indicates the amount of hydrau-
lic resistance in the infiltration zone and in the borehole 
itself, so it can be considered a measure of the hydrau-
lic condition of the borehole. Below are given values of  
C[h2/m5] corresponding to various degrees of hydraulic 
efficiency of hydrogeological boreholes [2, 6]:

	– properly designed and constructed – C < 0.00015, 
	– moderately contaminated or colmatated – 0.00015–

0.00030, 
	– advanced contamination or colmatation – 0.00030–

0.00120, 
	– considerably contaminated or colmatated – 

>0.00120.

6. Treatment pumping

After the filtering column was installed in the borehole 
and gravel pack introduced, drilling mud was removed 
from the borehole with an air lift. Then a 72-hour treat-
ment pumping was followed with a  pumping unit at 
three degrees of depression. This pumping was aimed at 
cleaning the porous space, prefilter zone of the aquifer, 
gravel pack and the filter, from the deposited material 
from mud in the form of fine cuttings and clayey min-
erals. The results of the treatment pumping of the intake 
well are shown in Table 1.

Table 1. Results of treatment pumping 

Pumping 
degree

Rate Q 
[m3/h]

Depression s 
[m]

Unit  
depression s/Q 

[h/m2]
I 50.0 4.72 0.0940
II 100.0 10.61 0.1060
III 150.0 17.97 0.1193

The calculation of the efficiency factor 
C  =  0.00034  h2/m5 with Walton method reveals that 
the completed dewatering borehole belongs to Class III, 
i.e. a borehole with advanced contamination. Thus, pri-
or to being put into operation, the borehole absolutely 
requires an activation treatment to improve its efficiency. 

7. Activation of  
a dewatering borehole  
using SKINAUT agent

In order to decolmatize the filter zone of the aqui-
fer and improve the conditions of water inflow to 



Activation of a dewatering well with the SKINAUT clay mineral disintegration agent

the watering borehole, an activation procedure was 
performed using a  new clay mineral particle disin-
tegrating agent called SKINAUT. For this purpose, 
a solution of above-mentioned agent was gravity-in-
jected into the filtering column through the string at 
a  distance of up to 0.5 m. After the solution of the 
SKINAUT clay mineral disintegrating agent was 
injected into the filter zone, a 24-hour shutdown fol-
lowed. Then, after the pumping unit was installed in 
the well, the treatment pumping was repeated at three 
degrees of depression. The obtained results of this 
operation are shown in Table 2.

Table 2. List of results of treatment pumping followed by 
clayey mineral disintegration treatments

Pumping 
degree

Rate Q 
[m3/h]

Depression s 
[m]

Unit  
depression s/Q 

[h/m2]
I 70.0 3.12 0.0445
II 140.0 6.93 0.0495
III 210.0 13.15 0.0626

The analysis of the obtained results of treatment 
pumping, following the dewatering borehole acti-
vation procedure and the performed calculations of 
the well efficiency factor C = 0.00023 h2/m5 indicate 
that the borehole should be classified as Class II, i.e. 
moderately contaminated or colmatated. The results of 
treatment re-pumping demonstrate the high efficiency 
of the agent for disintegration of clayey mineral par-
ticles and its applicability aspects in hydrogeological 
drilling. 

8. Concluding remarks

When dewatering boreholes are drilled by the rotary 
method with the use of drilling mud, the permeabil-
ity of the rock in the near-borehole zone is damaged 
as a result of the colmatation of the pore space of the 
drilled aquifer with the solid phase of the drilling mud. 

In Poland, the most common method used for this 
purpose is purge pumping carried out for 24 or 72 hours 
at three degrees of depression. Though this procedure is 
simple to perform, it remains relatively ineffective, and 
in most cases does not allow for effective unclogging 
of rocks in the near-well zone, especially of the clayey 
material.

For the purpose of increasing the effectiveness of 
treatments to activate hydrogeological boreholes drilled 
with rotary drilling mud, a new agent for the disintegra-
tion of clay minerals called SKINAUT has been developed. 
The procedure carried out to activate the Szczerców open 
cast dewatering borehole reveals that a  method relying 
on a new clay mineral disintegration agent called SKIN-
AUT is one of the most efficient ways to decolmatize the 
near-filter zone. This treatment has significantly improved 
its hydraulic efficiency and reclassified the borehole 
from Class III (a borehole with advanced colmatization) 
to Class II (a borehole with moderate colmatization).
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of own research program carried out at the Faculty of 
Drilling, Oil and Gas of AGH University of Krakow. 

Conflicts of Interest: The author of this paper declares 
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ge, numerical simulations were conducted based on advanced computational methods. The analysis 
employed the Drucker-Prager constitutive soil model.
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1. Introduction
The problem of constructing pipelines in mountainous 
areas in relation to landslides is challenging to solve due 
to the typically complex geology. When laying pipelines 
on slopes, which is unavoidable in mountainous regions, 
one must consider the potential adverse phenomena 
that may occur, such as landslides. During the landslide 
process – characterized by the movement of soil mass-
es – a pipeline situated in this zone is subjected to forces 
caused by the movement of these soil masses. This leads 
to deformations that can result in significant distortions 
(e.g., pipeline constrictions) or even ruptures. Pipes used 
in pipeline construction are, in most cases of minor mass 
movements, strong enough that there is no need for cost-
ly geotechnical solutions like retaining walls or pipeline 
anchoring. Often, it is sufficient to identify the most suit-
able position on the slope where the forces acting on the 
pipeline do not exceed its strength.

Pipelines in landslide areas require regular mainte-
nance and monitoring to ensure their continuous safety 
and functionality. This may include regular inspections, 
geotechnical slope monitoring, and early warning sys-
tems to detect any signs of instability or potential land-
slide activity. 

Constructing pipelines in landslide areas involves 
adherence to specific regulations and standards. Regu-
latory organizations may require comprehensive geo-
technical studies, risk assessments, and compliance 
with safety guidelines to protect people, property, and 
the environment.

Addressing these issues requires a  multidiscipli-
nary approach involving geotechnical engineers, pipe-
line designers, and environmental experts. Careful 
investment planning, thorough field studies, and the 
implementation of appropriate engineering solutions 
are crucial to reducing the risks associated with pipeline 
construction in landslide-prone areas

Gas pipelines are critical strategic infrastructure 
and avoiding damage to them caused by natural phe-
nomena or human activities is of great practical impor-
tance. However, as long, linear engineering structures, 
such pipelines are often vulnerable to landslide-induced 
damage [1–3]. Such damage can lead to significant 
deformation or pipeline rupture, resulting in natural 
gas leaks, interruptions in pipeline transport, and even 
potential threats to human lives.

Preventing losses caused by adverse phenomena 
in landslide-prone areas and controlling these hazards 
is an issue requiring further research. The number of 
studies on landslides impacting gas and oil pipelines is 
steadily increasing [4–11]. Most of these studies focus 
on examining mechanical behavior, analyzing weak 
points in these structures, and identifying factors affect-
ing pipeline behavior during landslide activity. These 

works primarily provide theoretical results, while prac-
tical indicators for predicting and preventing pipeline 
damage due to landslide activity are lacking.

Practice shows that before the ground collapses, 
characteristic features such as cracks, fissures, or soil slid-
ing can be observed on the surface. These signals allow 
for an approximate estimation of when the advanced 
landslide process will begin and what its range might be. 
However, it is still necessary to monitor and even assess 
the potential pipeline damage caused by landslides. For 
example, if the landslide’s range, such as its width, were 
known, it would be possible to more accurately estimate 
whether the pipeline would be damaged. Furthermore, 
a developed indicator would provide a reliable basis for 
emergency response actions, allowing rescue services to 
take appropriate measures to minimize damage.

Landslides are difficult-to-control and unpredict-
able phenomena in terms of their range and nature. 
The most common factors contributing to landslides 
include main points:

	– Layered soil structure parallel to the slope incline: 
This alignment promotes slippage and slope dest-
abilization.

	– Water buoyancy and seepage pressure in the slope: 
Water accumulation in the slope can increase 
pressure and reduce shear resistance, leading to 
landslides.

	– Upward water pressure on the upper soil layers: 
Water accumulating at the base of a  slope often 
contributes to the initiation of landslides.

	– Soil saturation from rainfall: Rainfall causes soil to 
become saturated with water, resulting in swelling 
and a reduction in shear strength.

	– Presence of natural potential slip surfaces: Such 
surfaces, especially in clay soils, facilitate the for-
mation of landslides.

	– Erosion or undercutting of the slope: Erosive 
actions, such as surface water flow or undercut-
ting by groundwater, can destabilize the slope.

Landslides are usually triggered by a combination 
of several factors, often exacerbated by human activi-
ties. In urbanized areas, human influence is frequently 
decisive, with adverse actions including slope under-
cutting, changes in landform, loading or unloading of 
slopes, dynamic actions on the ground (e.g., vibrations), 
changes in land use (deforestation, plowing), and the 
manipulation of water flow direction towards slopes.

Given the complexity of situating pipelines on 
slopes, conducting experimental studies is challenging 
and highly costly. Therefore, the use of numerical tools 
to analyze pipeline behavior on landslides, particularly 
in the context of using different pipeline materials, ena-
bles the creation of multiple landslide movement sce-
narios using only computational resources.
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The conclusions drawn from these numerical analy-
ses can provide essential engineering insights for pipeline 
designers, operators, and regulatory institutions. This 
approach facilitates more informed decision-making in 
design, construction, and management, ensuring safe 
and reliable pipeline operation in landslide-prone areas.

The study conducted simulations of the behavior 
of pipelines made from various materials under the 
conditions of progressive landslides. The analysis aimed 
to compare the performance of three materials: stand-
ard steel typically used in the construction of high-pres-
sure gas pipelines, polyethylene used in the construc-
tion of low-, medium-, and elevated-medium-pressure 
gas pipelines, and a  composite material based on an 
epoxy resin matrix reinforced with fiberglass, suitable 
for high-pressure gas pipelines. 

To simulate the phenomena causing pipeline dam-
age, initial-boundary conditions closely resembling 
real-life scenarios were applied in the models, utilizing 
records and failure reports from gas distribution net-
works. In the selected cases, the key factors influenc-
ing failures were the strength parameters and quality 
of the materials used for pipeline construction, as well 
as the pipeline’s foundation – specifically, its placement 
on potential landslides or subsidence areas, which sig-
nificantly affect the extent of the resulting damage.

2. Fundamentals of simulation

Numerical analyses were conducted using the Finite 
Element Method in the ANSYS system [12].  The FEM 
method is a numerical approximation technique used 
to solve partial differential equations, which serve as the 
mathematical model for solving the given engineering 
problem. FEM is one of the discretization methods for 
continuous geometric systems, dividing the body into 
a finite number of subdomains. The main idea of FEM 
is to model even highly complex structures by repre-
senting them with geometrically simple components, 
including accounting for discontinuities. 

The method involves dividing the continuous 
geometric model into finite elements interconnected at 
nodes, resulting in a discrete geometric model. This dis-
cretization transforms a system with an infinite number 
of degrees of freedom into one with a finite number of 
degrees of freedom. FEM’s most significant advantage 
is its ability to replace an analytical problem, expressed 
through differential equations, with an algebraic one. 
The method approximates displacement fields, stress 
fields, or both within each finite element.

FEM can be used for both static and dynamic anal-
yses. It allows for the evaluation of actual geometries 
of slopes or subsidence areas and supports advanced 

constitutive models for granular materials. One of 
the most commonly used soil constitutive models is the 
elastic-plastic model. 

In addition to FEM, other numerical approaches 
are used for phenomena such as flows or large defor-
mations, including methods such as  Finite Volume 
Method – based on volume elements,  Discrete Ele-
ment  Method and Meshless Methods e.g. Material 
Point Methods.

The numerical methods allow for tracking the 
phenomenon over time, monitoring the elements (their 
deformations, displacements and stresses) in succes-
sive time steps under changing boundary conditions or 
loads. As a result, it is possible to trace the entire pro-
cess of pipeline damage development.

3. Numerical analysis  
overview

Simulations were performed for pipelines made of three 
different materials: polyethylene, composite, and steel. 
Each pipeline was modeled operating on a landslide. For 
simulation purposes, geometric models of the landslide 
were created, with the pipeline positioned at a  depth 
of 0.8 m in soil in the middle part of slope. For each 
material, three separate pipeline models were created to 
account for differences in pipe geometry, including var-
iations in diameter and wall thickness. Consequently, 
numerical simulations were conducted for three cases.

Landslide geometric model

The slope model had a height of 15 m and an angle of 
inclination of 31°, as shown in Figure 1.

Fig. 1. Geometric model of the slope  
with a pipeline placed on it
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The geometric models were discretized using 
hexahedral and tetrahedral meshes of varying sizes, 
depending on the analyzed model. The soil models 
required a coarser mesh due to their larger scale, while 
the pipeline was discretized with a  dense hexahedral 
mesh for accuracy. Figure 2 presents the mesh of ele-
ments used for the analysis.

The material properties and dimensions of the 
pipes were based on actual operating pipeline segments. 
The dimensions and material properties of the compos-
ite pipe were obtained from a manufacturer’s specifica-
tions, which promoted the pipe as safe for transporting 
100% hydrogen. The material properties are presented 
in Table 1. 

Fig. 2.  Mesh of elements of landslide

Table 1. Summary of material parameters used in simulations 

Property
Material

Composite         Polyethylene     Steel

Density [kg/m³]                   1 450 950 7 850

Thermal expansion coefficient [1/°C 0 · 10⁶]  X: 2.2

230 –Y: 2.2

Z: 10

Young’s modulus [GPa]             X: 61.3

1.1 200Y: 61.3

Z: 6.9

Poisson’s ratio [–]               XY: 0.04

0.42 0.3YZ: 0.3

XZ: 0.3

Shear modulus [GPa]               X: 3.3

0.39 76.9Y: 2.7

Z: 2.7

Bulk modulus [GPa]                – 2.29 167

Specific heat [J/kg · °C]           – 2 300 434

Yield strength [MPa]              – 25 390

Tensile strength [MPa]            900 33 550

Isotropic thermal conductivity [W/m · °C]  – 0.28 –
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Pipe parameters of materials and dimensions:
1.	 Polyethylene Pipe (PE100HD):   

	– internal gas pressure: 3 bar,  
	– external dimension of pipe: 110 mm,  
	– internal dimension of pipe: 90 mm,  
	– wall thickness: 10 mm;  

2.	 Steel Pipe (L360):   
	– internal gas pressure: 30 bar,  
	– external dimension of pipe: 108 mm,  
	– internal dimension of pipe: 100.4 mm,  
	– wall thickness: 3.8 mm;  

3.	 Composite Pipe (Fiberglass-Epoxy Matrix):   
	– internal gas pressure: 30 bar,  
	– external dimension of pipe: 115 mm,  
	– internal dimension of pipe: 100 mm,  
	– wall thickness: 7.5 mm.  

The presented internal pressures of pipelines result 
from the operating pressures for these types of pipes. 
For polyethylene, internal pressures up to 3 bar are 
applied, while for other materials, significantly higher 
pressures, up to 30 bar, are used. 

Numerical analysis of soil using 
constitutive models

Two primary soil constitutive models are commonly 
used for numerical analyses: the Coulomb–Mohr mod-
el and the Drucker–Prager model. For example, the 
yield condition for the Drucker–Prager model can be 
expressed as follows [13]:  

	 f(σij) = q − mp − k	 (1)

The parameter  m  is defined as: 
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The parameter k is expressed as:  
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where:  
ϕ – internal friction angle,  
c –  cohesion,  
p and q  – stress tensors invariants, defined as:
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where:
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represents the deviatoric part of the stress tensor σij.

In most works related to plasticity theory in equa-
tion (1), coefficients m and k are defined as follows in 
(6) and (7) when the Drucker–Prager cone is inscribed 
around the external edges of the Coulomb–Mohr pyr-
amid:  
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Figure 3 provides a  geometric interpretation of 
the principal stress space σ1, σ2, σ3 on the plasticity sur-
faces in showing the Coulomb–Mohr pyramid and the 
Drucker–Prager cone.

Fig. 3. Drucker–Prager Cone vs. Coulomb–Mohr Pyramid:  
a) Coulomb–Mohr pyramid;  b) Drucker–Prager cones:  
blue (inscribed around external edges of the pyramid),  

green (circumscribed around internal edges  
of the pyramid) 

The Drucker–Prager model was applied to the soil 
of the slope in this analysis, with the parameters out-
lined in Table 2.  

Table 2. Soil parameters for simulation

Parameter Value 

Density ρ [kg/m³] 1 750

Young’s modulus  E [MPa] 50

Poisson’s ratio ν [–] 0.29

Uniaxial compressive strength σc [MPa] 15

Uniaxial tensile strength σt ​ [MPa] 5 ∙ 10−5

Biaxial compressive strength σb ​ [MPa] 20

a) b)
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Landslide-induced forces  
and pipeline-soil interaction
Based on the distribution of forces acting on the pipe-
line caused by landslide activity [14] and studies on 
pipe-soil interaction [15–19], the following assump-
tions were made:  

	– Forces modeled: Only gravitational forces causing 
landslide movement.   

	– Pipeline-soil interaction: Modeled as friction-
al contact, with a  coefficient of friction of 0.6, 
consistent with design guidelines for pipelines 
embedded in soil.  

This setup enabled a realistic simulation of land-
slide-induced stress and the resulting interaction 
between the soil and pipeline.

Boundary conditions and simulation 
setup  

The analysis of prior research [20–21] significantly 
influenced the selection of the computational model. 
A slope model with an embedded pipeline was adopted, 
allowing for a  realistic representation of pipeline-soil 
interaction. Additionally, various boundary conditions 
for the slope and pipeline end fixations were examined 
to assess their impact on pipeline behavior.

For simulation of free soil movement along a slope 
incline, the slope’s boundaries were permitted to move 

freely in the direction of the incline, simulating natural 
landslide conditions, while the ends of the pipeline were 
fixed.

It is essential to note that the boundary conditions 
applied in the analysis, including contact surface size, 
load magnitudes, and directions, and contact config-
uration between the pipeline and soil, represent one 
example out of an infinite number of possible scenarios. 
These were modeled to approximate real-world condi-
tions while allowing for predictable and interpretable 
results.

This detailed dataset formed the basis for simu-
lating and analyzing the performance of the pipelines 
under landslide conditions.

4. Results

Figure 4 illustrates the deformation of the landslide 
along with the pipeline situated on it, highlight-
ing the direction of soil mass movement during the 
landslide  process. As the soil masses shift during 
the landslide, forces act on the pipeline located on the 
slope. These forces, determined by the nature of the soil 
movement, directly influence the deformation charac-
teristics of the pipeline.

Due to the material properties (such as anisotro-
py), the figures below reveal varying deformation and 
stress patterns across the different types of materials 
used for the pipelines.

Fig. 4. The deformation profile of the landslide along with the embedded pipeline



17

Simulations of the behavior of a pipeline made from three different types of materials on a landslide

Journal of Geotechnology and Energy

Steel pipeline

Figure 5 presents the deformation profile of the steel 
gas pipeline at the maximum deformation recorded (at 
a  specific time step), with a displacement of 111 mm. 
Figure 6 presents the stress distribution in the steel gas 
pipeline at the same moment in the simulation. The 
deformation visuals have been exaggerated to empha-
size their characteristics.

Composite pipeline

Figure 7 presents the deformation profile of the com-
posite gas pipeline at the maximum deformation 
recorded (at a specific time step), with a displacement 

of 99 mm.  Figure 8 presents the stress distribution in 
the composite gas pipeline at the same moment in the 
simulation. 

A  uniform stress distribution is visible along the 
entire length of the pipe, with no distinct areas of higher 
intensity.

Polyethylene pipeline

Figure 9 presents the deformation profile of the pol-
yethylene gas pipeline at the maximum deformation 
recorded (at a specific time step), with a displacement 
of 84 mm. Figure 10 presents the stress distribution in 
a polyethylene pipeline at the same moment in the sim-
ulation. 

Fig. 5. The deformation profile of the steel pipeline

Fig. 6. Stress map of the steel pipeline
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Fig. 7. The deformation profile of composite pipeline 

Fig. 8. Stress map of composite pipeline

Fig. 9. The deformation profile of polyethylene pipeline
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Fig. 10. Stress map of polyethylene pipeline

5. Conclusions

Analyzing the results obtained from the simulations of 
both deformations and stresses in the pipeline with-
in the context of the research assumptions – namely, 
determining the behavior of different pipeline materi-
als on landslides – it can be concluded that the most 
versatile material is the composite. This is evidenced by 
its relatively low stress values on the pipe at the edge of 
the landslide compared to steel pipes, although high-
er than polyethylene pipes. Polyethylene also exhib-
its greater susceptibility to deformation compared to 
steel, with maximum stress values of approximately 6 
MPa, reflecting its flexibility. In steel pipes, the stress 

reaches around 300 MPa, while in composites, it is 
about 50 MPa. Comparing analyses of various pipeline 
materials under similar landslide conditions allows for 
a  more accurate selection of pipeline materials in the 
design processes of gas transmission systems.

The comparative analysis of different pipeline 
materials under similar landslide conditions enables 
a  more informed selection of materials during the 
design process of gas pipelines.
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1. Introduction
The need to use land for construction often makes it 
necessary to pay attention to eliminating the effects 
of the underground exploitation of useful minerals. 
One method of preventing mining landslides was the 
so-called protective pillars, i.e. leaving unmined coal 
or other material under settlements, roads, industri-
al plants, etc. However, it should be remembered that 
such protective pillars should be wider the deeper they 
are. This is because the rocks above the selected space 
break at a certain slope, depending on the type of rock. 
With soft rocks, the slope is less, while with hard rocks 
it is greater. Through this, the use of protective pillars 
results in the loss of a large amount of material which is 
easy to exploit. Increasing the intensity of the exploita-
tion of geological raw materials leads to the activation of 
collapse processes [1]. An effective protective measure 
is filling the space left by the selected raw material with 
another material, such as rock or sand [2]. According 
to the mining dictionary, backfilling is the filling of an 
excavation with a non-mined material (rock), obtained 
either on site during mining or supplied from outside 
[3]. Backfilling should be understood as the material 
with which voids are filled after the selection of usable 
mineral [4, 5], and therefore also in the liquidation of 
workings and entire mines. Drilling methods are there-
fore increasingly being used to backfill post-mining 
workings and rock voids. Backfilling, or in other words 
restorative boreholes, can be used to easily and quickly 
inject material from the surface into a specific cavern or 
chamber. The most common design of such boreholes 
is based on the lithology of the rocks to be drilled and 
drilling guidelines. According to the literature, the most 
commonly used casings for backfilling boreholes have 
an outside diameter ranging from 18‘ to 12’, but there 
are boreholes with initial pipe diameters of more than 
20‘ (e.g. borehole TP-25 in the Wieliczka Salt Mine) or 
final diameters which are much smaller (6 5/8’ pipe col-
umn used for backfilling transport) [6, 7].

The increase in activities has meant that the direc-
tion of accessing voids by drilling methods has become 
dominant. Drilling techniques and technologies allow 
voids to be accessed which are located, among others, 
under existing residential or public utility buildings, 
flooded voids or in crisis situations - e.g. voids in a fire 
condition [8]. Borehole injection is increasingly widely 
used in the process of strengthening rock masses or fill-
ing voids. It can be used in both geotechnics and hydro-
technics. It is used to strengthen and seal the ground 
medium or rock mass. There are many ways of perform-
ing injections, with the basic ones being the division into 
classic, pressure, and high-pressure injection [9, 10].

There are two main types of borehole injection for 
backfilling. The first is borehole injection using the “top” 

backfilling technology. It is used in the case of identified 
voids and loosening zones, without the need to perform 
reconnaissance work around the borehole. Boreholes 
for this technology are usually drilled using the coreless 
technique. In terms of principles, it was developed by 
Geocarbon LLC. Injection work should be carried out 
in a control borehole in the direction from the ground 
surface to the bottom of the borehole [11] and it is car-
ried out in several stages as mentioned below:

	– determination of the point of drilling the control 
hole using the geodetic method,

	– drilling the hole and carrying out the injection 
works,

	– control of the quality of the grout,
	– control of the effectiveness of filling the voids and 

loosening zones.

In case of limited knowledge about the location 
of voids and loosening zones injection using the “bot-
tom-up” technology is used. It is characterized by cor-
ing and performing reconnaissance work around the 
borehole. It is also carried out in several stages [11]:

	– geodetic marking of the point of drilling the con-
trol hole,

	– drilling the control hole,
	– control measurements,
	– backfilling of voids and loose zones,
	– quality control of the grout,
	– control of the effectiveness of backfilling of voids 

and loose zones.

Currently, the following methods are used for the 
treatment and backfilling of mining excavations [8]:

	– hydraulic backfills,
	– backfills made of dry and sprayed fly ash,
	– ash pulps (suspensions),
	– binding slurries.

The term conditioning or conditioning works 
should be understood as a set of activities aimed at seal-
ing and strengthening the building substrate by filling 
all voids and loosening zones as tightly as possible [11].

Among the binding slurries, we can distinguish 
single-component and multi-component cement dusts, 
cement-sand mortars, cement-dust mortars, cement-
ash mortars, cement-clay mortars, cement-ash-lime 
mortars and slag-cement mortars [8]. Additionally, 
chemicals based on polyurethane organic compounds, 
resins, or mineral aggregates can be used as backfill 
material [11]. The decision on the selection of individu-
al media to be introduced into the rock mass to achieve 
the intended goal must take into account a whole range 
of conditions: from natural, through technical, to eco-
nomic [8]. Backfill holes should be effectively closed 
immediately after fulfilling their function [7].
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2. Results
Drilling boreholes, including backfill or restora-
tive boreholes, are primarily intended to be made as 
straight holes but in some cases this cannot be done. 
One of the main limitations of drilling the backfill 
borehole is the frequent case when the drilling rig 
cannot be positioned above the void to be filled, e.g. 
due to the buildings, surface infrastructure or other 
factors. Moreover, there is a need to perform diagonal 
boreholes for chambers or voids intended for backfill-
ing which are located under highly urbanized areas. 
It is also recommended to drill inclined backfill holes 
to provide a greater visible thickness of the chamber 
or void compared to the vertical hole. This increases 
the length of the perforated section of injection pipe 
used to inject the backfill material and also allows for 
a  shorter injection time of the backfill material. In 
backfill boreholes, making an inclined backfill hole 
will have a direct effect on the time required to pump 
the backfill material. Assuming the same volume of 
the chambers to be backfilled in the case of the verti-
cal hole and the inclined hole, and taking into account 
that the holes made will have the same internal diam-
eters of the submerged casing pipes, the relationship 
for the flow rate of pumping the backfill material in 
the vertical hole can be written as:

Qmax(vertical) = πDHvkr (1)

and for the oblique borehole as follows:

Qmax(oblique) = πDLvkr (2)

where:
	D	 –	 internal diameter of the last column of casing 

pipes [m],
	H	 –	 length of the perforated section of the vertical 

hole [m],
	L	 –	 length of the perforated section of the diagonal 

hole, L =H/(cos∝) [m],
	vkr	 –	 injection velocity [m/s],
	α	 –	 angle of deviation from the vertical of the diago-

nal hole [°].

Table 1 shows the increase in oblique borehole 
length depending on the drilling angle.

Taking into account the values ​​given in Table 1 and 
substituting them into the equations for the maximum 
pumping capacity in a  vertical and oblique borehole, 
it can be stated that the pumping flow increases in the 
oblique borehole. To ensure laminar flow, the critical 
pumping speed vkr should not be exceeded during injec-
tion. Using trigonometric relations, it can be stated that 
the increase in the length of the perforated hole section 
causes a proportional increase in the pumping flow.

Assuming the same volume of the chamber V intend-
ed for injection, when using a vertical or oblique hole, the 
chamber injection time is equalized. It can be written:

T V
Qvertical

vertical
�

� �max
(3)

and for the oblique borehole as follows (Qmax(Toblique)):

T V
Qoblique

oblique

�
� �max

(4)

where:
	Tvertical 	 – 	injection time of vertical borehole [s],
	Toblique 	 – 	injection time of an oblique borehole [s],
	 V 	 – 	voids or chamber volume [m3]. 

Taking into account the above, at a constant vol-
ume of the chamber V, the increase in the flow for 
the oblique borehole due to increasing of perforation 
length results in a  shortening of the time of injection 
the backfilling material into the chamber. Comparing 
the above mentioned equations at a  constant volume 
of the chamber, the following relationship between the 
injection time in an oblique well and the injection time 
in a vertical well is obtained:

Toblique = Tvertical ∙ cos α (5)

The relationship can be presented in a  tabular 
form (Tab. 2) for given values ​​of the angle of drilling an 
oblique hole.

Table 1. Increase in the length of the oblique borehole depending on the drilling angle

Thickness for vertical 
borehole [m] Apparent thickness for an oblique borehole due to angle of drilling [m]

H

10° 20° 30° 40° 45° 50° 60° 70° 80°

H
0 985. 0.940

H
0.866

H
0.766

H
0.707

H
0.643

H
0.500

H
0.342

H
0.174

H
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Table 2. Decrease of injection time through inclined borehole in comparison to vertical borehole

Injection time for 
vertical borehole 

[s]
Injection time for an oblique borehole due to angle of drilling [m]

Tvertical

10° 20° 30° 40° 45° 50° 60° 70° 80°

0.985 ∙ Tv 0.940 ∙ Tv 0.866 ∙ Tv 0.766 ∙ Tv 0.707 ∙ Tv 0.643 ∙ Tv 0.500 ∙ Tv 0.342 ∙ Tv 0.174 ∙ Tv

  *Tv  means Tvertical

The chamber was analyzed at different depths cal-
culated from the ground surface. The lowest point of 
the chamber floor is at a depth of H = 10 m, the highest 
point of the chamber floor is at a depth of H = 1.5 m and 
the maximum vertical length of the perforated section 
is H = 8 m. The length of the perforated section making 
the chamber accessible for injection can be adjusted by 
changing the angle of the hole (Tab. 3).

Taking into account the increase in the length of 
the perforated section according to Table 3, it is possible 
to determine the injection time of the chamber through 

the diagonal hole made. The chamber to be backfilled 
has a defined volume. Assuming a constant value of the 
injection flow of the backfilling material, the pumping 
time through the vertical hole is determined. 

Assuming an equal pumping rate of the backfill mate-
rial through the vertical hole and the diagonal hole, the 
time for pumping the backfill material through the diago-
nal hole will be determined according to the time equation. 
It is found that the pumping of the material through the 
completed diagonal hole is carried out in a  shorter time 
compared to the vertical hole, as shown in Figure 1. 

Table 3. Dependence of the length of the perforated section of the hole on the angle of its execution

Thickness for 
vertical borehole 

[m]
Apparent thickness for an oblique borehole due to angle of drilling  [m]

8
10° 20° 30° 40° 45° 50° 60° 70° 80°
8.12 8.51 9.23 10.44 11.31 12.44 16 23.39 46.076 

JOURNAL OF GEOTECHNOLOGY AND ENERGY  2024 

JOURNAL OF GEOTECHNOLOGY AND ENERGY  2024  https://journals.agh.edu.pl/jge
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drilling small-diameter holes using hydraulic nozzles from base holes [12–14] are being used more and 
more frequently. Despite the small inside diameter of such holes, in the range of 50–70 mm, they can be 
easily adapted to make small-diameter injection channels when space is limited for drilling with standard 
equipment for shallow drilling up to 200 m vertical depth. The decrease in pumping time of the backfill 
material through an 89° inclined hole is significant. Since cos 60° = 0.5 and taking into account the above 
equations to facilitate quick calculations in the field, the pumping time through a diagonal hole made at an 
angle of α = 60°, will always be about half of the pumping time through a vertical hole. 

4. Conclusions 

• Diagonal or inclined boreholes have a drilling angle other than vertical and a direction other than 
standard vertical boreholes from top to bottom. They can be drilled from the ground surface, from 
the interior of buildings/infrastructure and from the excavations of underground and opencast 
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• The drilling of a diagonal hole is usually more difficult and exposed to drilling failures and 
complications compared to vertical drilling. This is strictly connected with an angle of internal 
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• The use of inclined boreholes will lead to an economic gain by reducing the time it takes to inject 
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The relationship between the pumping times of the 
backfill material through the oblique borehole and the 
pumping time through the vertical borehole of the same 
chamber is shown in the range of angles 10–89° at which 
an oblique borehole can be made.  The situation where 
a diagonal hole is made at an angle of 89° will be rare, 
but cannot be excluded. At present, a number of scientif-
ic papers show that solutions for drilling small-diameter 
holes using hydraulic nozzles from base holes [12–14] 
are being used more and more frequently. Despite the 
small inside diameter of such holes, in the range of 50–70 
mm, they can be easily adapted to make small-diameter 
injection channels when space is limited for drilling with 
standard equipment for shallow drilling up to 200 m ver-
tical depth. The decrease in pumping time of the backfill 
material through an 89° inclined hole is significant. Since 
cos 60° = 0.5 and taking into account the above equations 
to facilitate quick calculations in the field, the pumping 
time through a diagonal hole made at an angle of α = 60°, 
will always be about half of the pumping time through 
a vertical hole.

3. Conclusions

	– Diagonal or inclined boreholes have a  drilling 
angle other than vertical and a  direction other 
than standard vertical boreholes from top to bot-

tom. They can be drilled from the ground sur-
face, from the interior of buildings/infrastructure 
and  from the excavations of underground and 
opencast mines.

	– The drilling of a diagonal hole is usually more diffi-
cult and exposed to drilling failures and complica-
tions compared to vertical drilling. This is strictly 
connected with an angle of internal friction each 
drilled lithological layer.

	– The use of inclined boreholes will lead to an eco-
nomic gain by reducing the time it takes to inject 
the backfill material into the infilled chamber or 
mine workings void.

	– The pumping time through a diagonal hole drilled 
at an angle of α = 60° will always be about half that 
of a vertical hole.
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1. Introduction

Over the last twenty years, we have observed [1–5] the 
dynamic development of technologies in the drilling 
industry enabling the construction of small-profile lat-
eral bores starting from vertical bores. This technology 
enables low-cost reaming and testing of production lay-
ers. It also enables the increased productivity of existing 
deposits. Methods developed all over the world use the 
phenomenon of rock hydro-quarrying, where a tool with 
a  specially constructed nozzle is introduced through 
a deflector, by means of which a lateral borehole is made 
with the use of a stream of liquid under high pressure.

We have also seen the development of mechatronic 
subsurface systems in the drilling industry, which ena-
ble different kinds of operations when run to the bore-
hole. An example of such devices may be drilling rigs for 
drilling in a space environment [6]. We can imagine that 
similar devices will also be available for lateral bores in 
the future and they could be used for conducting local 
geophysical analyses, local deposit tests, and many other 
kinds of operations. In the case of horizontal bores, the 
section where the trajectory changes is counted in terms 
of many meters, but  with the lateral bores described 
herein, the change occurs at lengths no bigger than sev-
eral meters, and frequently at even less than one meter. 
The geometric dimensions of such mechatronic subsur-
face systems have to be adapted in such a way that they 
are able to go through a deflector from a vertical bore-
hole to a lateral borehole and back.  

We have also been observing the development of 
mobile robots for pipe inspection and cleaning. The 
geometric limitations described above also concern this 
kind of devices, since they have to be able to freely deal 
with bends of pipes with a  radius frequently smaller 
than one meter, or even much less. 

For these reasons, a method enabling the verifica-
tion of whether a device modelled with a cylinder shape 
with the radius r and length H, may go freely through 
a pipe with a bore with a radius R and a bend radius ρ, 
has been developed. A  mathematical model has been 
provided for the method under consideration. Its imple-
mentation will enable the determination of a given value 
of parameters r, H, R (and more precisely a = R – r) the 
minimum value of the bend radius ρ, ensuring the free 
movement of that device.

2. Definition of 
the scientific problem

The issue described in this article is a problem of run-
ning (pushing) a cylinder with the radius r and height 

H in a curved pipe with an internal radius R, the inter-
nal pass-through part of which is first a cylinder, next 
1/4 torus, and then a cylinder again. The internal radius 
(of the borehole) is equal to r + a, where “a” is a given 
clearance value. Minimum pipe bending radiuses (torus 
radius) ρmin, through which the cylinder of a given size 
will go through for a specific r value and different “a” 
and H values, have to be determined. 

This problem can be presented mathematical-
ly. To this end, it is necessary to define a set describ-
ing the geometric limitations of the pipe inside 
which a cylinder moves. It should be defined against 
the selected main coordinate system indicated as  
O(x0, y0, z0). Next, other cross-sectional fields are creat-
ed in the agreed pipe section, which determine planes 
perpendicular to the axis of that pipe. It is then checked 
whether it is possible to find on its area the position 
of the center of gravity of the cylinder with a specific 
radius r and height H for each of those cross-sectional 
fields, so that it is possible to establish the orientation 
of the said cylinder so that it does not go beyond the 
pipe area in which it runs. Failure to meet this con-
dition in at least one cross-sectional field of the pipe 
means that it is impossible to move a cylinder through 
it with the required geometric dimensions. In order 
to conduct such analysis, it is necessary to define a set 
to describe geometric limitations of the cylinder being 
moved. It should be remembered that the position of 
the center of gravity of the cylinder may differ, like its 
orientation, and that is why it is best to describe it in 
the local coordinate system (related to that cylinder), 
and subsequently transform it to the O(x0, y0, z0) sys-
tem, in which the geometric limitations of the pipe are 
described mathematically. The mathematical model 
presented in the section below enables mathematical 
notation of ideas to be described. It is worth remem-
bering that subsequent cutting planes are indexed by 
the α parameter. Since the value of that parameter is 
included in the continuous set of real numbers, the 
number of possible cross-sectional areas of the pipe is 
indefinite and discretization of this parameter is nec-
essary. In practice, it suffices to conduct the above-de-
scribed analysis for subsequent cross-sectional areas 
of the pipe with values of the α parameter changing by 
an adequately small step so that it is still accurate and 
corresponds to real conditions.

3. Results

A mathematical model was created using the descrip-
tion employed in robotics to describe manipulators. 
Figures 1–3 present the coordinate systems, angles, and 
symbols applied in the mathematical model.
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Fig. 1. RPY angles – Roll (φ), Pitch (θ), Yaw (ψ)

Fig. 2. Conceptual drawings for the mathematical model

Fig. 3. Cylinder moving through a pipe hole and main points on it

3.1. Mathematical notations used

The following mathematical notations were used in the 
created mathematical model:
O(x0, y0, z0)	–	 a  coordinate system against which the 

geometric limitations of the pipe through 
which a  cylinder moves are described. 
This is a  basic coordinate system to 
which coordinates described against oth-
er coordinate systems are transformed,

O(x1, y1, z1)	–	 a coordinate system related to the cylin-
der. The circle being the cross-section of 

the cylinder through the plane parallel 
to both its bases and going through the 
center of gravity, CM, is normally set to 
the axis of the pipe hole through which 
this cylinder moves,

O(ξ1, ψ1, ζ1)	–	 a coordinate system related to the cylin-
der rotated around the center of gravity 
by the Roll (ϕ) and Pitch (θ) angles,

CM	 –	 the center of gravity of the cylinder,
t	 –	 the vector connecting the center of the 

O(x0, y0, z0) system with the center of 
gravity of the cylinder,

a)			        b)				    c)
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α	 –	 the angle between the 0-x0 axis and the t vector,
ϕ	 –	the angle of rotation of the cylinder around the 

0-x1 axis (Roll) beginning in the center of gravi-
ty, CM, of this cylinder,

ϕmin	 –	 the minimum value of the angle of rotation of the 
cylinder around the 0-x1 axis (Roll) beginning in 
the center of gravity, CM, of this cylinder,

ϕmax	 –	 the maximum value of the angle of rotation of the 
cylinder around the 0-x1 axis (Roll) beginning in 
the center of gravity, CM, of this cylinder,

Δϕ	 –	a change (step) of the angle of rotation of the cyl-
inder around the 0-x1 axis (Roll) beginning in 
the center of gravity, CM, of this cylinder,

θ	 –	the angle of rotation of the cylinder around the 
0-y1 axis (Pitch) beginning in the center of grav-
ity, CM, of this cylinder,

θmin	 –	 the minimum value of the angle of rotation of the 
cylinder around the 0-y1 axis (Pitch) beginning in 
the center of gravity, CM, of this cylinder,

θmax	 –	 the maximum value of the angle of rotation of the 
cylinder around the 0-y1 axis (Pitch) beginning in 
the center of gravity, CM, of this cylinder,

Δθ	 –	a change (step) of the angle of rotation of the cyl-
inder around the 0-y1 axis (Pitch) beginning in 
the center of gravity, CM, of this cylinder

A1	 –	matrix transforming coordinates described in the 
O(x1, y1, z1) system to coordinates in the O(x0, y0, z0) 
system,

A2	 –	matrix transforming coordinates described  
in the O(ξ1, ψ1, ζ1) system to coordinates in the 
O(x1, y1, z1) system,

ρ	 –	the bend radius of the pipe,
ρmin	 –	the minimum bend radius of the pipe,
ρmax	 –	the maximum bend radius of the pipe,
Δρ	 –	a change in the bend radius of the pipe (step),
r	 –	the radius of the cylinder,
rmin	 –	the minimum radius of the cylinder,
rmax	 –	the maximum radius of the cylinder,
Δr	 –	a change (step) of the cylinder radius,
H	 –	height of the cylinder moving through the pipe,
Hmin	–	the minimum height of the cylinder moving 

through the hole,
Hmax	–	the maximum height of the cylinder moving 

through the hole,
∆H	 –	a  change in the height of the cylinder moving 

through the hole,
R	 –	the radius of the hole in the pipe: R = r + 2a,
a	 –	clearance between the cylinder and the internal 

wall of the pipe hole,
amin	 –	the minimum clearance between the cylinder 

and the internal wall,
amax	 –	the maximum clearance between the cylinder 

and the internal wall of the pipe hole,
Δa	 –	a change (step) of clearance between the cylin-

der and the internal wall of the pipe hole.

3.2. Mathematical model

The O(x0, y0, z0)  system is a basic coordinate system. In 
this system, geometric limitations of the pipe (through 
which the cylinder moves) have been described. The 
pipe is first a cylinder, then it constitutes 1/4 of a torus 
and a cylinder again, which has been described in the 
below formulas (1), (2) and (3), respectively. The sum of 
S1, S2, S3 sets gives an S set, which represents the whole 
pipe (4).
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S1, S2, S3 sets are sets of points in the R3 space of 
real numbers. Those sets depend on parameters ρ, R, H, 
which signify the bend radius of the pipe, the radius of 
the pipe hole and cylinder height, respectively. The 2H 
value was introduced in order to limit S1 and S3 sets. The 
adopted limitation assumes arbitrarily that the height 
of cylinders represented by S1 and S3 sets is twice as big 
as the height of the cylinder moving through the pipe. 
There is dependence between the radius of the hole in 
the pipe and the radius of the cylinder and clearance (5).

	 R = r + 2a	 (5)

The cylinde, which moves through a curved pipe 
described with the S set is described against the O(ξ1, ψ1, ζ1) 
system. As mentioned in Item 2, the method proposed 
in this article assumes that for subsequent cross- 
sections of the pipe included in planes perpendicu-
lar to the pipe axis it is checked whether there is such 
a position of the center of gravity of the cylinder (locat-
ed within the area of a given cross-section) and its ori-
entation which ensures that the cylinder is included in 
the pipe. From the mathematical point of view, such an 
operation boils down to checking whether for subse-
quent centers of gravity of the cylinder, located within 
the above-mentioned cross-section, there is at least one 
set of points (x, y, z) which describes this cylinder (one 
cylinder location), which is included in the S set. If this 
condition is not met, it means that the cylinder projects 
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beyond the pipe and it is impossible to move it. Other 
section planes are indexed by the α parameter, and pos-
sible centers of gravity of the cylinder within the cross- 
section area are determined by ((x1,CM)i, (y1,CM)j). 
The condition described is expressed here by the fol-
lowing formula (6) and (7).

C ⊂ S (6)

C

H H

x yCM i CM j� � � �

� �

,(( ) , ( ) ), ,
( , , ):

1 1 1 1 1

1 12 2
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�

�
�
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�
� � �
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�
�
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(( ) +( ) )� �1
2

1
2 2r

(7)

The formula (7) is very general. In the designation of 
this set C, and more precisely in the index, there is infor-
mation that the center of gravity of the cylinder described 
with the C set is in the point at ((x1, CM)i, (y1, CM)j),  
located on the cutting plane described with the α param-
eter. Those symbols will be explained below. Checking 
of the condition (6) is difficult when applying a general 
notation of C sets. However, one may use the property 
of the solid, which a cylinder is, that it is a convex set. 
For a given set to be convex, each section made up by 
two points being set elements has to be included in this 
set. Owing to this property of the C set, if an adequate-
ly dense grid is defined on its edge, all of the points will 
belong to the S set, it may be assumed that the C set is 
included in the S set. Formulas from (8) to (11) define 
a set of subsequent points in the grid on the edge of the 
cylinder being the set described with the formula (7).

∂(Cα,((x1,CM)i, (y1,CM)j)
)1 ={((ξ1)klm,(ψ1)klm,(ζ1)klm): k = 0, …,

[2πr ⁄ 0.5]; l = 0; m = 0, …, (r ⁄ 0.5); ∆φ = 0.5 ⁄ r; 
(ξ1)klm = 0.5 ∙ m ∙ cos(k ∙ ∆φ); (ψ1)klm = 0.5 ∙ m ∙ sin(k ∙ ∆φ);

(ζ1)klm = –(H ⁄ 2) + 0.5 ∙ l}

(8)

∂(Cα,((x1,CM)i, (y1,CM)j)
)2 ={((ξ1)klm,(ψ1)klm,(ζ1)klm): k = 0, …,

[2πr ⁄ 0.5]; l = 1; …, ((H / 0.5) – 1); m = (r ⁄ 0.5); 
∆φ = 0.5 ⁄ r; (ξ1)klm = 0.5 ∙ m ∙ cos(k ∙ ∆φ); 

(ψ1)klm = 0.5 ∙ m ∙ sin(k ∙ ∆φ); (ζ1)klm = –(H ⁄ 2) + 0.5 ∙ l}

(9)

∂(Cα,((x1,CM)i, (y1,CM)j)
)3 ={((ξ1)klm,(ψ1)klm,(ζ1)klm): k = 0, …,

[2πr ⁄ 0.5]; l = (H / 0.5); m = 0, …, (r ⁄ 0.5); ∆φ = 0.5 ⁄ r; 
(ξ1)klm = 0.5 ∙ m ∙ cos(k ∙ ∆φ); (ψ1)klm = 0.5 ∙ m ∙ sin(k ∙ ∆φ);

(ζ1)klm = –(H ⁄ 2) + 0.5 ∙ l}
(10)
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Although formulas from (8) to (11) are long, they 
are not complicated. This is a notation enabling record-
ing of all points which might belong to the ∂C set, being 
the edge of the C set, in a general way. ∂C1, ∂C2, ∂C3 sets 
are sets of the above-mentioned grid located on the low-

er base of the cylinder, the side wall of the cylinder and 
on the upper base of the cylinder, respectively. The sum 
of those sets (11) determines the ∂C set, being a set of 
grid points located on the edge of the C set. The k index 
relates to the angle growth. The precision of the angle 
dimension is such that the corresponding length of the 
arch with the radius equal to the radius of the cylinder r 
is 0.5 mm. Thus, the k index has to change from zero 
to the value of the ceiling function from the expression: 
2pr/0.5. The expression 2pr/0.5, in a general case, is not 
the total multiple of 0.5, so it was necessary to apply the 
ceiling function in order to make a full circle. It causes 
adding some points, as the ceiling function rounds up 
a real number to the nearest higher integer, but it does 
not cause any problems with calculations or any errors. 
The l index relates to the z1 coordinate of points, which 
may change from –H/2 to H/2. Since the precision of the 
linear dimension is 0.5 mm, the l index may change from 
0 to H/0.5. The m index relates to the radius growth. It 
may change from 0 to the value equal to r (cylinder radi-
us). Since the precision of the linear dimension is 0.5 
mm, the m index may change from 0 to r/0.5.

It should be noted that the ∂C1, ∂C2, ∂C3 sets only 
depend on two parameters: cylinder radius, r and cyl-
inder height, H. The O(x1, y1, z1) system is permanently 
related to the cylinder and hooked in the point which is 
its center of gravity. A set of grid points for the ∂C edge of 
the cylinder with established dimensions of r and H will 
be the same towards the O(x1, y1, z1) system, regardless of 
whether the cylinder will be tilted (Roll, Pitch) or moved 
towards the O(x1, y1, z1) system. That is why, in the imple-
menting program presenting the model it will be enough 
to set coordinates of all grid points on the edge of the cyl-
inder only once (i.e. to determine the ∂C set), and next, 
in subsequent steps, to transform them to the O(x1, y1, z1) 
system and further to the O(x0, y0, z0) system.

In planes of subsequent pipe cross-sections 
described by the α parameter, circles with the radi-
us expressed by the formula (12) are determined. The 
center of those circles is always the intersection of the 
center line of the pipe with a given cutting plane. This 
point is the point where the beginning of the O(x1, y1, z1) 
coordinate system is hooked. If the center of the cylin-
der is within the area of this circle, angles of the cyl-
inder rotation (roll, pitch) are zero, the area being the 
cross-section of this cylinder (circle) is included in the 
area being the cross-section of the pipe. It may turn out 
that for a given bend radius of the pipe ρ, if the center 
of gravity of the cylinder located in the cutting plane of 
the pipe moves from the center of the Oα circle to a dif-
ferent point included in this circle, it will be possible to 
find such cylinder orientation that it will be included 
in the pipe (which might not be possible if the cylin-
der’s center of gravity overlaps with the center of the 
circle, Oα). Obviously, it is not possible to check each 
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point of the Oα circle, as it contains infinitely many 
points. Discretization of that set is necessary. To this 
end, a rectangular grid of points located in the cutting 
plane, described against the O(x1,y1,z1) system, whose 
Dx1 = Dy1 = 0.5 mm, is created. All points of this grid, 
which belong to the Oα circle, create a discrete set, Oα,dis, 
described with the equation (13). Vectors of translation 
of the center of gravity of the cylinder into subsequent 
points of the Oα,dis set have been described with the for-
mula (14).

R – r = r + a – r = a (12)

Oα,dis = {((x1)i, (y1)j): i, j = 0, …, (2 ∙ (a ⁄ (0.5)); 
(x1)i = –a + 0.5 ∙ i; (y1)j = –a + 0.5 ∙ j;  

((x1)i)
2 + ((y1)j)

2 ≤ a2}

(13)

k
→

i,j = [(x1)i, (y1)j];  ((x1)i, (y1)j ) ∈ Oα (14)

As mentioned above, a set of points of the grid at 
the edge of the cylinder, ∂C, is described against the 
O(x1,  y1,  z1) system, which is permanently related to 
the cylinder and hooked in the point which is its center 
of gravity. It is necessary to describe those points against 
the O(x0, y0, z0) system. However, first transformation of 
coordinates of those points to the O(x1, y1, z1) system 
has to be done. Transformation from the O(x1,  y1,  z1) 
system to the O(x1, y1, z1) system requires three steps:

T(k
→

i,j) → R(x1, ϕ) → R(y2, θ) (15)

The first step is translation by the vector k given in 
the formula (14), the second is rotation around the x’1 
axis by the φ angle, the third one is rotation around 
the y’’1 axis by the θ angle. In order to perform inverse 
transformation, it is necessary to find inverse matrix-
es of the described transformations. A transformation 
matrix has the form given with the equation (17).
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Next, the transformation has to take place from the 
O(x1, y1, z1) system to the O(x0, y0, z0) system. Figure 2a 
presents the initial position of the cylinder. Its lower base 
is on the Ox0y0 plane, the center of gravity of the cylinder 
is on the center line of the pipe. The location of the center 
of gravity of the cylinder, CM, located on the center line 
of the pipe against the O(x0,  y0,  z0) system deter-
mines the radial vector t. The angle between the  Ox0 axis 
and the radial vector t is determined by α. As mentioned 
before, this angle parameterizes (or numbers) subse-
quent cutting planes of the pipe, which are normal to the 
axis of this pipe. For the situation presented in Figure 2a 
the α parameter is given with the formula (18)

� � �
�

� � �
�

�

�
�

�

�
�1

2arctg /H
R

(18)

The location of the cylinder, which α = a1 corre-
sponds to, is the initial location from which checking 
whether the cylinder moving through the pipe with 
a given value of its bend radius ρ (of that pipe) is includ-
ed in this pipe begins. Importantly, it is not necessary to 
check this condition along the whole pipe length. It is 
enough to do it only:

1.	 At the section of the pipe in which it leaves the 
part of the pipe described with the S1 set and 
enters the part described with the S2 set (torus). 
For α = α2 = π there is a change in the pipe cur-
vature. The problem is to determine the α3 angle 
for which the cylinder has left the S1 set and may 
be only in the S2 set. It was assumed that it is an 
angle for which the distance of the projection on 
the bottom (negative) part of the Oz0 axis of the 
point corresponding to this angle and located on 
the circle with the radius ρ + R (negative coordi-
nate z0) from the center of the O(x0, y0, z0) coordi-
nate system is higher than or equal to 3⋅H. 

If the value of the bend radius of the pipe is 
so small that the said value is smaller than 3⋅H, in 
such case, the inclusion of the cylinder in the pipe 
at the section from α = α1 to α = 3π/2 occurs;

2.	 For α = α4 = π + π/4 (torus center). Due to the 
torus rotational symmetry, if the cylinder with 
the center of gravity located within the circle Oα, 
being in the cutting plane corresponding to the 
desired value of the angle α = α4 may be included 
in the pipe, then for other values of the α angle 
(higher than a3 and smaller than (3π/2 – (a3 – π))) 
it will be also possible.

In order to move from the O(x0, y0, z0) system 
to the O(x1,  y1,  z1) system, it is necessary to perform 
a string of operations, as given in the formula (19). The 
first one is translation by vector tα, the second one is 
a rotation around the y’0 axis by the α angle. However, 
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the orientation of the O(x1, y1, z1) system and the vector 
of the tα translation depend on the value of the α angle 
and in what range of values the current value of that 
angle is. It has been described in detail in Table 1. For 

each case, transformation matrix A1 was determined 
(formulas (21)–(23)), transforming coordinates in the 
O(x1, y1, z1) system to coordinates in the O(x0, y0, z0) 
system, in accordance with the formula (20).

Table 1. Ranges of the α angle and corresponding cutting planes of the pipe in which Oα circles  
and O(x1, y1, z1) coordinate systems are determined

Range of α angle Cutting plane O(x1, y1, z1)  
coordinate system Vector of translation t/Notes

α∈[α1 ; α2=p]

Center of gravity of the 
cylinder, CM, in the S1 
set

Angle α is set

Parallel to the Ox0y0 
plane

Orientation identical as of the 
O(x0, y0, z0) system

Beginning of the system is 
moved against the beginning 
of the O(x0, y0, z0) system by 
vector t



t R H m� � � ��� ��( ); ; / .�   0 2 0 5

m H
= 0 2

0 5
, , /

.

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�

�
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�

�
�arctg H m

R
/ .2 0 5

α∈(π ; 3π/2]

Center of gravity of the 
cylinder, CM, in the S2 
set

Plane overlapped 
with the Ox0y0 plane, 
rotated by  
the angle α

System rotated by the angle 
(α – π) around the y0 axis of 
the O(x0, y0, z0) system

Beginning of the system is 
moved against the beginning 
of the O(x0, y0, z0) system by 
vector t



t R R� � ��� ��( )cos ; sin� � � � ; ( )0

The step by which angle α should be chan-
ged is an angle for which the arch length is 
0.5 mm

� �
�

�
�
0 5.

R

α > 3π/2

Center of gravity of the 
cylinder, CM, in the S3 
set

Parallel to the Oy0z0 
plane

System rotated by the π/2 
angle around the y0 axis of the 
O(x0, y0, z0) system

Beginning of the system is 
moved against the beginning 
of the O(x0, y0, z0) system by 
vector t



t m R� � ��� ��0 5 0. ; ; ( )  �

m H
= 1 2

0 5
, , /

.
  

In this part of the pipe it is not checked, 
whether the cylinder being moved will be 
included inside the pipe, because due to the 
symmetry (of the pipe), it corresponds geo-
metrically to the first range of the α angle 

Minimum value of the parameter m equal 
to one results from α > 3π/2
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If transformations described with A1 and A2 matrix-
es are now made, full transformation is acquired, which 
enables moving from the O(x1,  y1,  z1) system to the  
O(x0, y0, z0) system, in which geometric limitations of 
the pipe (S set) are described by formula (24):
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Now, with regard to the subsequent values of the 
α angle (for which it is checked whether the cylinder is 
included in the pipe), it should be checked whether the 
points belonging to ∂Cα being the edge of the cylinder, 
whose center of gravity belongs to some of the points 
of the Oα,dis set (described with the formula (4–14)), are 
included in the S set. We now search for the smallest val-
ue of the bend radius ρ, for which the described condi-
tion is satisfied for all the examined values of the α angle.

4. Conclusions

This article presents an original model to solve the 
problem of running the cylinder in a  bent pipe. This 
model and method may be implemented in the form 
of a computer program which will enable to determine 

tables informing, for specific geometrical dimensions: 
r (radius) and H (height) of the cylinder, clearance a, 
what should be the minimum bend radius of a  rigid 
pipe so that it is possible to move this cylinder through 
it. This problem is particularly important in the context 
of designing miniature mechatronic devices to operate 
in lateral boreholes going out from the main vertical 
borehole. It is also significant for mobile robotics in 
terms of designing robots moving inside pipes.

The proposal contained in the article ensures a high 
precision of calculation by adopting a  suitably dense 
grid of points creating the edge of the cylinder. The 
proposed precision of the linear dimension is 0.5 mm, 
whereas the precision of the angle dimension is the pre-
cision corresponding to an angle for which an arch with 
the radius equal to the cylinder radius r has the length 
equal to 0.5 mm. In  the opinion of the author, such 
detailed analysis will enable valuable numeric analysis. 
However, it relates to high computational complexity, 
which requires the application of a supercomputer for 
this purpose and using many of its nodes. To this end, it 
will be necessary to implement the model and method 
presented here in the form of a computational program 
using the so-called parallel computing. Works on the 
preparation of such a program are ongoing.
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1. Introduction
Arsenic is a highly toxic element. It occurs in nature in 
various forms and at various oxidation states. Its toxic-
ity and mobility in the environment depend on both its 
chemical form and the form of occurrence [1]. Heaps 
rich in arsenic are particularly dangerous to the natu-
ral environment. This element can be transported from 
them by rainwater, running water and industrial sewage 
over very long distances. Usually, the sources of arse-
nic are sulfur salts and metal arsenides such as arseno-
pyrite, cobaltite, nickelite; arsenic sulfides, e.g. realgar 
and arsenic oxides [2]. An example of such a dump is 
the heap created because of mining the copper depos-
it Ľubietová-Svätodušná in the Slovak Republic. In 
addition to primary minerals, secondary minerals also 
occur there, mainly arsenates, although sulphates and 
carbonates also appear. This heap is the place where 
euchroite Cu2(AsO4)(OH) · 3H2O was first found and 
described [3] vide [4].

Despite many studies, descriptions and char-
acteristics of these arsenates [4–16] and continuous 

interest in this topic, the conditions and processes that 
had to occur in the Ľubietová-Svätodušná deposit 
heap for these minerals to form and co-occur together 
have not yet been fully described [17]. In this work, 
the arsenates occurring in the heap were character-
ized in order to use them for further research on the 
conditions of formation of such secondary arsenates’ 
associations. 

2. Location

The village and commune of Ľubietová is located in 
the central part of the Slovak Republic. It is located 
15 km east of Banská Bystrica [4]. Administrative-
ly, it is located in the Banská Bystrica district in the 
Banská Bystrica region. The Ľubietová-Svätodušná 
deposit is located about 5 km from the center of the 
village [18], in the upper part of the Peklo Val-
ley, on the southwestern slope of Kolba (1  162.1 m 
MSL) (Fig. 1).

Fig. 1. Location of Ľubietová in Slovakia
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3. Geology of research area
The studied area is located on the border of Mesozo-
ic and late Paleozoic formations and crystalline com-
plexes of Fatricum and northern Veporicum, as well as 
Neogene and Quaternary volcanites (Fig. 2). Fatricum 
represents a system of nappes lying close to the surface, 
covering Tatricum. It consists of Permian and Mesozo-
ic sequences, with local relics of crystalline basement. 
Veporicum also consists of a crystalline basement and 
late Paleozoic and Mesozoic cover.

The cover formations are divided into north-
ern and southern. The northern one is mainly com-
posed of Permian clastic sediments and Mesozoic 
sediments. The southern one is composed of Upper 
Carboniferous, Permian and Triassic sediments. 
The crystalline basement has a complicated internal 
structure. There are both granitoid units with highly 
metamorphosed rocks and units of weakly metamor-
phosed Early Paleozoic rocks. Volcanites are associ-
ated with andesitic volcanism. In central Slovakia, it 
lasted from the early Badenian to the Pannonian. It 
was preceded by acidic, rhyodacitic-rhyolitic volcan-
ism. The last stage of volcanic activity in Slovakia was 
alkaline basaltic volcanism (Pannonian, Pliocene and 
Pleistocene) [19].

The geological substratum of the studied area is 
very diverse. The Hron Valley is filled with sandy grav-
els [21]. In the south, the area is built of neogenous, 
volcanic rocks of the Poľana Massif, such as pyro-
clasts (tuffs and tuffites) with a composition of pyrox-
ene andesites, lying on rhyodacitic tuffs and pyroxene 
andesites. The tuffs and andesites cover the Paleozoic 
rocks of the Ľubietová crystalline rock (Veporicum). 
The crystalline rock is composed of gneisses, schists, 
migmatites, amphibolites and Vepor granitoids. The 
crystalline rock is covered by Permian sediments such 
as variegated schists, arkosic and greywacke sandstones 
and quartz porphyries. The Permian rocks are covered 
by layers of quartzites, Lower Triassic schists, and Mid-
dle and Upper Triassic dolomites. They are considered 
to be a sedimentary series belonging to the Veporicum. 
In the western part of the area, Neogene sediments 
(sands, sandstones and gravels) appear [4].

The Ľubietová deposit is a hydrothermal-vein cop-
per deposit and it is located in the Permian formations 
of the Ľubietová ridge [5]. This deposit is epigenetic, 
Upper Cretaceous and is associated with the Alpine 
orogeny. Genetically, it is related to the tectonic-met-
amorphic and tectonic-magmatic processes of that 
period [22], see [4]. The greater part of the Ľubietová 
deposit is associated with arkosic rocks. 

Fig. 2. Location of the Ľubietová-Svätodušná deposit at the simplified geological map of Slovakia  
(after [19], according to the General geological map of the Slovak Republic 1:200,000 [20])
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Currently, the underground parts of the deposit 
are almost inaccessible and material for research was 
collected from numerous dumps. The largest spoil 
heaps are located above the Podlipa settlement and 
in the Peklo Valley (the Ľubietová-Svätodušná deposit, 
the Kolba deposit) [5].

In the Ľubietová-Svätodušná deposit, mineraliza-
tion occurs mainly in quartz or quartz-carbonate veins. 
The primary minerals are [4, 5, 11]:

	– ankerite Ca(Fe2+,Mg)[CO3]2, 
	– arsenopyrite FeAsS, 
	– chalcopyrite CuFeS2, 
	– cobaltite CoAsS, 
	– Fe-bearing magnesite (Mg,Fe)CO3, 
	– gersdorffite NiAsS, tennantite  Cu6[Cu4(Fe,Ag,Zn)2]

As4S13. 

Secondary minerals include [4, 5, 11]: 
	– annabergite Ni3(AsO4)2 · 8H2O, 
	– azurite Cu3(CO3)2(OH)2, 
	– brochantite Cu4(SO4)(OH)6, 
	– chalcophyllite Cu18Al2(AsO4)4(SO4)3(OH)24 · 36H2O, 
	– clinoclase Cu3(AsO4)(OH)3, 
	– erythrite Co3(AsO4)2 · 8H2O, 
	– euchroite Cu2(AsO4)(OH) · 3H2O, 
	– malachite Cu2(CO3)(OH)2, 
	– pharmacosiderite KFe3+

4(AsO4)3(OH)4 · 6-7H2O, 
	– olivenite Cu2(AsO4)(OH), 
	– scorodite Fe3+AsO4 · 2H2O, 
	– strashimirite Cu8(AsO4)4(OH)4 · 5H2O, 
	– tyrolite Ca2Cu9(AsO4)4(CO3)(OH)8 · 11H2O.

4. Materials and methods

4.1. Sampling  
in the Ľubietová-Svätodušná 
deposit

Samples for the study were taken from the surface 
and subsurface layers of the spoil heap created dur-
ing the exploitation of the Ľubietová-Svätodušná 
deposit. The spoil heap is located in a  forest at the 
end of the Peklo valley. It is several hundred meters 
long and several meters wide. The largest amount of 
secondary minerals is located in the lower parts of 
the heap and at its eastern and western ends. Sam-
ples were taken from places with the highest concen-
tration of secondary minerals. The selection of the 
research material was guided by the presence of mac-
roscopically visible (usually green) secondary miner-
als in the rocks.

4.2. Characteristics of natural samples

Studies were carried out in the laboratories of the 
Department of Mineralogy, Petrography and Geo-
chemistry, the Department of Economic and Mining 
Geology (Laboratory of Ore Microscopy) and the Fac-
ulty Laboratory of the Faculty of Geology, Geophysics 
and Environmental Protection of AGH University of 
Science and Technology, as well as in the Laboratory 
of Scanning Microscopy of the Geological Institute of 
the Slovak Academy of Sciences in Banská Bystrica.

Macroscopic observations of the collected second-
ary minerals were performed using an Olympus SZX-9  
stereoscopic microscope with an Olympus DP-12 dig-
ital camera controlled by the Analysis program. They 
were then separated and ground in an agate mortar and 
identified using X-ray diffractometry (XRD). A Philips 
PW 3020 X’Pert-APD diffractometer equipped with 
a graphite reflection monochromator was used for the 
study. Qualitative identification was performed using 
the XRAYAN computer program. The crystal mor-
phology of natural secondary minerals from the Ľubi-
etová-Svätodušná deposit was analyzed by scanning 
electron microscopy (SEM). For this purpose, a  JEOL 
JSM 6390 LV microscope was used together with an 
energy dispersive spectrometer (EDS). 

5. Results

Eleven secondary mineral phases differing in color 
and formation were collected from the heap, includ-
ing five identified as arsenates (samples LS1, LS2, LS3, 
LS4, LS5). 

In sample LS1, the studied mineral has an emerald 
color and forms crystals with a tabular shape. The plates 
are 0.5 mm to 4 mm in size but are 2 mm on average. 
Some plates are hexagonal in shape. The mineral under 
study has a strong pearl luster, a pale green streak, and 
excellent, unidirectional cleavage (Fig.  3a). It is brittle 
and soft. The crystals occur on quartz arkose. Based on 
the results of XRD analysis, the emerald plates from sam-
ple LS1 were identified as chalcophyllite. The analysis did 
not reveal any other phases within the detection limits 
of the method (Fig. 3b). Observations made with a scan-
ning electron microscope (SEM) show that chalcophyl-
lite has a lamellar segregation (Fig. 3c). Chemical analysis 
of the crystals performed with an energy dispersive spec-
trometer (EDS, data not shown) confirmed the presence 
of Cu, Al, S, As, and O in their composition.

In the LS2 sample, the studied mineral has a blue-
green color. It forms veins and larger aggregates. The crys-
tal sizes range from about 0.5 mm to about 4 mm. Some 
reach 6 mm. The veins have an average thickness of about 
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1.5 mm, but there are also 3 mm thick. The mineral has 
a glassy luster and a pale green streak (Fig. 4a). It occurs 
in strongly cracked quartz-limonite breccias. Based on 
the results of the XRD analysis, the green crystals from 
the LS2 sample were identified as euchroite. The analy-
sis did not reveal any other phases within the detection 
limits of the method (Fig. 4b). Observations made using 
SEM show that in the tested sample, the euchroite crys-
tals are irregular and cracked, have a conchoidal fracture, 
and the surfaces of the crystal walls are uneven (Fig. 4c). 
EDS chemical analysis (data not presented) confirmed 
the presence of Cu, As and O in their composition.

Fig. 3. Sample LS1: a) macrophotography of chalcophyllite; 
b) the XRD patterns of chalcophyllite (Chp);  

c) the SEM images of chalcophyllite

Fig. 4. Sample LS2: a) macrophotography of euchroite;  
b) the XRD patterns of euchroite (Euc);  

c) the SEM images of euchroite

In the LS3 sample, the studied mineral has an olive 
color. It forms very fine-crystalline clusters in druses and 
voids and on the surface. It has a diamond luster (Fig. 5a). 
Based on the XRD analysis results, very fine dark green 
crystals from the LS3 sample were identified as oliven-
ite. In addition to olivenite peaks, peaks originating from 
minerals from the garnet group, potassium feldspars 
and plagioclase are also visible (Fig. 5b). Observations 

a)

b)

c)

a)

b)

c)
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made using SEM show that in the tested sample, oliven-
ite forms mostly thick-tabular or pyramidal crystals. The 
wall surfaces are uneven, rough (Fig 5c). EDS chemical 
analysis (data not presented) confirmed the presence of 
Cu, As and O in their composition.

Fig. 5. Sample LS3: a) macrophotography of olivenite;  
b) the XRD patterns (Oli – olivenite, Grt – garnet, Or – potassium 

feldspar, Pl – plagioclase); c) the SEM images of olivenite

In the LS4 sample, the studied mineral has a  light 
green color. It forms very small crystals. Their size rang-
es from 0.1 to 1.5 mm. Crystals of 0.5 mm and smaller 
predominate. The mineral has a glassy luster (Fig. 6a). It 
appears in the zones between quartz veins and limonite. 

Based on the results of the XRD analysis, the light green 
crystals from the LS4 sample were identified (similarly 
to the LS3 sample) as olivenite. The diffraction pattern 
shows mostly peaks originating from olivenite. One can 
also observe peaks indicating the presence of mica (mus-
covite), quartz and a small amount of euchroite (Fig 6b). 
Observations made using SEM show that in the tested 
sample olivenite forms plates or elongated crystals. They 
have an uneven surface and form intergrowths (Fig 6c). 
EDS chemical analysis (data not presented) confirmed 
the presence of elements such as Cu, As and O.

Fig. 6. Sample LS4: a) macrophotography of olivenite;  
b) the XRD patterns (Oli – olivenite, Ms – muscovite,  

Qz – quartz, Euc – euchroite); c) the SEM images of olivenite

a)

b)

c)

a)

b)

c)
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Fig. 7. Sample LS5: a) macrophotography of pharmacosiderite; 
b) the XRD patterns (Pmsd – pharmacosiderite, Ms – muscovite); 

c) the SEM images of pharmacosiderite

In the LS5 sample, the studied mineral has a  light 
green color. It is found on limonite (more often) 
and quartz. It is a very loose mineral. It has a matte, dusty, 
and sometimes oily luster (Fig. 7a). Based on the results 
of the XRD analysis, the light green mineral from the LS5 
sample was identified as pharmacosiderite. In addition to 
the pharmacosiderite peaks, the diffractogram also shows 
peaks indicating the presence of micas (Fig. 7b). Obser-
vations made using SEM show that in the sample under 
study, pharmacosiderite forms thin rhombohedral plates 
or oval grains (Fig. 7c). EDS chemical analysis (data not 
presented) confirmed the presence of elements such as 
As, Fe, and O, which corresponds to the chemical com-
position of minerals from the pharmacosiderite group.

Macroscopic observations and observations using 
a  scanning electron microscope (SEM) of the tested 
arsenate samples confirm the forms of their occurrence 
presented in the literature [4]. Observations using SEM 
and chemical analysis (EDS) showed that some of the 
tested crystals are heterogeneous, contain various sub-
stitutions and show significant variability in the content 
of individual elements within single grains.

6. Conclusions

In summary, numerous secondary minerals were found 
in the Ľubietová-Svätodušná deposit heap, but only 
four of them belonged to the arsenate group. These were 
chalcophyllite, euchroite, pharmacosiderite and oliv-
enite. These minerals were described and characterized 
in detail using XRD and SEM/EDS. It was noted that 
euchroite and olivenite predominate in the arsenate heap. 
Euchroite is emerald green in color and occurs mainly in 
the form of veins filling the cracks, while olivenite forms 
various crystals with colors from light to dark green. It 
appears both in the form of plates and small needles. 
Sometimes the needles form radial clusters. The results of 
SEM-EDS analyses showed that natural arsenates do not 
form pure phases, they contain numerous substitutions.
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Abstract: This study explores the feasibility of implementing an extended Eyring rheological model 
to describe the dependence between shear stress and shear rate in cement slurries used in drilling 
technologies. Advances in cement slurry technology have rendered traditional mathematical models, 
particularly the widely used linear Bingham model recommended by the API RP 13D (American Pe-
troleum Institute Recommended Practice 13D) standard, insufficient for accurately predicting flow 
resistance during pumping operations. A misalignment between the model and the actual behavior 
of cement slurries can result in significant errors, potentially increasing operational costs.  By identi-
fying and applying the relevant rheological model, it is possible to optimize the system’s performan-
ce, minimizing total pressure losses and thereby reducing overall drilling costs. This paper investiga-
tes the applicability of more sophisticated three-parameter rheological models, commonly utilized 
in other engineering disciplines, to address these challenges. Specifically, the extended Eyring model 
was adapted to the proprietary RheoSolution methodology developed by the Department of Drilling, 
Oil and Gas. To validate this approach, a series of laboratory tests were conducted on cement slurries 
widely used in the oil industry. The results were analyzed and compared against mathematical mo-
dels recommended by the API standard. The findings confirm that the extended Eyring model offers 
superior accuracy in determining the rheological parameters of cement slurries for drilling applica-
tions, underscoring its potential as a robust tool for improving the efficiency of drilling operations.
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1.	 Introduction
The first attempts to use cement in drilling were made in 
1903 when Frank Hill applied it to seal off water in a drill-
ing well. By 1910, well cementing began to develop on 
a larger scale, initiating systematic advancements in drill-
ing cement technology. Today, cement is primarily used 
in drilling to seal the space between the wellbore and cas-
ing, reduce mud leakage, and create stabilizing plugs. The 
requirements for cement slurries used in deep well drilling 
and for sealing and strengthening operations in challenging 
geological conditions are continuously increasing.  In drill-
ing and geoengineering, there is a growing need to devel-
op new cement formulations that meet these demands. 
However, less emphasis has been placed on procedures 
for verifying their flow and rheological parameters. The 
widely used standard – API RP 13D (American Petrole-
um Institute Recommended Practice 13D) – recommends 
employing the linear Bingham model and the exponential 
Ostwald–de Waele model [1–3]. However, experience in 
analyzing the flow parameters of cement slurries for vari-
ous drilling applications suggests that these models are far 
from optimal and, in many cases, they produce results with 
significant errors [4].  In order to minimize these errors, 
a methodology for selecting the optimal rheological mod-
el for technological drilling fluids – RheoSolution by Prof. 
Rafal Wiśniowski and the author of this article [5–9] – was 
developed at the Faculty of Drilling Oil and Gas. The idea 
was to create an algorithm to evaluate the correlation of 
the mathematical model with the actual values of shear 
stress as a function of shear rate [11–12].  Higher correla-
tion results in higher accuracy in calculating the amount 
of pressure loss when pumping cement slurry during the 
cementing procedure. The consequence of this is the selec-
tion of appropriate cementitious aggregates, which has 
an economic dimension. The procedure for determining 
rheological parameters (API RP 13D) can be improved by 
replacing simple mathematical models with more advanced 
ones (often with higher correlation) and by replacing more 
advanced viscosity meters with the Fann and Chan mod-
els widely used in the petroleum industry [1]. This article 
will present the application of the extended Eyring rheo-
logical model (so far not used in drilling practice) for the 
purpose of describing the dependence of shear stresses 
as a  function of shear rate occurring during the pump-
ing of sample cement slurries of various applications [8].

2.	 Rheological models 
used in the oil industry

The most popular used rheological models in the oil 
industry are [5, 9, 13–15]. 

	– Bingham model: 
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dv
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	 (1)

A linear model of a plastic body, which at rest has 
a three-dimensional structure with a certain elasticity. 
Once this elasticity is exceeded – the flow limit or yield 
point – the body flows. The flow limit is a measure of 
the intermolecular forces present in a fluid. Once it is 
exceeded, a Bingham body takes on the characteristics 
of a  Newtonian fluid, in which stresses propagate in 
direct proportion to the forces causing them – linearly. 
The body is described by two parameters. This model is 
the first modification of Newton’s model and was widely 
used as the basic rheological model because of its sim-
plicity. It is now being replaced in most calculations by 
more complex models that better describe the depend-
ence between shear stress and shear rate in a fluid.

	– Ostwald–de Waele model:
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Exponential pseudoplastic body model. This 
model was introduced when it was noticed that in the 
graph of shear stress from shear rate with both axes 
logarithmic, the plotted curve is close to a straight line. 
The equation is two-parameter and well describes the 
behavior of most fluids especially shear-thinning fluids, 
but it lacks consideration of the flow boundary in the 
form of a free expression.

	– Herschel–Bulkley model:
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Three-parameter model, an extension of the power 
model by supplementing it with the value of the flow 
limit. Currently, the model that is most widely used due 
to its high accuracy, versatility and the ability to adapt 
the model to the parameters. It describes pseudoplas-
tic shearthinning fluids very well and describes dilatant 
shearthickening fluids well [3, 4].

Less commonly used models and not included in 
the API methodology are:

	– Casson’s model modified to a  nonlinear form of 
Bingham’s model. This is a pseudoplastic fluid mod-
el which is quite accurate in the low shear rate range 
while less accurate in the shear rate range >60 s–1. 
It is rarely used in drilling practice [5, 13, 14].

	– Newton’s model – an equation describing a New-
tonian fluid. For approximating the properties of 
non-Newtonian fluids, it is used occasionally, but 
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only when it is a sufficiently accurate approxima-
tion or in situations where accuracy is not required 
but simplicity of calculation is [4].

Fig. 1. Summary of rheological models for a sample test fluid 
recommended by API RP 13D standard:  

Bingham, Ostwald–de Waele, Herschel–Bulkley

The aforementioned models are successfully used 
in drilling practice, but it has been noted that linear 
models perform poorly in the low shear rate range and 
the process fluids used in drilling are now being modi-
fied with chemical additives essentially changing their 
initial flow parameters. Often during research there 
is a situation where some models better describe the 
dependence of shear stress as a function of shear rate 
for low shear rates and others perform better for high 
shear rates. Therefore, the author analyzed several rhe-
ological models used in other industries with the idea 
of adapting a  multi-parameter rheological model for 
the drilling industry. The primary criterion was com-
parable or better correlation than the Herschel–Bulk-
ley model for test data, which would provide a good 
reference for the applicability of the models in ques-
tion. The Herschel–Bulkley power model gives the 
best fit in most situations and most accurately reflects 
the rheological parameters of the technological drill-
ing fluids tested at the Faculty of Drilling, Oil and Gas. 
As a result of this analysis, the Eyring model extended 
with a linear element was selected for further study (4). 
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�A dv
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B

dv
dr
C

sinh 1

	

(4)

The Eyring model gave very satisfactory results for 
simple fluids and suspensions, and when extended with 
a linear element also for cement slurries. 

The Eyring model was chosen after analyzing rhe-
ological models used in other areas of engineering that 
are applied to fluids similar to cement slurries. The fol-
lowing rheological models were analyzed: 

	– Robertson – Stiff, 
	– Sisko, 
	– Vom Berg, 
	– Eyring, 
	– Ellis, 
	– Cross, 
	– Mizrahi – Berka, 
	– Vocaldo, 
	– Shangrawa – Grim – Mattocks. 

3.	 Methodology for selecting 
the optimal rheological 
model – RheoSolution 5.0

The result of laboratory tests conducted with FANN-
type rotational viscometers is a set of measuring points, 
where the values of shear stresses in the technologi-
cal fluid arising under different shear rates are given. 
Regression is used to fit the rheological parameters of 
the model to the values of the measurement points. 
For the Bingham model, which is a linear model, and for 
the exponential Ostwald–de Waele model, which can be 
linearized, linear regression analysis is used [6]. Anoth-
er recommended rheological model of Herschel–Bulk-
ley cannot be linearized, because when determining the 
equations of the parameters, an entangled equation of 
one variable will be obtained. Also, the linearization of 
equations is not possible for the postulated Eyring mod-
el, the notation of these models is as follows.

	– Herschel–Bulkley [5, 8]: 
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n

k dv
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(5)

Simplified formulation for the Herschel–Bulkley model:

	 y = a + bxc	 (6)

Least squares method for the Herschel–Bulkley model:
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The partial derivatives of the parameters a, b and c 
form the following system of equations:
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	– Eyring:
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Simplified formulation for the Eyring model:
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Least squares method for the Eyring model:

	

U y ax b x
c

y ax y

i i
i

i

m

i i i

� � � �
�
�

�
�
�

�

�
�

�

�
�

�

�
��

�

�
��

� � �

�

�
� sinh 1

1

2

2 2 2yy b x
c

a x

ax b x
c

b

i
i

i
i

m

i
i

sinh

sinh s

�

�

�

�
�
�

�
�
� �

�

�
�

� �
�
�

�
�
� �

� 1 2 2

1

1 22 iinh� �
�
�

�
�
�

�

�
�

�

�
�
�

�
�
�

1
2

x
c
i

	 (11)

The system of equations is formed by the partial 
derivatives of the parameters a, b and c:
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The systems of derived equations are unsolvable 
analytically, as attempts result in a  tangled equation 
involving a  single variable. To address this, nonline-
ar regression techniques are essential for estimating 
equation parameters. One commonly used method is 
the gradient-based approach [7, 10, 15]. This technique 
identifies local minima within a  function and selects 
the smallest one as the global minimum. The procedure 
involves starting from an initial point in the function’s 
domain, where the fit of the model is evaluated as the 
sum of squared differences. A vector is then calculated, 
moving in the reverse direction of the function’s gradi-
ent. The step size is determined by a unit value adjusted 
by a scaling factor, which can be tuned to improve the 
method’s performance.

	
U a b c f a b c y

i

n

i( , , ) ( ( , , ) min)� � �
�
�

1

2 	 (13)

	

,ˆ ( , )
( , , )

k
U a b cv
U a b c


 






	

(14)

The parameters of the model are adjusted based 
on the vector values, with the algorithm treating the 
modified point as a fresh starting location. This process 
repeats iteratively until a  local minimum is achieved 
with the specified precision. Once this is done, the ini-
tial point is relocated, and the search for another local 
minimum begins. After executing the algorithm a  set 
number of times, the smallest local minimum among 
those discovered is identified and accepted as the global 
minimum. A depiction of this process can be found in 
Figure 2 [11, 12, 15].

To simplify the notation, individual parameters 
are assigned to variables a, b, c, and constants yi and 
xi are data from successive measurement points [10]. 
With each step, only the variables are modified (Fig. 3).  
Assignment of the model equations to the scheme:

Fig. 3. Graphical representation of the gradient method

(12)
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Fig. 2. Algorithm diagram for the simple gradient method

To streamline the notation, individual parameters 
are represented as variables a, b, and c, while the con-
stants yi and xi​ correspond to data from consecutive 
measurement points (10). At each iteration, only the 
variables are updated.

The model equations are then incorporated into 
the framework as follows:
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	 a = A	
	 b = B	
	 c = C	
	  yi = τi	

	

x dv
dri

i
� �

	
(16)

U a b c f a b c y

ax b
x
c

y

i

n

i

i

n

i
i

i

( , , ) ( ( , , )

sinh

)� �

� �
�

�
�

�

�
� �

�

�

�

�

�

�
1

2

1

1

��
��

�

�
�� �

2

min
	

(17)

This method is universal and, once the formulas for 
the partial derivatives (6) are derived, it can be applied 
to any model with any number of parameters [12, 15], 
which greatly facilitates the process of implementing sub-
sequent models into tools such as the RheoSolution 5.0 
program developed at the Department of Drilling and 
Geoengineering of the Faculty of Drilling, Oil and Gas 
based on the proprietary RheoSolution methodology.

4. Laboratory testing

To verify the applicability of the extended Eyring model in 
determining the rheological parameters of cement slur-
ries, laboratory tests were conducted on sample cement 
slurries. Samples 1 and 2 are relatively simple cement 
slurries modified with additives used in geothermal drill-
ing. Samples 3, 4, 5 are cement slurries with w/c ratios = 
0.5 that differ in the type of cement used in their prepa-
ration [4]. The tests were performed using a  12-range 
viscosity meter of the FANN type recommended by the 
API standard [3]. Then, using the RheoSolution meth-
odology presented earlier, the rheological parameters, 
statistical parameters and correlation of the Bingham, 
Ostwald–de Waele and the Herschel–Bulkley models 

with the laboratory fluid tested were determined  [2]. 
The results of these calculations served as a reference to 
the results obtained with the extended Eyring model and 
are shown in Tables 1–10 and Figures 4–8.

Sample No. 1: cement slurry w/c = 0.6 (CEM 
I 42.5R) with the addition of 20% diatomite (BWOC). 

Table 1. Results of rheological measurements for sample No. 1

Rotor speed  
[rot/min]

Angle 
 [°]

Shear rate 
[s-1]

Shear stress 
[Pa]

600
300
200
100
60
30
20
10
6
3
2
1

107
69
56
37
28
24
21
18
13
8
7
4

1 022.040
511.020
340.680
170.340
102.204
51.102
34.068
17.034
10.220
5.110
3.406
1703

54.643
35.237
28.598
20.427
16.852
13.278
11.746
9.192
6.639
4.085
3.575
2.043

Table 2. Summary of correlation coefficients of  
the analyzed rheological models for sample No. 1

Rheological 
model

Pearson 
correlation 

coefficient, R

Fischer-
Sneadecor 

coefficient, F

Sum of 
squares, U

Bingham
Ostwald– 
de Waele

Herschel–
Bulkley
Eyring

0.978

0.992

0.995
0.998

1 021.92

510.96

340.64
2 848.47

54.64

35.23

28.59
9.42

The determined rheological parameters of the 
Eyring model for sample No. 1: parameter A – 0.03834 
[Pa∙s], parameter B – 2.10052 [Pa∙s], parameter C – 
0.87642 [–].

Fig. 4. Comparison of the Eyring model with the Bingham model (API) for sample No. 1
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Sample No. 2: cement slurry w/m = 1.1 (CEM 
I 42.5R) with the addition of 20% graphite (BWOC). 

Table 3. Results of rheological measurements for sample No. 2

Rotor speed  
[rot/min]

Angle 
 [°]

Shear rate 
[s-1]

Shear stress 
[Pa]

600
300
200
100
60
30
20
10
6
3
2
1

39
26
17
9
6
4
3
3
2
2
1
1

1 022.040
511.020
340.680
170.340
102.204
51.102
34.068
17.034
10.220
5.110
3.406
1.703

21.448
13.278
8.682
4.596
3.066
2.044
1.533
1.533
1.022
1.022
0.511
0.511

Table 4. Summary of correlation coefficients of  
the analyzed rheological models for sample No. 2

Rheological 
model

Pearson 
correlation 
coefficient,  

R

Fischer-
Sneadecor 
coefficient,  

F

Sum of  
squares, U

Bingham
Ostwald– 
de Waele

Herschel–
Bulkley
Eyring

0.995

0.948

0.997
0.997

1 040.49

87.95

2 273.39
1 485.24

4.39

47.09

2.02
3.08

Determined rheological parameters of the 
Eyring model for sample No. 2: parameter A – 0.01901 
[Pa ∙ s], parameter B – 0.3336 [Pa ∙ s], parameter C –  
1.1391 [–].

Fig. 5. Comparison of the Eyring model  
with the Bingham model (API) for sample No. 2

Sample No. 3: cement slurry w/c = 0.5 (CEM 
III/A 32.5R) without additives.

Table 5. Results of rheological measurements for sample No. 3

Rotor speed  
[rot/min]

Angle 
 [°]

Shear rate 
[s-1]

Shear stress 
[Pa]

600
300
200
100
60
30
20
10
6
3
2
1

Out of range
Out of range

112
85
72
57
49
34
24
15
11
8

–
–

340.680
170.340
102.204
51.102
34.068
17.034
10.220
5.110
3.406
1.703

–
–

57.196
43.408
36.769
29.109
25.023
17.363
12.256
7.660
5.617
4.085

Table 6. Summary of correlation coefficients of  
the analyzed rheological models for sample No. 3

Rheological 
model

Pearson 
correlation 
coefficient,  

R

Fischer-
Sneadecor 
coefficient,  

F

Sum of 
squares, U

Bingham
Ostwald–  
de Waele

Herschel– 
Bulkley
Eyring

0.917

0.961

0.984
0.973

42.34

126.54

266.41
139.57

453.29

169.59

83.14
154.61

The determined rheological parameters of the 
Eyring model for sample No. 3: parameter A – 0.1081 
[Pa ∙ s], parameter B – 3.1171 [Pa ∙ s], parameter C – 
0.2797 [–].

Fig. 6. Comparison of the Eyring model  
with the Bingham model (API) for sample No. 3
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Sample No. 4: cement slurry w/c = 0.5 (CEM 
I 42.5R) without additives. 

Table 7. Results of rheological measurements for sample No. 4

Rotor speed  
[rot/min]

Angle 
 [°]

Shear rate 
[s-1]

Shear stress 
[Pa]

600
300
200
100
60
30
20
10
6
3
2
1

144
103
77
57
46
35
30
23
15
11
9
7

1 022.040
511.020
340.680
170.340
102.204
51.102
34.068
17.034
10.220
5.110
3.406
1.703

73.538
52.600
39.322
29.109
23.491
17.874
15.320
11.746
7.660
5.617
4.596
3.575

Table 8. Summary of correlation coefficients of  
the analyzed rheological models for sample No. 4

Rheological 
model

Pearson 
correlation 
coefficient,  

R

Fischer-
Sneadecor 
coefficient,  

F

Sum of  
squares, U

Bingham
Ostwald–  
de Waele

Herschel–
Bulkley
Eyring

0.964

0.997

0.998
0.994

42.34

2 299.09

2 843.365
644.233

360.64

22.49

18.21
79.38

Determined rheological parameters of the Eyring 
model for sample No. 4: parameter A – 0.0544 [Pa ∙ s], 
parameter B – 2.5926 [Pa ∙ s], parameter C – 0.4705 [–].

Fig. 7. Comparison of the Eyring model  
with the Bingham model (API) for sample No. 4

Sample No. 5: cement slurry w/c = 0.5 (CEM G 
HSR). 

Table 9. Results of rheological measurements for sample No. 5

Rotor speed  
[rot/min]

Angle 
 [°]

Shear rate 
[s-1]

Shear stress 
[Pa]

600
300
200
100
60
30
20
10
6
3
2
1

118
78
61
45
37
29
26
20
15
10
8
6

1 022.040
511.020
340.680
170.340
102.204
51.102
34.068
17.034
10.220
5.110
3.406
1.703

60.260
39.833
31.151
22.981
18.895
14.810
13.278
10.214
7.660
5.107
4.085
3/064

Table 10. Summary of correlation coefficients of  
the analyzed rheological models for sample No. 5

Rheological 
model

Pearson 
correlation 
coefficient,  

R

Fischer-
Sneadecor 
coefficient,  

F

Sum of  
squares, U

Bingham
Ostwald– 
de Waele

Herschel–
Bulkley
Eyring

0,971
0.993
0.996
0.999

168.567
795.722

1 355.444
7 014.752

180.58
40.02
23.61
4.59

Determined rheological parameters of the Eyring 
model for sample No. 5: parameter A – 0.0388 [Pa ∙ s], 
parameter B – 2.842 [Pa ∙ s], parameter C – 1.2355 [–].

Fig. 8. Comparison of the Eyring model  
with the Bingham model (API) for sample No. 5
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5. Conclusions

Analysis of the laboratory results obtained showed almost 
full correlation of the Eyring rheological model with all 
samples. The average correlation is 0.992 proving that 
the Eyring model is very suitable for describing cement 
slurries with basic formulations. Significant differences 
can be observed between the linear Bingham model and 
the Eyring model, particularly in the low shear rate range, 
where the Eyring model demonstrates better accuracy. In 
samples with a high yield stress, the Eyring model shows 
a much stronger correlation compared to the Ostwald–
de  Waele pseudoplastic fluid model. When compared 
to the Herschel–Bulkley model, the results are general-
ly comparable, with the Eyring model showing a  slight 
advantage. When studying the rheology of cement slur-
ries used in the drilling industry, it is recommended to 
take into account the extended Eyring model, laborato-

ry tests have shown its usefulness in this regard and the 
RheoSolution methodology is a tool that effectively helps 
select the appropriate rheological model for the cement 
slurry used in industrial practice. At the AGH Faculty of 
Drilling, Oil and Gas, further development work is being 
carried out on the usefulness of this model for other, 
more chemically complex technological drilling fluids. 
The Eyring model is implemented in the RheoSolution 
version 5 software, based on the proprietary RheoSolu-
tion methodology, which is commonly used by academ-
ics and students of the Faculty of Drilling, Oil and Gas 
when studying technological fluids used in drilling.
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Nomenclature
Symbol  Explanations Unit

a, b, c regression coefficient [–]
A, B, C rheological parameter in the extended Eyring model [–]
U sum of residuals squared [–]
F Fisher-Snedecor index [–]
dv/dr gradient of shear rate [s−1]
ηpl plastic viscosity [Pa∙s]
γ˙i shear rate measured at ith rotate speed [s−1]
k consistency [Pa∙sn]
m measurements number [–]
n exponential index [–]
R correlation coefficient [–]
τ shear stress [Pa]
τi- shear stress measured at i-th rotational speed [Pa]
τy YP [Pa]
τ¯ average value of shear stress [Pa]
w/c water/cement ratio [–]
w/m water/mixture ratio [–]
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Abstract: Regardless of geological conditions, the drilling of deep wells always disturbs the original 
state of tension in the drilled rock mass. In the course of drilling, the stability of the borehole wall is 
maintained by the drilling mud, and afterwards by the installed casing or filtration column, which 
usually are steel or plastic pipes with appropriately designed diameter and wall thickness. 

Casing columns in the wellbore should be sized so as to withstand the pressure of the rock mass 
without becoming deformed. Their strength parameters can be determined from the components of 
the primary state of stress in the rock mass and the magnitude of pressure occurring at the interface 
between the casing wall or filtration column wall, and the rock environment.

In this paper, an analytical method based on the Coulomb–Mohr model was used to calculate 
rock mass pressures around the filtration column of relief wells situated in the slope of the “Żelazny 
Most” Mining Waste Disposal Facility (MWDF).   

Based on archival materials, a  rock mass model was developed and was used for calculating 
undisturbed rock mass pressures at the filtration column wall and pressures coming from the gravel 
pack. The results obtained will be used for designing the filter pipe columns.
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1. Introduction

Regardless of geological conditions, the drilling of 
deep wells always disturbs the original state of ten-
sion in the drilled rock mass. In the course of drilling, 
the stability of the borehole wall is maintained by the 
drilling mud, and afterwards by the installed casing 
or filtration column, which usually are steel or plastic 
pipes with appropriately designed diameter and wall 
thickness.

Casing columns in the wellbore should be sized so 
as to withstand the pressure of the rock mass without 
becoming deformed.

Their strength parameters can be determined 
from the components of the primary state of stress in 
the rock mass and the magnitude of pressure occurring 
at the interface between the casing wall or filtration 
column wall, and the rock environment. Apart from 
purely technological aspects, the proper operation of 
the well is determined by the strength of the casing, 
i.e. the applied casing column and filtration column. 

If the compressive strength condition is to be 
met for the casing or filtration columns, a  pressure 
distribution function around the drilled wellbore 
should be provided. Therefore, the geological and 
geotechnical conditions should be analyzed in detail 
and relevant factors affecting the behavior of the rock 
mass selected [1].

In rockmass mechanics, the analyzed phenome-
non is described with mathematical equations. These 
are usually partial differential or ordinary differential 

equations defined in an area in which the analyzed phe-
nomenon occurs. These equations supply the basis for 
developing a mathematical model of the studied phe-
nomenon.

In the process of designing deep well structures 
implemented in formations having ground parameters, 
the Coulomb–Mohr model is most frequently used to 
calculate the rock mass pressures [2]. 

In this paper, an analytical method based on the 
Coulomb–Mohr model was used to calculate rock mass 
pressures around the filtration column of dewatering 
wells sited in the slope of the “Żelazny Most” Mining 
Waste Disposal Facility (MWDF).

2.	 Location and characteristic 
of the “Żelazny Most” 
MWDF

The “Żelazny Most” Mining Waste Disposal Facility 
is located in the Lower Silesia province, within the 
Lubin and Polkowice districts (Fig. 1). It was designed 
as a  storing site for tailings from the processing and 
enrichment of copper ore provided by the Lubin, Pol-
kowice-Sieroszowice, and Rudna mines. This facility 
is completely surrounded by earth embankments with 
a total length of 14.35 km. The area of the eastern dam, 
where the wells are planned, is located in the Rudna 
municipality [3].

Fig. 1. Location of the “Żelazny Most” MWDF [3]
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The embankments of the “Żelazny Most” MWDF 
are formed using the inward structure method in bien-
nial cycles, at approximately 2.5-meter intervals within 
each of the 26 silted up sections. Silting up is carried 
out using a  system of pipelines placed along the dam 
crown. Material from the deposited beach waste is used 
for shaping the structure, whereas landside slopes are 
protected with material from local deposits. Inside the 
reservoir there is a basin, filled with supernatant waters. 
The depth of the basin at its deepest point is about 3.0 
meters. The supernatant water is captured by overflow 
towers and directed to a pumping station, from where 
it is pumped back to the Ore Enrichment Plant. After 
treatment, excess water is periodically discharged into 
the Oder River [3].

3. Characteristic of geological-
engineering conditions

The general characteristics of the geological and engi-
neering conditions in the area of the “Żelazny Most” 
MWDF are based on studies carried out in 2014–2023 
[4, 5].

In the upper part of the subsoil of the analyzed 
area, Quaternary sediments with a thickness of several 
to several dozen meters occur. A zone of soils exhibiting 
the influence of periglacial processes taking place at the 
end of the Pleistocene are observed to a depth of several 
meters below the original ground surface. In places, in 
the near-surface part, young fluvial and stagnant Holo-
cene formations with a large admixture of organic mat-
ter have also developed.

Pleistocene formations are mainly represent-
ed by sandy-gravel water glacial deposits, to a  lesser 
extent morainic clays and silty clays or dust of stag-
nant origin. The deeper parts are mostly made up of 

Pliocene clays overlapped from the north and north-
west, deformed glacitectonically several times during 
Pleistocene glaciations. They were subsequently sev-
ered  and displaced as scales within the Quaternary 
sand and  gravel deposits. These deformations also 
included overlays and interbeddings of silty and com-
pact clays and lenses of sands and dusts within the clays. 
In some areas there are two overlaps and then they are 
separated by fluvioglacial deposits. The top surface of 
the overlap often forms outcrops under the sediments 
of the beach or the dam structure. The sediments of 
the Neogene are developed as dense gray-blue, blue-
green and flame-green clays or spotted clays of the 
Poznan Pliocene series. Multiple, superimposed glaci-
tectonic deformations have also led to a strong degla-
ciation of the clays, as well as the severing of small-
er entrails and their secondary displacement [4, 5]. 
The geotechnical properties of subsoil of the “Żelazny 
Most” MWDF reservoir were recognized as part of 
a  comprehensive and interdisciplinary research pro-
gram, including both field and laboratory studies. 
Despite the very extensive research program, the geo-
logical model of the subsoil as well as the derived values 
of geotechnical parameters are still burdened with con-
siderable uncertainty. The ground layers underlying the 
site as a result of the occurrence of many glacitectonic 
and periglacial processes, have been strongly deformed, 
displaced and shuffled, leading to a complex and hardly 
predictable arrangement of layers. 

According to [4] the basic types of subsoil forma-
tions deciding on the stability of the site are solifluction 
silts and clays and Neogene silts occurring in the sub-
soil over the entire spectrum of variation in the values 
of index parameters. The soils with the highest plas-
ticity, and therefore the weakest, can occur practically 
throughout the landfill area. Table 1 shows an exempla-
ry profile of boreholes drilled to a depth of 350 m, along 
with the geomechanical parameters of the drilled rocks. 

Table 1. Exemplary depth profile of ground layers with their geomechanical parameters for wellbore No. 1 [4]

Wellbore No. 1 ρ ρsat ϕ c’ y E ν

Depth interval
[m] Lithology

Name of geotechnic 
layers according to  

[30]
[kN/m3] [kN/m3] [°] [kPa] [°] [MPa] [–]

0.0–7.5 NN 1 19 20.5 34 1 9 80 0.2
7.5–17.0 NN 3 18 19.5 34 1 9 80 0.2

17.0–21.0 NN 4 17 18.5 34 1 9 80 0.2
21.0–68.4 NN 4’ 17 18.5 34 1 9 80 0.2
68.4–71.2 Sandy clay 7n 16.06 20 18 1 1.8 96 0.25
71.2–73.6 Compact clay 14n 20.20 – 20 5 – – –
73.6–82.4 Silt 9n 17.3 20.5 14.5 5 1.5 36 0.25
82.4–86.9 Fine sand 18n 15.86 19.8 30 1 5 240 0.2
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Wellbore No 1 ρ ρsat ϕ c’ y E ν

Depth interval
[m] Lithology

Name of geotechnic 
layers according to  

[30]
[kN/m3] [kN/m3] [°] [kPa] [°] [MPa] [–]

86.9–98.9 Silt 9n 17.3 20.5 14.5 5 1.5 36 0.25
98.9–103.6 Fine sand 18n 15.86 19.8 30 1 5 240 0.2

103.6–111.8 Silt 9n 17.3 20.5 14.5 5 1.5 36 0.25
111.8–112.3 Silt 10n 16.8 20 10 1 1 36 0.25
112.3–113.2 Lignite 10n 16.8 20 10 1 1 36 0.25
113.2–121.8 Silt 10n 16.8 20 10 1 1 36 0.25
121.8–128.8 Silt 9n 17.3 20.5 14.5 5 1.5 36 0.25
128.8–133.9 Silty clay 9n 17.3 20.5 14.5 5 1.5 36 0.25
133.9–194.5 Silt 9n 17.3 20.5 14.5 5 1.5 36 0.25
194.5–198.1 Coaly silt 9n 17.3 20.5 14.5 5 1.5 36 0.25
198.1–208.3 Fine sand 18n 15.86 19.8 30 1 5 240 0.2
208.3–229.3 I; silt 9n 17.3 20.5 14.5 5 1.5 36 0.25
229.3–240.5 Compact clay 9n 17.3 20.5 14.5 5 1.5 36 0.25
240.5–264.0 Silt 9n 17.3 20.5 14.5 5 1.5 36 0.25
264.0–273.8 Compact silty clay 9n 17.3 20.5 14.5 5 1.5 36 0.25
273.8–286.6 Dusty sand 18n 15.86 19.8 30 1 5 240 0.2
286.6–292.1 Dust 15n 17.97 21.3 24 3 2.4 96 0.25
292.1–313.1 Silt 9n 17.3 20.5 14.5 5 1.5 36 0.25
313.1–319.9 Fine sand 18n 15.86 19.8 30 1 5 240 0.2
319.9–329.1 Sandy clay 9n 17.3 20.5 14.5 5 1.5 36 0.25
329.1–333.0 Sandy dust 15n 17.97 21.3 24 3 2.4 96 0.25
333.0–350.0 Silt 9n 17.3 20.5 14.5 5 1.5 36 0.25

Explanations:
ρ – density
ρsat  – density saturated

ϕ – friction angle of soil 
c’ – cohesion
y – dilatancy angle

E – Young’s module
ν – Poisson’s ratio

4. Hydrogeological conditions

The “Żelazny Most” MWDF is located in the area of 
Uniform Groundwater Body (JCWPd) No. 78 in which 
one or two aquifers exist in the Quaternary beds. There 
are 1 to 4 Miocene levels in Neogene sandy formations. 
The fractured-zone waters in the Triassic formations are 
highly mineralized. The area of the Uniform Ground-
water Body JCWPd includes the Oder River drain-
age basin, and within its boundaries there is a  Major 
Groundwater Reservoir (GZWP) 314 – Oder River 
Valley (Głogów). This reservoir is present in permeable 
sand and gravel formations filling erosion depressions 
of a Neogene series [3].  

Quaternary aquifer formations in the area of the 
“Żelazny Most” MWDF occur in the form of exten-
sive layers of sandy and sandy-gravel deposits, directly 
underlying the body of the dams and beach tailings, or 

occurring at greater depths under glacial till or Plio-
cene clays. The total thickness of Quaternary forma-
tions in the area of the eastern and northern dams is 
small, and the aquifers are built up by sand and grav-
el layers with thicknesses of 5 to 40 m. The filtration 
coefficients of these formations range from 2.7 to 79.6 
m/day, averaging 24.1 m/day. The water table in the 
near-surface layers of the Quaternary level has a free 
character in the foreground of the dams and a  tense 
character under the filling sediments of the “Żelazny 
Most” MWDF.

Three levels are distinguished within the Paleo-
gene-Neogene floor: supracoal, intercoal and subcoal. 

In the immediate subsoil of the MWDF, there is 
a  level of supercoal, composed of fine and medium 
sands in the form of lens. In natural conditions, this 
level, like its deeper Tertiary counterparts, is character-
ized by subartesian pressure, lower than the placement 
of the Quaternary water level.
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The groundwater of the Cenozoic floor is strongly 
influenced by the post-flotation water accumulated in 
the sediments of the “Żelazny Most” MWDF reservoir. 
The depth of water in these sediments depends on the 
water level in the sedimentation pond and the distance 
from the water reservoir. The occurrence of suspend-
ed waters stabilizing at different ordinates is a common 
phenomenon. 

Water penetration from the settling pond takes 
place continuously and is dependent on the water level 
in the landfill and the extent of the boundary line. Infil-
tration of water from the tailings pond into the ground 
caused hydrodynamic and hydrochemical changes in 
the groundwater around the landfill. The hydrated lay-
ers of waste in the sand and gravel bedding zone are 
locally in contact with waters of the Quaternary hori-
zon [3, 4].

5. 	Scope of 
planned drilling operations

It is planned to drill 4 dewatering wells of 250 and 350 m  
b.s.l. as part of the designed drilling program. All the wells  
will be drilled in the slopes of the “Żelazny Most” MWDF 
in adapted cavities. All the boreholes will be drilled with 
a drill of 0.56 m in diameter, after which a surface casing 
ϕ 0.508 m will be tripped down. The borehole will then 
be drilled to the planned depth with a drill ϕ 0.444 m and 
a 0.280 m diameter filtration column will be installed.  
An appropriately sized gravel pack will be introduced 
into the annular space.

6. Methodology for calculating 
rock mass pressures 
according to  
Coulomb–Mohr theory 

The basis for determining the strength parameters of 
the filtration columns in the designed boreholes is the 
knowledge of components of the primary state of stress 
in the rock mass and the magnitude of pressure occur-
ring at the interface between the wall of the casing col-
umn or the filtration column and the rock environment 
[1, 2, 6].

Apart from purely technological considerations, 
the proper operation of the well is determined by the 
strength of the casing, i.e. the casing column and filtra-
tion column tripped into it. 

If the compressive strength condition is to be met 
for the casing or filtration columns, a  pressure distri-
bution function around the drilled wellbore should be 
provided.

6.1. Determining the highest vertical 
and horizontal pressures 
in the intact rock mass 
by the analytical method

In this paper, only the method used to determine the 
state of stress in a loose medium having internal cohe-
sion will be addressed. The original state of stress in 
such a medium is determined based on the Coulomb–
Mohr method with the following equation [5, 7, 8]:
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where:
	δ2	 –	 the highest principal stresses acting vertically 

at the bottom of a given layer,
	δ1	 –	 the lowest principal stresses acting horizontally,
	 g	 –	 acceleration of gravity,
	hi	 –	 thickness of i-th layer,
	ϕi	 –	 angle of internal friction of the i-th layer,
	ρi	 –	 density of the i-th rock layer,
	ki	 –	 cohesion of the i-th layer. 

If veritical stress δ2 is denoted as pz, and horizontal 
stress δ1is denoted as px, then equation (1) will assume 
the following form:
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The physicomechanical parameters of rocks 
appearing in equation (2) were assumed in compliance 
with materials presented in [4] and given in Table 1.

The horizontal pressure of rocks at a given depth 
in the top of the i-th layer was determined from the 
transformed equation (2).
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whereas the horizontal pressure in the bottom of the 
i-th layer equals to:
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6.2.  Determining pressure  
in the immediate vicinity of 
a casing pipe

The theoretical principles of calculating pressure in 
the immediate vicinity of a  casing column have been 
described in detail in [1, 9–11] and literature [12–16].

The values of pressure on the contact of casing and 
gravel pack contact can be calculated from the below 
equation [8, 19]:
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where:
	δa	 –	 pressure on the contact of gravel pack and a cas-

ing pipe,
	px	 –	 horizontal pressure of rock is in the intact rock 

mass, described with equations (3) and (4),
	a	 –	 outer diameter of a casing pipe,
	R	 –	 diameter of the drilled wellbore,  
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ϕzw –	angle of internal friction of gravel pack after thick-
ening in the wellbore.

Having assumed that the angle of internal friction 
for gravel ϕ = 360 is C = (1 + sinϕzw)/(1 – sinϕzw) = 3.852, 
then the ultimate form of equation (5) will take the fol-
lowing form:
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If the pressure acting on the casing equals to the 
pressure evoked by the weight of the gravel pack, then 
the pressure can be determined from the equation:
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No cohesion parameter was assumed in above 
equation. 

7. Results of calculations of 
rock mass pressure 
distribution around 
dewatering well No. 1

Calculations of rock mass pressures were performed 
for the planned dewatering well No. 1 with a depth of 
350 m and a filter column of 0.28 m diameter installed 
within the slope of the “Żelazny Most” MWDF. Figure 2 
graphically shows the distributions of vertical and hor-
izontal pressures in the rock mass and gravel pack and 
in  the immediate vicinity of the filtration column in 
well No. 1.

Fig. 2. Collective plots of vertical and horizontal pressures evoked by the rock mass and gravel pack in the dewatering well No. 1 
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8. 	Summary of the results of 
rock mass pressure 
calculations according to 
Coulomb–Mohr theory

The analysis of the calculated values of horizontal com-
ponents shows that the lowest values of stresses acting 
on the walls of the filtration columns at a given depth 
are obtained when the pressures are assumed to come 
from the gravel pack loaded with rock mass. In con-
trast, the highest pressures result from calculations of 
the original state of stress in the rock mass. 

In line with the widely discussed principles of 
wellbore design and the calculation of casing strength 
to the outer crushing pressure [5, 11, 18–22], a  less 
favorable case should be selected from the strength 
point of view, i.e. the value of horizontal pressure 
exerted by the rock mass.  Accordingly, the dimen-
sions of the casing and filtration pipes, as well as their 
strength characteristics, should be so designed in 
dewatering wells that horizontal pressures from the 
rock mass in the interval of layers with soil properties 
do not crush the columns. 

The analysis of the rock mass pressures calculated 
by the Coulomb–Mohr method reveals that the maxi-
mum values that can lead to the crushing of the filtra-
tion columns appear at different depths in individual 
wells, in their lower intervals.

Taking into account the results of calculations of rock 
mass pressures in the immediate vicinity of the designed 
dewatering wells within the “Żelazny Most” MWDF and 
the experience gained while designing and drilling wells 
for various purposes, it should be concluded that filter col-
umns with a crushing pressure strength of at least 3.5 MPa 
should be used for the wells in question.

When adopting such a value for the crushing pres-
sure of the filter pipe columns, account was also taken 
of the variable geological structure and the very differ-
ent (but also very low) geomechanical parameters of 
rocks encountered in the profiles of the planned wells. 
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Abstract: This study investigates the properties of rock formations using seismic down/up-hole me-
asurements and electrical resistivity methods to identify structural anomalies such as voids. Surveys 
were conducted in four test wells in southern Poland and the analysis emphasizes the practical appli-
cations of mentioned geophysical techniques in subsurface imaging. The seismic method measured 
wave propagation, while electrical resistivity assessed rock resistance variability, aiding subsurface 
zoning. The methodology involved designing resistivity maps as depth cuts, based on seismic re-
sults.  Presented velocity profiles identified weak zones, and was establishing critical geomechani-
cal boundaries in depth, which was a basis for further resistivity geometry projecting. Resistivity 
measurements were conducted radially around wells, highlighting resistivity anomalies that signify 
risks related to subsurface void migration and changes in geomechanical properties. The analysis 
confirmed a general trend of increasing seismic velocity with depth, with significant deviations sug-
gesting differences in rock quality. The resistivity method at the selected depth-cuts, mapped zones 
with high resistance, which was a direct indicator of the presence of changes in the rock mass. These 
findings are crucial for planning safe earthworks, soil stabilization, and environmental monitoring, 
particularly in subsidence-prone areas. Future research may enhance anomaly detection and moni-
tor changes in rock mass properties over time. Combining seismic velocity profiling and resistivity 
measurements proves effective in identifying subsurface structures, which is vital for risk mitigation 
in engineering and environmental projects.
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1. Introduction

Studies employing uphole measurements and electrical 
resistivity methods aim to determine the physical and 
mechanical properties of the rock and detect potential 
structural anomalies, such as voids or changes in geolog-
ical composition. Velocity profiling enables the measure-
ment of seismic wave propagation speed in rocks, allow-
ing for the assessment of their geomechanical condition, 
while the electrical resistivity method examines the var-
iability of the rock electrical resistance, which is helpful 
in identifying different zones in the subsurface. In such 
studies, understanding the geological setup is crucial for 
engineering, mining, or environmental protection pro-
jects, allowing for risk minimization related to under-
ground voids or terrain deformations [1–5]. The article 
presents the results of velocity and electrical resistivity 
measurements analyses, conducted in four test boreholes 
located in southern Poland. The studies were carried out 
to examine changes in the mechanical properties of the 
rock with a focus on detecting potential anomalies, such 
as voids or structural disturbances.

2. Methodology of conducting 
velocity profiling and 
electrical resistivity method

2.1. Description of  
the down/uphole method

The borehole velocity measurement is one of the most 
accurate techniques for determining the physical and 
mechanical properties of rocks. The measurement is 
based on using an impact source that generates P seismic 
waves. These waves propagate through the geological lay-
ers and are received at various depths by an appropriate 
system of receivers which are then recorded by a seismo-
graph. The receiving probe typically consists of a receiver 
made up of three geophone coils oriented in space along 
the (z, x, y) axes or several to a dozen hydrophones. The 
probe is placed in the borehole at known depths, while 
the wave is simultaneously triggered at the surface, where 
“d” is the distance from the borehole’s axis to the source, 
“r” is the distance between the source and the triplet of 
sensors, and “z” is the depth (Fig. 1).

The standard data processing methodology con-
sists of the following phases:

	– picking the first arrivals of the seismic wave;
	– determining the wave arrival times (t);
	– calculating the velocity values for individual depth 

intervals [1–5].

Fig. 1. Schema of down/up-hole measurements

Based on the obtained hodographs, the interval 
velocity is calculated, defined by the following rela-
tion: 
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where: 
Z – depth, 
T – wave arrival time [1–5].

During the tests, a point-loading probe was used, 
with a natural frequency of the built-in sensors equal 
to 10 Hz. The source of vibrations during the tests was 
a seismic hammer weighing 5 kg.

2.2. Description  
of the electrical resistivity  
method

The electrical resistivity method is a geophysical tech-
nique used to investigate the structure of subsurface, 
utilizing the variation in the electrical properties of 
rocks (e.g., the ability to conduct electric current and 
the capacity to polarize the rock environment) [1–3, 
6, 7]. Geoelectrical methods are applied to under-
stand the geological structure for engineering, hydro-
geological, mining, and environmental protection 
purposes [2, 6–10].

In the electrical resistivity method, the change 
in the electric field induced artificially in the ground 
by applying current electrodes is observed. A  key 
element of this technique is measuring the poten-
tial difference across a  pair of potential electrodes 
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located within the influence range of the electric 
field between the current electrodes. Ultimately, this 
method determines the apparent resistivity values 
of the rocks within the generated field’s reach [1, 8]. 
Electrical resistivity surveys belong to a subgroup of 
electrical methods characterized by effectively reg-
istering disturbances in the rock mass in areas with 
significant electrical resistivity contrasts [5]. When 
applying the electrical resistivity method during 
field surveys, the apparent resistivity of the rock sub-
strate is measured by deploying four electrodes on 
the ground’s surface, forming a  measurement con-
figuration [4, 9]. A known current is generated from 
a power source connected to two current electrodes 
(A  and B). The potential difference is measured 
across the other two electrodes, known as measure-
ment or potential electrodes (M and N). The depth 
range of the electrical resistivity method depends on 
the distance between the electrodes A and B, as well 
as the lithology of the area. The choice of the depth 
range for the setup is determined by the specific, 
often complex geological structure, which frequently 
serves as the basis for conducting field tests [3–9]. 
The investigation of the zone around boreholes above 
mining excavations was carried out using a modified 
electrical resistivity sounding method [4, 7, 11]. One 
of the current electrodes was placed at the bottom of 
the borehole, while the other was positioned at a dis-
tance according to the methodological recommenda-
tions for Wenner-type measurement configurations 
[7–10]. The measurement of the potential difference 
was conducted using a  regular radial measurement 
setup (with a potential change interval of 3 m). This 
allowed for determining the distribution of resistivi-
ty in the rock mass around the borehole selected for 
seismically established depth-cut.

2.2. Measurement geometry –
resistivity method

Studies were conducted in a radial arrangement with 
a  minimum of 8 profiles, each approximately 18  m 
long, rotated every 45 degrees relative to the well. In 
cases where significant changes in resistivity were 
observed, the profiles were densified. One of the cur-
rent electrodes was permanently placed in the well, 
while the other was positioned at an appropriate 
distance to ensure adequate depth of electrical resis-
tivity investigation – usually maintaining a  ratio  of 
3  times the depth of the resistivity cut. On each 
of the radial profiles, measurements of the potential 
change in the electric field were taken at intervals of 
3 m. Measurements were carried out on the available 
measurement surface. The measurement data in the 

area of well W2 were limited due to the inability to 
maintain the measurement geometry caused by ter-
rain obstacles.

3. Results

3.1. Results of measurements 
in well 

The interpretation of seismic data involved identifying 
the first arrivals of longitudinal waves and calculating 
the interval velocity values for the entire well. The men-
tioned velocity distributions characterize the rock mass 
in two ways: by identifying the longitudinal wave veloc-
ity and by observing changes in the characteristics of 
velocity distributions (e.g., decreases). This allowed for 
the detection of discontinuities and profiling was per-
formed in wells W1, W2, W3 and W4.

The results are presented as velocity distributions 
within the depth range of the investigated wells. A key 
feature of the obtained results is the general increase in 
velocity with depth. A distinguishing feature of the dis-
tributions is the variable characteristic of velocity val-
ues with depth.

It should be noted that, apart from well W1 (Fig. 2), 
the velocity values associated with the presence of 
sandstones in the range of 1 100 m/s to 1 200 m/s. This 
indicates that the medium is highly fractured. Well W1 
represents an exception to this trend, as the rock medi-
um in it has values of approximately 1 400–1 500 m/s, 
indicating it is fractured, but no displacements occur. 
Profiling in well W2 (Fig. 3) was concluded at a depth 
of 26 meters due to the heaving and clogging of the well 
with sand and water. In well W3 (Fig. 4), part of the 
recorded data from the near-bottom zone did not con-
tain useful signals, a similar situation was observed in 
well W4 (Fig. 5).

It is particularly noteworthy that the mentioned 
distortions in the seismic signal are noticeable above 
the level of a probable void caused by the disturbance 
of rocks. This may be related to the so-called migra-
tion of the void towards the surface. On each of the 
profiles, locations marked with red squares indicate 
values greater than 700 m/s and greater than 1200 m/s. 
These served to design studies using the electrical resis-
tivity technique. It was determined that the boundary 
of 700 m/s marks the transition from a highly altered 
near-surface zone to a naturally formed unconsolidat-
ed material. This boundary, on average across the four 
wells, occurs at about 7 m. The boundary of 1 200 m/s 
signals the transition to the proper rock medium, 
occurring on average at 19.5 m for all wells.
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Fig. 2. Results of up/down – hole measurements in Well W1

Fig. 3. Results of up/down – hole measurements in Well W2

Fig. 4. Results of up/down – hole measurements in Well W3

Fig. 5. Results of up/down – hole measurements in Well W4
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3.2. Method of investigating the zone 
around the borehole using 
the electrical resistivity method

The depths of the electrical resistivity depth-cuts were 
designed based on the results of seismic velocity pro-
files, which indicated that the first approximately 6 m 
of cover consists of weakly bearing material. Therefore, 
its activation occurs immediately after the continuity of 
the deeper layers is interrupted. Moreover, this material 
is poorly consolidated and highly susceptible to changes 
in the saturation of rainfall. The quantitative interpre-
tation of velocity profiles allowed for the identification 
of two characteristic geomechanical boundaries within 
the studied medium. These boundaries are associated 
with changes in geomechanical parameters, which were 
investigated through electrical resistivity methods.

Initially, the imaging surface was designed at the 
level of the bottom of the well, with subsequent depth-
cuts assigned to significant changes – velocity bound-
aries in the wells- assigned by red marks on velocity 
profiles. The nearest cut to the surface was placed at 
approximately 10 meters below the surface level (b.s.l.), 
determined by the increase in velocity values above 
700 m/s. The deeper electrical resistivity cut was set at 
a level of 20 m b.s.l., based on the averaged level where 
the velocity increased above 1200 m/s.

The work began sequentially in the following wells: 
W1, W2, W3 and W4. The data obtained at the bottom 
of the wells (test measurements were conducted for wells 
W1 and W2) exhibited weak electrical resistivity differ-
entiation, oscillating around <= 20 Ohm∙m. The main 
reason for this phenomenon is likely the presence of 
mine water with high mineralization, masking the pres-

ence of potential voids and causing low variability in the 
resistivity image. Ultimately, conducting cuts at the bot-
tom of wells W1, W2, and W4 proved to be pointless.

Considering this fact, it became strategic for the 
investigation of the subsurface to perform measure-
ments at the mentioned levels of 10 and 20 m b.s.l. The 
level of approximately 20 m b.s.l. corresponds to the 
upper layer of rocks and appears to be a critical depth 
due to observed changes in the bedrock. This level is 
characterized by velocities of 1200 m/s or greater (prop-
er bedrock). On average, this velocity transition occurs 
at around 19.5 m (depth-cut on 20 m below the sur-
face). The second cut at about 10 m b.s.l. was designed 
to be representative of the voids breaking through the 
weakly cohesive material above the bedrock.

This discussed level was also chosen considering the 
velocity profiles, as the rocks at an average depth of around 
7 m b.s.l. exhibits velocities oscillating around 700 m/s or 
greater, marking the boundary between the heavily altered 
near-surface zone and more consolidated sediments, so 
the value of 10 m b.s.l. below the surface was adopted.

In the case of well W3, an attempt was made to con-
duct an electrical resistivity measurement at a  level of 
35 m b.s.l. (depth of electrode placement), and test meas-
urements were performed, revealing variability in resis-
tivity measurements. This suggests that the near-bottom 
zone around this well is not filled with mine water to the 
extent observed in wells W1, W2 and W4. Considering 
this result, a  full intended measurement geometry was 
established, resulting in an electrical resistivity map.

Ultimately, for wells W1, W2 and W4 (Figs. 6–9), two 
depth cuts were obtained, while for well W3, three cuts 
were made (Figs. 10–12). It should be emphasized that the 
obtained resistivity maps represent an averaged resistivity 
value of ±1.5 m concerning the depth position of the cut.

Fig. 6. Resistivity map in the Zone of Wells W1 and W4, Cut – 10 m b.s.l.
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Fig. 7. Resistivity map in the Zone of Wells W1 and W4, depth – 20 m b.s.l.

Fig. 8. Resistivity map in the Zone of Well W2, depth – 10 m b.s.l.

Fig. 9. Resistivity map in the Zone of Well W2, depth – 20 m b.s.l.



67

Using surface geophysical methods to detect voids in the near-surface zone

Journal of Geotechnology and Energy

Fig. 10. Resistivity map in the Zone of Well W3, depth – 10 m b.s.l.

Fig. 11. Resistivity map in the Zone of Well W3, depth – 20 m b.s.l.
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Fig. 12. Resistivity map in the Zone of Well W3, depth – 35 m b.s.l.

4. Discussion
Based on the results of the conducted studies, the inves-
tigation at the level of 20 m b.s.l. reveals a rather monot-
onous distribution of resistivity. High-resistivity anoma-
lies were detected against a background value of around 
300 Ohmm. In the case of the map for well W3 (Fig. 12) 
at the level of 35 m b.s.l., a series of anomalies arranged 
in a single azimuth is visible. On the same map (Fig. 12), 
high-resistivity anomalies also appear at the edges of the 
map’s extent. However, the dominant background value 
is around 200 Ohmm. At the level of 10 m b.s.l. (Figs. 6, 8 
and 10), all wells exhibit the most diverse electrical resis-
tivity. Here a series of anomalies occur and the image is 
strongly differentiated. Anomalies with the highest resis-
tivity values can be considered the most suspicious for 
the migration of voids toward the surface. It is also possi-
ble that the size of the detected anomaly should be taken 
into account for a more accurate assessment of the risk of 
layer continuity disruption.

5. Conclusions

This paper presents the results of geophysical studies 
conducted using seismic and resistivity measurements 

in several wells. The main objective was to identify 
structural anomalies such as voids.

The analysis of seismic velocity confirmed a gener-
al trend of increasing velocity with depth. However, sig-
nificant deviations were observed, which may suggest 
differences in rock quality and the presence of potential 
anomalies. Resistivity measurements identified anoma-
lous zones, indicating the potential location of voids or 
changes in the composition of the rock mass.

The results of the studies may have important 
implications for engineering and environmental pro-
jects. Detecting voids and fracture zones is crucial for 
planning various safe earthworks, soil stabilization, 
and identifying underground structures. Furthermore, 
conducting such studies is essential for environmental 
monitoring, especially in areas prone to land subsid-
ence or water infiltration.

Future studies may focus on the application of 
advanced geophysical methods to improve the detec-
tion of smaller anomalies and to conduct longitudinal 
studies to monitor changes in the properties of the rock 
mass over time.

In summary, the combined use of seismic and 
resistivity measurements can prove effective in identi-
fying critical subsurface structures, serving as a valua-
ble tool for mitigating risks in engineering and environ-
mental projects.
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1. Introduction

The bearing capacity and stability of subsoil are pro-
foundly influenced by factors such as the degree of con-
solidation, stress values, and water saturation. To address 
the challenge of constructing structures in subsoil with 
subpar geomechanical properties, it’s essential to modi-
fy the subsoil’s physical and mechanical attributes to the 
desired specifications [1] using innovative techniques.

The design, construction, and subsequent mainte-
nance of engineering structures, transportation infra-
structure, hydro-engineering facilities, and the like, 
invariably present challenges. These challenges necessi-
tate solutions that either enhance the ground’s physical 
and mechanical properties, where necessary, or alter 
them sufficiently. Such alterations ensure the establish-
ment and sustenance of favorable geo-engineering and 
geotechnical conditions in susceptible areas.

The issues encountered often stem from intricate 
geological, hydrogeological, or geomechanical factors, as 
well as oversights in prior engineering endeavors. A thor-
ough assessment of the geological milieu and the techni-
cal constraints specific to the construction site facilitates 
adjustments to the subsoil’s physical and mechanical 
characteristics beneath engineering structures [1–3].

2. Geoengineering methods

The scope of geoengineering activities feasible in 
a region is inherently tied to the geological conditions 
and the physical and mechanical attributes of soils 
and rocks [1]. These factors significantly influence the 
design, construction, and utilization of technical infra-
structure within the specified area. Figure 1 illustrates 
the various applications of geoengineering techniques.
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based on [1]

Soil reinforcement plays a crucial role in the con-
struction of various structures, especially when the natu-
ral bearing capacity of the soil is insufficient. Approaches 
to modifying soil properties typically fall into three cat-
egories: mechanical, chemical, and physical-chemical 
methods. Additionally, methods for slope stabilization 
and protection can be categorized into natural, structur-
al, and synthetic protection, as outlined by Kowacki [4]. 
Ensuring the stability of slopes, embankments, and exca-
vations remains a paramount concern in the design and 
execution of civil engineering projects.

Landslides present a  significant challenge during 
the construction, revitalization, and renovation of trans-
port routes. This issue arises not only when attempting to 
circumvent potential or active landslides but also during 
the restoration of existing infrastructure facilities [5, 6]. 
Consequently, accurate forecasting of potential hazards 
becomes imperative [7]. Addressing the stabilization of 
escarpments and landslides remains a pressing concern, 
both in understanding their occurrence and assessing 
the risks they entail, as well as in advancing scientific 
methodologies to counteract them [8]. The stabilization 
of transport-related landslides through structural means 
has been explored [9], while natural methods and geo-
synthetics have been discussed [10, 11]. 

According to the application classification of geo-
engineering methods, the works were carried out for 
soil reinforcement to stabilize the landslide along the 
side of the railway cut surface (Fig. 1 – green color).

Prior to undertaking construction works, it’s essen-
tial to analyze the existing conditions to determine the 
most suitable method for modifying the physical and 
mechanical parameters of the ground. A widely recog-
nized method for such ground investigation is the static 
CPTU (Cone Penetration Test with Pore Pressure Meas-
urement) sounding [12, 13]. The genesis of this sounding 
technique can be traced back to the early 1990s [14]. The 
insights derived from these soundings offer diverse data 
interpretation avenues, catering to various applications 
such as landslide investigations [15] or foundational 
design, including the assessment of pile bearing capac-
ity [13, 16, 17]. Additionally, ground assessment can be 
enhanced using the SCPTU (static CPTU probe integrat-
ed with a seismic module) as discussed by authors [18].

This study offers an analysis conducted using CPTU 
soundings (Tab. 1) conducted along the railway cut slope 
(Fig. 2) at designated points Ai, Bi, and Ti. These specific 
locations were chosen because ground masses exhibited 
displacement along the slip surface, indicative of the soil 
medium surpassing its shear strength. The depth and rate 
of such displacements can vary, resulting in distinct mor-
phological features. The observed landslide formations 
are attributed to the process of sufosis [19]. This process 
involves the leaching of soil particles by groundwater in 
a  soil medium characterized by low plasticity, such as 
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silty sands and sandy dust. In the context of this analysis, 
the formation of these landslides is intrinsically linked 
to the morphological and geological structures. Their 
potential occurrence on slopes and inclines is primarily 
driven by gravitational forces. These formations manifest 
when the equilibrium between the shear stress compo-
nents and the soil’s resistance is disrupted.

3.	 Stability analysis as 
a basis for the design of 
geoengineering works for 
slope protection

A comprehensive analysis was conducted to evaluate the 
stability of the railway cut slopes, particularly in areas 
where they exhibit instability. To devise an effective solu-
tion for ensuring slope stability, it’s crucial to pinpoint the 
factors that contribute to destabilization. A loss of stabil-
ity typically occurs when shear stresses surpass the shear 
strength of the soil. Such destabilization can be attribut-
ed to various factors, including additional sliding forces, 
alterations in soil and water conditions, or erosion that 
diminishes the soil’s strength. Often, it’s a combination of 
these factors, making the design of protective measures 
a multifaceted and intricate process.

In geotechnical endeavors, it is paramount to ini-
tially consider the site’s morphology and hydrography. 
A meticulous analysis of the study area lays the ground-
work for designing geotechnical interventions, ensuring 
an accurate assessment of slope stability, embankments, 
cuts, and other features. Geographically, the area under 
study is situated in the Western Carpathians. From a geo-
logical perspective, it falls within the bounds of the Sile-
sian Plateau, serving as the watershed between the Vistula 
and Oder river basins. A close examination of the railway 
line’s trajectory on the geological map of Poland, specifi-
cally the Cieszyn sheet, reveals that it rests on a bedrock 
primarily composed of resilient Cretaceous shales inter-
spersed with limestone and thinly-layered marls of the 
Silesian Mantle. However, certain segments are overlain 
by Holocene clays, loams, and Pleistocene loess and silts, 
which offer less-than-ideal support for the railway sub-
grade’s foundation. Despite this fact, an assessment of 
landslide occurrences sourced from the State Geological 
Institute’s register units (SOPO PIG-PIB 2022) did not 
indicate any such events in the region under scrutiny. 
The study commenced with an on-site evaluation, facili-
tating an in-depth assessment of the geotechnical condi-
tions, encompassing morphology, hydrography, geologi-
cal structures, and potential site-specific challenges that 
could influence both design and implementation phases.

In the examined railway cut slopes, a  significant 
issue arises from the presence of a  plasticized lay-
er comprised of silty soil. Due to shearing forces, this 
layer has given rise to a slip plane. The steep gradient 
of these slopes inherently lacks adequate stabiliza-
tion, thereby promoting the occurrence of surface soil 
slides. In alignment with the standards outlined in 
(PN-EN 1997-1:2008/Ap2, 2010), stability index val-
ues were derived  from calculated parameters. Nota-
bly, these derived parameters were approximately 25% 
lower than those ascertained through field or laborato-
ry tests, indicating a  potential underestimation of the 
results. The stability analysis was conducted at intervals 
of 50  m across the evaluated slope section (Fig. 2) in 
accordance with the following framework:

	– Cross-section at km 33+250,
	– Cross-section at km 33+300,
	– Cross-section at km 33+350,
	– Cross-section at km 33+400.

In the article authors were shown cross-section 
data at km 33+250, km 33+300 and km 33+400 with 
stability calculations for the slope, both before and after 
geotechnical works.

In the tables below, the characteristic parameters 
for mentioned cross-sections are marked (Tabs. 2–4).  

Table 1. Depths of CPTU static soundings and boreholes 
for the case under consideration made from the right – Ai, 

left – Bi and in the axis of the railway surface Ti of  
the analyzed slope of the railway cross-section

No. Measurement point Probe CPTU 
[m b.s.l.]

Borehole 
[m b.s.l.]

1 33+200_T1 4.1 3.5
2 33+200_A 4.1 –
3 33+200_B 6.1 –
4 33+250_T1 4.1 3.5
5 33+250_A 5.2 –
6 33+250_B 7.1 –
7 33+300_T1 4.1 3.5
8 33+300_A 6.6 –
9 33+300_B 6.9 –

10 33+350_T1 4.1 3.5
11 33+350_A 4.8 –
12 33+350_B 6.3 –
13 33+400_T1 4.1 3.5
14 33+400_A 4.1 –
15 33+400_B 4.1 –
16 33+450_T1 3.6 3.5
17 33+450_A 4.1 –
18 33+450_B 4.8 –
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During the CPTU examination, various parame-
ters were meticulously recorded at 1 cm depth intervals, 
including:

	– resistance under the probe cone qc​ [MPa]: this 
parameter was recorded within the range of 
0–100 MPa with a resolution of 0.01 MPa,

	– friction at the friction sleeve fs​ [kPa]: the values 
were captured between 0–3000 kPa with a resolu-
tion of 0.71 kPa,

	– pore pressure at u2​ [kPa]: this was measured 
directly behind the cone, beneath the friction 
sleeve, with values ranging from 0–3000 kPa and 
a resolution of 0.27 kPa,

	– inclination of the cone in both x and y  direc-
tions [°]: the inclinations were recorded within 
a ±30° range with a resolution of 0.1°,

	– cone penetration velocity v [cm/s]: the velocity 
was gauged with a resolution of 0.08 cm/s.

3.1. Results

The soil type was identified using a Robertson diagram tai-
lored for Polish soils, as specified in (PN-B-04452 2002). 
To employ this diagram effectively, values for the stand-
ardized cone resistance qt​ (accounting for pore pressure 
u2​) and the friction coefficient Rf​ were determined in 
line with the guidelines (ISO 22476-1 2013). The defin-
itive identification of the soil type is manually executed 
by the interpreter, who considers data from concurrent 
investigations, notably geotechnical borings. Param-
eters reflecting the soil condition were ascertained by 
following the protocols (PN-B-02480:1998). The com-
paction degree for non-cohesive soils was deduced 
using equation:

	 ID = 0.709 log qc – 0.165 	 (1)

The degree of plasticity Il of cohesive soils (or alter-
natively the corresponding values of the consistency 
index Ic), depending on the content of the clay fraction 
in the layer under consideration c:

	 Il = 0.242 – 0.427 log qc, for fi > 30%	 (2)

	 Il = 0.518 – 0.653 log qc, for fi = 10–30%	 (3)

	 Il = 0.729 – 0.736 log qc, for fi < 10%	 (4)

The assignment of the soils in the investigated 
soil profile to the appropriate group was made on the 
basis of a  previous interpretation of the soil type and 
the resulting clay fraction content, according to the 
classification diagram, the so-called Ferret’s triangle  
(PN-B-02480:1998).

The angle of internal friction φ’ of non-cohesive 
soils was determined based on equation (5) in the 
standard (DIN 4094:1990-12, 2013), i.e.:

	 φ’ = 23 + 13.5 log qc	   (5)

It is assumed that the above relationship is appli-
cable to non-cohesive soils containing at most a small 
admixture of fine facies (e.g., silty sands).

For cohesive soils (fine-grained soils) the shear 
strength under no-drain conditions is determined below:

	
s

q

Nu
c v

k
�

��
0

	
(6)

where are: σv0​ represents the vertical total geostat-
ic stress, Nk​ is an empirical coefficient, the value of 
which is contingent upon the soil’s plasticity index. 
This index is estimated based on the recommenda-
tion from the Swedish Geotechnical Institute, given 
by the formula Nk​ = 13.4 + 6.65 × wl. Here, wl denotes 
the liquid limit value, as determined by the table of 
properties for typical Polish soils, as referenced in [20].

Edometric moduli of soil compressibility for the 
study area were determined from the standard PN-EN 
1997-1:2008, Eurokod 7.

Following the investigations, horizontal layers were 
identified. The top 1 m below the ground surface con-
sists of silty clays, which also serve as agricultural topsoil. 
From there, extending to approximately 3.5 m below the 
surface, brown and grey silty clays exist in a hard plas-
tic state, frequently interspersed with dust layers. This 
geotechnical assessment pertains to the evaluation of 
groundwater conditions along railway line no. 190, spe-
cifically from km 33+200 to km 33+500, and from km 
34+500 to km 34+650 on the Goleszów-Cieszyn route.

In the investigated subsoil, a  stratified structure 
with a  horizontal course can be distinguished. In the 
floor up to a depth of approx. 0.4–1.0 m, there are brown 
siltstones, which at the same time form an agriculturally 
cultivated surface.  Below, to a  depth of approximately 
2.5–3.5 m, there is a layer of brown and grey-brown silty 
clays and hard-plastic silty clays. The above silty clays 
often contain interbedding of dust. In the bottom of the 
silty clay, in the section from km 33+250 to km 33+550 
(Figs. 3, 5, 7) there is a layer of silty clay of small thick-
ness of approx. 0.5–1.0 m, with a considerable admixture 
of fine gravel and sand interbeds in plastic and soft plas-
tic state. Below this, grey silty clays with an admixture 
of gravel were drilled throughout the section, which are 
generally in a  hard-plastic state, with only plastic and 
soft-plastic in the ceiling. A high concentration of grav-
el is noticeable in the roof of the above-mentioned silty 
clays, which is undoubtedly the result of erosional scour 
and the formation of a “cobble” layer prior to the devel-
opment of subsequent sedimentary processes.
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Fig. 2. Characteristic cross-sections across the analyzed slope with an indication of CPTU sounding points

At a depth of approximately 2.5 m from the crown 
and about 1.5 m from the base of the slope, there is 
a stratification of degraded, water-softened, soft-plastic 
dust with a mixture of gravel. This layer is a probable 
slip plane. The adjacent area to the slope is inclined in 
its direction. The drainage system directs water to the 
ditch at the foot of the slope through outlets located at 
intervals of 30 m at a height of about 1.5 m from the 
crown of the excavation. 

A  total of six geotechnical layers were identified 
within the analyzed cross-section. The layering pattern 
was established using averaged data from Cone Pene-
tration Test (CPT) with pore pressure measurements 
(CPTU) and geotechnical boreholes located proximate-
ly to the examined cross-section. These geotechnical 
layers comprised soils of consistent type and origin, 
displaying analogous values for compaction (in granu-
lar soils) or plasticity (in cohesive soils). For these soils, 
uniform characteristic physical and mechanical param-
eters were adopted, derived from both CPTU readings 
and subsequent laboratory tests.

Stability assessments were conducted using design 
parameters. These parameters were obtained by divid-
ing the characteristic values by a safety factor of 1.25, 
as raised in standards (PN-EN 1997-1:2008/Ap2:2010, 
2010). Mechanical properties (φ’, c’) of the uppermost 
slope layers, especially where the outlets of adjacent 
drainage areas are present, were adjusted using a reduc-
tion factor of γred = 1.4. Details of the geotechnical layers 
utilized in the analytical model for selected points are 
provided in Tables 2–4. It’s essential to note that the pre-

sented parameters are specific to the examined kilome-
ter of the cross-section and should not be extrapolated 
universally.

Stability assessments employed the Bishop’s meth-
od, focusing on a  circular slip surface post-optimi-
zation, aiming to identify the most plausible path for 
potential displacements. In the Bishop’s method, the 
interaction forces between the blocks are unknown, and 
their value is determined by the method of successive 
trials using general equilibrium equations internal and 
the stability index is determined from the equilibrium 
equation of moments of forces relative to the center of 
the potential slip surface. Figures 4, 6 and 8 illustrates 
the geological cross-sections with calculations for the 
designated kilometer at 33+250, 33+300 and 33+400 of 
the railway line, derived from the comprehensive geo-
technical survey.

The presence of these cohesive, plastic soils poses 
challenges, endangering the stability of slopes and near-
by soils along the railway alignment. The inclusion of 
loose material and sandy layers facilitates water reten-
tion across the considered depth, intensifying the plas-
ticization process. Notably, the dust layers are highly 
vulnerable to plasticization, as even minimal moisture 
prompts rapid state changes. This vulnerability has led 
to the formation of a slip edge in this layer (Fig. 5). The 
geological cross-sections for the designated kilometer 
at km 33+400 of the railway line, derived from the com-
prehensive geotechnical survey is shown in Figure 6. 
Figure 7 presents the cross section with calculations for 
the mentioned above kilometer point.
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Table 2. Characteristic parameters for the selected point 33+250

Geotechnical 
layer number 

 in 33+400 
kilometre range 

Type of soil 
in the layer

Average 
compaction 

degree

Degree of 
plasticity

Reduction 
coefficient

� �
�

�
�
�red
red

� �
�

c c
red

red�

Average parameters
Volume 
density

Lithology 
symbols 

regarding 
to PN-EN 

1997-1:2008/
Ap2:2010

ID Il γred

Angle of  
internal friction Cohesion

Reduced value Reduced value
φ′ c′ ρ

[–] [–] [–] [°] [kPa] [Mg/m3]

Layer I Gπz – 0.28–0.37 1.,4
19 8

21
14 6

Layer II Gπz – 0.14–0.17 1.4
22 12

20.5
16 9

Layer III Gπz – 0.23–0.25 1.4
17 12

19.5
12 9

Layer IV Gπz – –0.18–0.10 1 32 11 22.0
Layer V Gπz 0.71–0.81 – 1 41 – 20.0

Layer VI
Degraded 

drainage ditch 
interior

– –0.19–0.08 1 10 10 19.0

Fig. 3. View of design cross-section with calculations for selected point 33+250 (Geotechnical project BAARS 2020)
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Fig. 4. View of design cross-section with calculations for selected point 33+250  
(Geotechnical project BAARS 2020)

Table 3. Characteristic parameters for the selected point 33+300

Geotechnical 
layer number 

in 33+400 
kilometre range 

Type of soil in 
the layer

Average 
compac-

tion degree

Degree of 
plasticity

Reduction 
coefficient

� �
�

�
�
�red
red

� �
�

c c
red

red�

Average parameters

Volume 
density

Lithology sym-
bols regarding 

to PN-EN 
1997-1:2008/

Ap2:2010

ID Il γred

Angle of internal 
friction Cohesion

Reduced value Reduced value

φ′ c′ ρ

[–] [–] [–] [°] [kPa] [Mg/m3]

Layer I Gπ – 0.15–0.22 1.4
20 10

21
14 7

Layer II Gπ – 0.27–0.31 1.4
18 21

20.5
13 15

Layer III Gπ – 0.50–0.53 1.4
13 12

19.0
9 9

Layer IV Pg + KR – –0.02 1 27 7 22.0

Layer V Ps + Ż 0.90 – 1 40 – 20.0

Layer VI
Degraded 
drainage ditch 
interior

– >0.50 1 10 10 19.0
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Fig. 5. View of design cross-section with calculations for selected point 33+300  
(Geotechnical project BAARS 2020)

Fig. 6. View of design cross-section with calculations for selected point 33+300  
(Geotechnical project BAARS, 2020)
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Table 4. Characteristic parameters for the selected point 33+400

Geotechnical 
layer number in 

33+400  
kilometre range 

Type of soil 
in the layer

Average 
compac-

tion degree

Degree of 
plasticity

Reduction 
coefficient

� �
�

�
�
�red
red

� �
�

c c
red

red�

Average parameters

Volume 
density

Lithology 
symbols 

regarding to
PN-EN 

1997-1:2008/
Ap2:2010

ID Il γred

Angle of internal 
friction Cohesion

Reduced value Reduced value

φ′ c′ ρ

[–] [–] [–] [°] [kPa] [Mg/m3]

Layer I Gπ – 0.27 1.4
21 7

20.5
15 5

Layer II Gπz/I – 0.14 1.4
14 21

21
10 15

Layer III Gπ – 0.3–0.37 1.4
14 14

19.5
10 10

Layer IV Gπz + KR – 0.02–0.11 1 27 12 22.0

Layer V KR/KRg 0.71 – 1 40 – 20.0

Layer VI
Degraded 
drainage 
ditch interior

– >0.50 1 10 10 19.0

 
Fig. 7. Geological cross-section for selected point 33+400 (Geological project BAARS, 2020)
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Fig. 8. View of design cross-section with calculations for selected point 33+400 (Geotechnical project BAARS, 2020)

The stability analysis conducted for the railway cut 
slope at kilometres marker 33+250, 33+300 and 33+400 
revealed instability, as indicated by a stability coefficient 
on the properly Figures 4, 6 and 8. 

The stability analysis conducted for the railway cut 
slope at kilometer marker 33+400 revealed instability, 
as indicated by a stability coefficient of Fs = 0.94. Giv-
en the characteristics and results of the stability assess-
ment for the underlying subsoil within this section, it is 
imperative to undertake design interventions to stabi-
lize the slope at this specific segment of the railway cut. 

4. Conclusions

The geotechnical assessment conducted to evaluate the 
ground conditions of the considered railway line seg-
ment highlights significant slope instability. Field and 
laboratory tests indicate that the instability of the rail-
way cut slope is multifaceted. It arises from a horizon-
tally layered arrangement of strata aligned parallel to 
the railway cut’s direction. This layering encompasses 
variations in geotechnical parameters, with hard clay 
layers interspersed with softer, more plasticized zones. 
The natural subsoil, characterized by its heterogeneity, 
is highly susceptible to plasticization.

A  comprehensive understanding of the soil and 
hydrological conditions within the examined slope is 
crucial for designing effective interventions. The pri-
mary objective during engineering interventions is to 
prevent water infiltration into vulnerable layers, par-
ticularly at the slip edges and areas of dysfunction.

Within the railway cut’s slope, a notable concern 
is the presence of a plasticized layer of silty soil. This 
layer has developed a slip plane due to shearing forces. 
The pronounced slope gradient exacerbates the insta-
bility, making the area prone to surface landslides. To 

mitigate these risks and safeguard against the future 
threats outlined in the study, it is imperative to devel-
op geotechnical protective measures. These measures 
should address the potential for mass soil movements 
along the slip plane within the softer, plasticized dust 
layers. Various methodologies for such protection will 
be elaborated upon, drawing parallels to similar chal-
lenges encountered in railway cut scenarios.

After all the calculations reinforcement solution 
were made and it included: 

	– installing a palisade made of interconnected steel 
sheet piles anchored with ground spikes to cut 
through the slip plane,

	– reinforcing the slope surface with a concrete anchor 
and an erosion-resistant geotextile anchored in 
place,

	– strengthening the bottom of the drainage ditch 
with openwork concrete slabs, filled with dry con-
crete to prevent soil erosion,

	– stabilizing the excavation bottom forming the 
subgrade with a  cementitious binder to prevent 
the infiltration of rainwater,

	– topping the palisade with a concrete anchor and 
installing linear French drainage behind it,

	– directing the drainage to a well at the end of the 
slope and intermittently to the drainage ditch 
under the anchor,

	– maintaining drainage in the gaps between the 
sheet piles using a concrete board,

	– extending drainage outlets from adjacent agri-
cultural lands at a height of approximately 1.5 m 
below the slope crown, directing the discharged 
water to an open ditch at the base of the railway 
track,

	– reinforcing the slope in areas where water is 
drained from the outlets by installing openwork 
concrete slabs with voids filled with dry con-
crete.
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Fig. 9. View of design cross-section with calculations for selected point 33+400 (Geotechnical project BAARS, 2020)

Fig. 10. View of design cross-section with calculations for selected point 33+400 (Geotechnical project BAARS, 2020)

The geotechnical works carried out have 
improved the stability of slopes within the analyz-
ed section of the railway cutting. In Figures 9 and 
10 the cross-section at kilometer 33+250 is shown, 
along with the applied ground reinforcement and the 
view of stability calculation results after implement-
ing the proposed solution. The implemented solution 
has thus achieved a  soil stability coefficient above 
Fs = 2.0 for the section at kilometer 33+250, indicat-
ing well-executed geotechnical works and slope rein-
forcement within the analyzed section of the railway 
cutting.
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