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Abstract

In this work we show the quaternionic quantum descriptions of physical processes from the Planck to macro scale. The results
presented here are based on the concepts of the Cauchy continuum and the elementary cell at the Planck scale. The structurally
symmetric quaternion relations and the postulate of the quaternion velocity have been important in the present development.
The momentum of the expansion and compression u,(t, x) is the consequence of the scalar term o,(t, x) in the quaternionic de-
formation potential. The quaternionic G (m)(o, + ), vectorial Go(m)&) and scalar G (m)o, propagators are used to generate the
second order PDE systems for the proton, electron and neutron. A mathematical model of an electron is formulated. It is described
by the hyperbolic-elliptic partial differential system of quaternion equations with the initial-boundary conditions. The boundary
conditions are generated by the quaternion energy flux that is found with the use of the Gauss theorem, the Cauchy-Riemann
derivative and other mathematical formulas. The rigorous assessment of the second order PDE systems allows the proposal of
two second order PDE systems for the u and d quarks from the up and down groups. It was verified that both the proton and
the neutron obey experimental findings and are formed by three quarks. The proton and neutron are formed by the d-u-u and
d-d-u complexes, respectively. The u and d quarks do not comply with the Cauchy equation of motion. The inconsistencies of the
quarks’ PDE with the quaternion forms of the Cauchy equation of motion account for their short lifetime and the observed Quarks
Chains. That is, they explain the Wilczek phenomenological paradox: Quarks are Born Free, but everywhere they are in Chains.
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1. INTRODUCTION

After developing the Hilbert space formulation of quantum
mechanics [1], von Neumann looked into higher mathemat-
ical analysis, i.e., rings of operators, in an attempt to get rid
of some of the ad hoc postulates of quantum mechanics. In
1936, together with Birkhoff, he suggested the Quaterni-
onic Quantum Mechanics (QQM), where wave functions or
probability amplitudes are quaternion valued [2]. Howev-
er, despite this early development, systematic work on the
quaternionic extension of quantum mechanics has not yet
begun. The essential results relevant to the present paper
are by Lanczos. His dissertation was on a quaternionic field
theory of the classical electrodynamics [3, 4]. In his der-
ivation of the Dirac equation [5], there is a doubling in the
number of solutions and the concepts that still remain at the
front of the fundamental theory. These articles were unno-
ticed by contemporaries; Lanczos abandoned quaternions
and never returned to Quaternionic Field Theory (QFT).
Almost immediately it was demonstrated that the Cau-
chy-Riemann type conditions in the quaternion repre-
sentation are identical in the shape to vacuum equations

of electrodynamics [6] and that the Dirac transition am-
plitudes are quaternion valued [7]. Christianto derived an
original wave equation from the correspondence between
the Dirac equation and the Maxwell electromagnetic equa-
tions via the biquaternionic representation [8]. The Adler
schema of the quaternionizing the quantum mechanics in-
spired the Harari-Shupe’s model for the composite quarks
and leptons [9, 10] and the substantial progress in the QQM
and QFT [11]. Adler presented a major conceptual advance
for the purpose of determining whether a quaternionic
Hilbert space is suitable for the unification of the standard
model forces with gravitation. He provided an introduction
to the problem of formulating quantum field theories and
concluded that the QQM may fit into the physics of unifica-
tion and measurement theory issues [12]. Arbab [13] found
a quaternionic wave function consisting of real and scalar
functions satisfying the quaternionic momentum eigenval-
ue equation. More recently in [14] he proposed a quaterni-
onic commutator bracket. Giardino considered in [15] the
generalization of the imaginary units within the instances
of the complex quantum mechanics, and the quaternion-
ic quantum mechanics. The real Hilbert space formalism

https://journals.agh.edu.pl/jcme


https://journals.agh.edu.pl/jcme
https://doi.org/10.7494/jcme.2026.10.1.16
https://orcid.org/0000-0002-2443-8109
https://orcid.org/0000-0001-5253-3130
https://orcid.org/0000-0003-3619-6917

B. Bozek, M. Danielewski , L. Sapa

17

developed within the QQM was applied by Giardino in [16]

to the simple model of the autonomous particle.

The focus here is on quaternion quantum mechanics
and the quaternionic field theory. The QQM presented
here is ontological in a sense that it starts with being, that
are the Cauchy ideal elastic continuum at the macro-scale
(> 10% m) and the “Planck unit cell” at the micro-
scale (~107** m) [17, 18]. The basic categories of being and
their relations are governed by the quaternion algebra [18].

The evolution of the Planck-Kleinert Crystal (P-KC) mod-
el and the development of the QQM are shown in succeed-
ing papers [18-21]. In this article we present the QQM in its
most recent, refined form:

* We use the ontology-based formalism which is based on
the Planck-Kleinert crystal concept [17] and the quater-
nion algebra introduced by Hamilton, Section 1.1.

¢ The widely used Helmholtz decomposition is employed
in the general form in R, Section 2.

o All vectors are in the R* representation, e.g., the four-ve-
locity is the “new” variable that allows for the symmetri-
zation of the Hamiltonian [22] and the first and second
order wave equations.

¢ Second order PDE systems of the quark particles are pro-
posed.

¢ The mathematical model of an electron is formulat-
ed. It is described by the hyperbolic-elliptic partial
differential system of quaternion equations with the
initial-boundary conditions. This differential problem
is decomposed onto the hyperbolic equation with the
Neumann boundary condition on compression and
the hyperbolic-elliptic subsystem on a twist with some
specific boundary condition concerning rotation. The
boundary conditions are generated by the quaternion
energy flux that is found with the use of the Gauss the-
orem, the Cauchy-Riemann derivative and other math-
ematical formulas.

o Further studies are suggested in order to verify or refute
those propositions.

The Cauchy model of the elastic continuum is presented
in Section 1.2. We construct a Lagrangian with the use of
the Cauchy-Riemann operator and introduce the key new
concept, the quaternion valued velocity, in Section 2. Abbre-
viations used in the text are presented in the Appendix.

1.1. Quaternions

The elements of the quaternion algebra used in the QQM
and QFT were already presented in [18-20]. The basic defi-
nitions and formulas of quaternions and quaternionic func-
tions can be found in [23, 24].

In Hamilton’s own words, he created the R*analog of com-
plex numbers as the equivalent of the time-space continu-
um [25]:

Time is said to have only one dimension, and space to have
three dimensions. The mathematical quaternion partakes of
both these elements; in technical language it may be said to
be ‘time plus space’.. and in this sense it has, or at least in-
volves a reference to, four dimensions.

We demonstrate here that Hamilton’s ‘time plus space’ is
consistent with the Cauchy model of ideal elastic continuum
in the quaternionic representation.

The algebra of quaternions q = g, + § € H has all proper-
ties of an algebra with the unity. The symbol § means a pure
imaginary number.

The quaternionic deformation potential, i.e,, the deforma-
tion four-potential or g-potential is a relativistic function from
which the displacement field can be derived. It combines
both a compression scalar potential g, and a torsion vector
potential ¢ (twist) into a single quaternion (four-vector)
q=q,+q e H.

The multiplication of quaternions is noncommutative:
p - q # q - p. The noncommutativity of multiplication is the
only property that makes quaternions different from real
and complex numbers.

The quaternionic deformation potential is invariant in the
sense of Lorentz.

An arbitrary quaternion g € H can be written in the alge-
braic form:

q=4q,+q,i+q,j+qk 1

where i, j, k are called imaginary units and fulfill the relations:
P=j=k*=-1, ij=-ji=k jk=-ki=i, ki=-ik=j (2)

It is also possible to represent quaternions by some ma-
trices.

The commutator of two elements p and q is defined by
the formula:

[pal=p-q-q-p=26x4 3
and can be looked at as a measure of noncommutativity.
Two quaternions commute, i.e., [p, q] = 0 if and only if their
vector parts p and ¢ are collinear.

Quaternion-valued functions describe a lot of useful phys-
ical models, e.g., the electric and magnetic fields [26], Sec-
tion 3. Let Q2 © R?® be a bounded set. The so-called H-valued
functions have the form:

q(x) = q,() + q,(i + q,()j + q,(k, x=(x,x,x)€Q, (4)
where the functions q,(x), q(x), I = 1, 2, 3 are real-valued.
Properties such as continuity, differentiability; integrability,
and so on, have to be possessed by all the components
qo(x), q,(x), [ =1, 2, 3. In this manner, the Banach, Hilbert,
and Sobolev spaces of H-valued functions can be defined
[26]. In the Hilbert space over H:

L*(Q)={q: Q- H| [g2dx<oo, [ g’dx<o, [=1,2,3} (5)

the inner product can be defined as follows:

(4, 9,) = J,a; - a,d%,  q,,q, € L*(Q). (6)

The Fourier series, Lebesgue measure, Gelfand triples, La-
place transform, and many others on the vector space of
H-valued functions over H can be defined in a standard way
as in the real and complex cases.

In the further part we use the Cauchy-Riemann operator D
acting on the quaternion-valued functions q(x) = q,(x) + 4(x)
of the form:

Dq = -divq + grad q, + rotg. (7)
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Similarly, the functions q(t, x), depending on time ¢, may
be considered.

Moreover, the exponential quaternionic function of qua-
ternionic variables is very useful in applications and has the
trigonometrical representation:

el =el cos|ﬁ|+isin|ﬁ| , q=q,+qeH. (8)
q

Remark 1. Hurwitz’s theorem says that there are only four
normed division algebras: R, C, H and the octonions algebra.
Lagrange’s four-square theorem in number theory states that
every non-negative integer is the sum of four integer squares.
This theorem may have applications in QQM.

1.2. The Cauchy dispacement field:
the theory ofelasticity and properties
at the Planck scale

Cauchy finished the theory of the ideal elastic continuum
in 1822 [27], while Poisson [28] immediately after stud-
ied the elementary waves. Neumann [29] gave the proof of
uniqueness of the solutions of some initial-boundary val-
ue problems. The rigorous completeness proof was given
by Duhem [30]. The Cauchy theory is the first real, well
posed theory of elasticity using the continuum approach,
where the macroscopic phenomena are described in terms
of field variables [31]: the compression div u, and the twist
rotu. The stress tensor of the ideal elastic continuum is
given by

T =Atr(D)I + 2uD, )

where tr(D) is the trace of the strain tensor, I is the identi-
ty matrix and the two moduli of elasticity, 4 and g, are the
material-dependent constants. It was shown by Cauchy
and Saint Venant that if the particles composing a regular
crystal interact pairwise through central forces, then there
is an additional symmetry that implies the Poisson ratio
0.25 and equal Lamé’s coefficients: A = p [32]. The identi-
ty grad divu = divgrad u + rotrotu implies that the stress
tensor becomes:

The Cauchy equation of motion generalizes: (1) the Newton
laws of motion (the conservation of the linear and angular mo-
menta) to an ideal elastic solid, and (2) the concept of stress
in terms of the gradients in the displacement field u(t, x) € R*:

2
p%:Sugraddivu —protrotu+F, (11)
t

where F is the force induced solely by the displacements
caused by the entities already present in the elastic contin-
uum. In the following sections we show that the force must
be generalized and follows from the Cauchy-Riemann de-
rivative of the deformation potential f caused by the particle
waves, i.e., the force in R*is the consequence of the 4-poten-
tial f produced by the particles.

From Equation (11) the vectorial representation of the
energy density in the deformation field can be computed
[31,33]:

e:%ilol'l-&-%cz(divu)z+%c2rotuorotu, (12)

where u = du/at. The symbol “°” means the standard inner
product in R2.

In the following we consider the Cauchy continuum with
a Face Centered Cubic (FCC) structure. The Young modu-
lus Y describes tensile elasticity which is axial stiffness of the
length of a body to deformation along the axis of the applied
tensile force. It is related to Lamé’s two moduli of elasticity by

y=p G2 (13)
A+

If I, denotes the dimension of the FCC elementary cell
that consists of the four interacting Planck particles show-
ing the mass m,, the Planck density equals: p, =4m,/I3 =
const. The computed Planck density, the Young’s modulus
and the other properties of the Cauchy continuum at the
Planck scale are shown in Table 1. We consider the small
deformation limit and the negligible density changes. It al-
lows us to assume the constant transverse wave velocity:

¢=,/u/pp =const [31] and Equation (11) becomes:

div T = 2p grad div u +p div grad u = (10) 1 o%u . 1

=3pgraddivu - protrotu. C_z_atz =3graddivu —rotrotu +EF_ (14)
Table 1
The physical constants of the Cauchy continuum (FCC ideal isotropic crystal)

Label used in this work Planck constants Symbol for unit Value SI unit Reference
Lattice parameter Planck length 1.616229(38) x 1073 m [34]
Poisson ratio - 0.25 - [32]
Mass of the Planck particle Planck mass 2.176470(51) x 10°® kg [34]
Duration of the internal process Planck time 5.39116(13) x 10+ st [34]
Transverse wave velocity Li.ght velocity 2.99792458x108 m-s™! [34]

in vacuum
Planck density - 2.062072 x 10”7 kg'm™ [34]
Young’s modulus _ _ ) 114 2
Intrinsic energy density Y=2.5p,c 4.6332447 x 10 kg'ms [34]

https://journals.agh.edu.pl/jcme


https://journals.agh.edu.pl/jcme
https://www.britannica.com/science/stress-physics
https://www.britannica.com/science/field-physics

B. Bozek, M. Danielewski , L. Sapa

19

The Cauchy model (and to the same degree the majority
of physical problems) cannot be reduced to vectorial models
(the vector product does not permit the formulation of algebra
with unity, for example, the division operation is not defined).
By acting on Equation (14) by rot and div operators we sepa-
rate the transverse and the longitudinal processes:

2
dv(—a——3V(Vou) Vx(qu)Jr—Fj
c? o’ n

2
rot iza—g’=3V(vou)—vX(vXu)+lF
c” ot 18

(15)
1 ¢° 1
— —7 divu, =3Adivu, +—divF
c M
z 1
Vx(Vxuy )=—Auy C—Zgrotu(b = Arotu¢ +ErotF,

where u = u, + u, rotu, =0, div u, = 0. The Cauchy equa-
tion of motion combmed with the Helmholtz decomposi-
tion theorem results in four second-order scalar differential
equations, “quattro cluster”, and implies the transverse and
longitudinal waves in the Cauchy elastic solid.

Remark 2

1. The mathematical analysis confirms that the Cauchy
model is well posed, i.e, it has a unique solution and its
behavior changes continuously with respect to the initial
conditions [30].

2. The Helmholtz decomposition is never unique [35].

3. The Hamilton algebra of quaternions and its relation to
the four-dimensional space allow combining the Cauchy
theory with the electrodynamics, gravity and quantum
mechanics.

2. THEORY

2.1. The Cauchy deformation field
in the quaternion representation

The Cauchy classical theory of elasticity is an elegant start-
ing point to show the physical reality and the significance
and beauty of quaternions. The Hamilton algebra H allows
the recoupling of compression and twist that are sepa-
rated in (15). Upon denoting o, = divu, = (5, 0, 0, 0) and
o=rot u, = 0,4, 9, ¢3) we get

2

o0, 020 =3c*Ac,

ot 2
. & | —5—c*A lo—-2c*Ac, =0. (16)
524’ 2p 0 a
gz Cc A(I)

The decomposition u = u, + u, in Equation (15) results in
four equations in Equation (16) and implies the existence
of the deformation field 6 = o + ¢ that represents the twist
and compression fields as a superposition of real (scalar
compression ¢ ) and imaginary (twist vector $) field parts
at each point

0=00+&>EIHI and 0*=00—dA)€]HI. 17

Adding equations in (16) one gets the quaternion form of
the Cauchy motion equation

1 &2
—6— Ao —-2Ac, =0. (18)

CZ

Since tro U=t ol =~t-1=1-u, wheret=ui+i,)+uk
and u = (u,, u, u,), the overall energy of the deformation
field Relation (12) takes the form:

1a A

1
e=—u-u +— c00+c0, 19
2 2 0 (19)

where the velocity within the particle wave is given by the
Cauchy-Riemann derivative

i=-T ps, (20)
m

where Do = grad o + rot(T) because div&): divrot u,=0. The
overall energy in an arbitrary volume Q follows from Equa-

tion (19):

E= IpE(t,x)dx =
(21)

1a »
J.pp[—u u' +—c 66 +c Gojdx:mcz,

where the external potential, e.g., V(x), is omitted.

The kinetic energy in (19) follows from the vectorial
form: 4 - 15*/2, that can be regarded as R® representation
that does not describe the volume changes. Contrary, the
deformations have quaternion representation in R* In (17)
the quaternion potential, i.e., the deformation four-potential,
is defined by:

~

o = o, + ¢
22
g-potential, | divu, + rotu, ( )
deformation compression twist

The quaternionic velocity u € H should represent now
all the deformation velocities in R*. In the derivation of the
first order quaternion PDEs and in the electron model (Sec-
tions 2.6 and 3) we demonstrate the practical application
with an example of the particle wave showing the equiva-
lent mass m:

u = U, + u

h o h ~

——1—0 — —(grado, +rotd).
m m

: (23)
velocity of the .
g-potential changes | = [compreésmni| [twist velocity:I
velocity

deformation velocity

2.2. The boundary conditions

In order to obtain the boundary conditions we will find
the flux S of the energy e. Let V c Q1 be any subregion of Q

https://journals.agh.edu.pl/jcme
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with the smooth boundary dV. The rate of change of the
total energy within V equals the negative of the net flux
through aV:

= edr=— J.Sond(aV) (24)

where n = (n,, n,, n,) € R*is the outside normal unit vector
to dV. It follows from the Gauss theorem that

¢ 43 = —[divsd’r. (25)
a

Thus

% = —divS (26)

as V' was arbitrary.
On the other hand Formula (12) upon differentiation be-
comes:

e . . . L .
= =qoii+3cidivudivu + c*rotu o rot u (27)

and using Equation (14) with F = 0 we have

oe . .
5 =110(3c*grad divu — c*rot rotu) + 3c2divu divii +

) . 28)
+ crotuorotu.

Taking into account the identities div (ad) = 4 o grada +
a divA and div (A x B) = B o rotA - A o rot B, Formula (28)
becomes:

% = —div[cz(rotu) x11—3c? (divu)u} (29)

Comparing (26) and (29), the energy flux equals
S = ¢ (rotu) x u - 3c*(divu)u or in the quaternionic no-
tation

S=ct xii- 3020013 (30)
or equivalently

S$=c*(o- o,) x - 3020013. 31)
Thus, Relation (29) can be written in the form of the quater-

nionic continuity equation

2 | divs=0, (32)
ot

Because nothing flows over the boundary 0(), we assume
that

Sofi=0 (33)

on dQ, where 1 = n,i + n,j + n k. Equation (33) will be used in
the construction of the boundary conditions of an electron
model.

2.3. Maxwell equations in the Cauchy continuum

In this section we will show that the Cauchy equation im-
plies the Maxwell equations. We consider System (15) with
the nonzero external force field F:

2
1
——divu, —3Adivu, =—divF
c? ot? 0 0
5 (34)
1
>~ rotu, —Arotu¢ = ErotF.

The force Fis due to the deformations div u and rot u caused
by the presence of the flux of the external charged particles,
i.e,, there exists the external displacement field

f=f,+f €M (35)
The force field follows from the Cauchy-Riemann derivative
and the condition div f= 0:

F=-pDf = -pgradf, - protf. (36)

Combining (34), (36) and the definitions in (22), Sys-
tem (34) becomes:

1 &%
= - —3A0, =-Af;
(37)
B MY
2 6t :

By noting that the negative f; is a result of net inflow of
charged particles and it results in the positive change of o,
we get: Af, - Ao = 0, System (37) becomes structurally sym-
metric:

1 0%
_zatzo_AG():Afo
(38)
1%
———Ap=A
R o=4f.

Upon adding equations in (38) one gets quaternionic repre-
sentation of the Maxwell displacements

1 e
atz — A (00+¢) A(fo+f) (39)

Introducing the Maxwell potential definitions: ¢ = o, =divu,
and A = $ = rot u, where they denote the irrotational sca-
lar and solenoidal vector potentials, we get the four-potential
and flux:

A=@+A=@+Ai+Aj+AKk (40)
W=J,+] =-0f, - Af = -Af (41)

The macroscopic version of the Maxwell equations is For-
mula (39) with the use of (40) and (41):

1 2
(-C—Z%MJA =. (42)
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The microscopic empty space version is as follows. Consid-
er the empty crystal space (without the charged particles)
and the irrotational deformations are negligible: / = 0. Con-
sequently Relation (42) reduces to

iaz—A+rot rotA=0 (43)
c* ot? '

by the postulate ¢ = 0, divA = 0. We introduce the defini-
tions:

104
E=—-=, 44
c ot (44)
H:=rotA. (45)

Upon combining (43)-(45) and by taking the rotation in
Definition (44): rot (c'(0A/dt)) = - rot E the Maxwell sys-
tem for vacuum follows:

lZ—f—rotﬂ =0
c
(46)
l6—H+rotE =0.
c

2.4. Bosons, fermions, quarks and their g-potentials

The quaternionic propagators

The coupling of the transverse and the longitudinal waves
takes place in the elementary cell of the Cauchy continuum,
i.e,, at the Planck scale. The quaternionic oscillator controls
the acceleration of all the g-potential components during
the propagation, e.g, in the particle wave in Q: 6, ilil, c'|')z, (|)3
The function G, € R will be called the frequency of the os-
cillator. In the earlier papers, we disregarded that the twists
¢,, ¢, and ¢, form the twist vector $= ¢,0 + ¢,j + ¢,k [35]
and are controlled by the oscillator G, Thus, the relation be-
tween the g-potential and its scalar component o, will be
corrected and consider the two g-potential constituents, o,
and $[35]:

oo %o

Z V=2 0\ =81%f, f, 47
<at2 > < atz > fPf ( )
and the frequency of the quaternionic oscillator equals
G,(f) = 8% f. (48)

The particle wave frequency depends on the particle
mass, f = f{m), and follows from the R! schema, e.g., see
Figure 1 in [20]. The sum of moments of all the Planck
masses forming the particle wave in Q (at the arbitrary
time t and solely due to the particle wave) equals the mo-
mentum of the particle m itself. On the other hand, we
may estimate the average momentum of the arbitrary
single Planck mass m, in the elementary cell during the
whole particle cycle: T = f~'. The complete cycle implies
that every Planck mass m,, returns to its initial conditions:
u,(t) = u,(t+ T) and u,(t) = u,(t + T). The overall distance of

the Planck mass during the wave cycle T equals 2ml,. Thus,
the average momentum of the Planck mass p(m,) during the
particle wave cycle equals

2ml,

p(mp)=mp =2mmpl, f. (49)

The momentum of the particle wave m results from the par-
ticle wave propagation velocity:

p(m) =mc. (50)

Both moments must equal: p(m) = p(m,), and the frequency
of the particle wave becomes

mc c mCZ

f= =

2mmyl, ¢ 2mh’

h=myclp, (51)

where upon using the NIST data [36] for the Planck natu-
ral units m,, [, tp and the light velocity c, the constant # in-
troduced in Relation (51) equals the Planck constant [17].
Combining Relations (48), (51) and the definition f, = 1/¢,,
the overall frequency of the quaternionic oscillator when
the particle mass is known equals

I’YIC2

Gy(m)=4n e, . (52)

The oscillator might generate the lower frequencies f of the
particle wave and the families of propagators

1 1. mc
G =—G,(m)=—4m
" n olm) n  htp

, neN, (53)

where n can be interpreted as the measure of the propaga-
tor volume, e.g., [, = nl,.

The quaternionic oscillator G (m) controls four propaga-
tors:

e thescalarI (spin 0), G,(m)o-d’,

e the scalar II (spin 1/2), G,(m)o,

¢ the vectorial (spin 1/2), Go(m)&),

o the quaternionic (spin 1/2), G,(m)(o, + $).

The above propagators generate the particle wave and si-
multaneously, the particles produce different force fields
that are represented by the Poisson equation

nc’Ag + G,(m)f=0, (54)
where ¢ and fare the quaternion valued functions.

Remark 3. Substituting mc* = E in (51), the Planck-Einstein
relation follows: E = hf, where h = 2mh.

The bosons

The family of the scalar second order PDE systems of the
spin 0 particles results from the schema in (16) and (53).
In (55), we show the core set of the three second order
PDE and its equivalent, the set of two second order equa-
tions: the particle wave and the force field produced by the
particle.

https://journals.agh.edu.pl/jcme
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This schema can be written as
o .
y— CZA](I) =0
* L,
¥—3C AJO‘O =0 =

2
(n— 1)% —(n- 3)CZAJ 0y+2Gy(m)o- 6'=0

(55)

(az , J .
——c“A |0, +2G,(m)o-0c =0
atz n 0
=
o :
((n—1)¥—(n—3)czAJ00+ 2G,(m)o -0 =0,

where 6 = no, + (T) and n denotes natural numbers. If n =1,
then System (55) results in [19]:

(56)

c*Ac, +Gy(m)o-c =0
>’ .
—5 —C"A|o+2Gy(m)o-o =0
<qlat
c*Acy+Gy(m)o-o” =0.

The above two systems are equivalent and have five equa-
tions and five unknowns: Oy ¢, b, 4)3 and m. If mass m is
unknown it may be treated as the parameter in the Poisson
equation above. Equation (56) corresponds to the Klein-
Gordon equation, i.e., the spin 0 boson particle.

The second order PDE Systems (55) and (56) comply
with the Cauchy equation of motion, i.e., by adding the Pois-
son and wave equations, Equation (16) results.

The Poisson equation in (56) describes the potential o, of
the deformation field

2
¢ 5.0 (57)
P

c*Acy =—Gy(m)o -6 =—4m

It can be expressed as a function of the particle mass densi-
typ=(mo - )/1}:

3

c*Ac, =—4mp lr 5 =—4mpG. (58)
mpt2

Using the data in Table 1, the gravitational constant equals:
G=13/tim, =6.674082 x 10" m* kg™ - s7% The particle
mass center equals its wave energy center. The “space-
localized” particle is defined in the sense given by the
Bodurov definition [37]:

A singularity-free multi-component function o = (o, ¢,, ¢,,
&.) € H of the space x = (x,, x,, x,) and time t variables will
be called space-localized if ||o(t, X)||, = O sufficiently fast

when ||x||, — oo for each t, so that its Hermitean norm:
3
llo|P=(o,0") =j o5+ ) 4 |dx =J.0~G*dx<oo (59)
o =1 °

remains finite for all time.

The particles formed by the odd number of quarks

The strong coupling is considered in the further sections:
n = 1in Relation (53).

We begin with the vectorial potential, where the term
G,(m) ¢ fixes the density of the rate of twist change and is
called vectorial propagator:

o? -
[i_gczAJc —0es [?‘%ZAJ“”G&’”“):" (°0
ot? 0

—c? A + Gy(m)$p =0.

—czA&> +G, (m)q; =0

Upon the rearrangement, the particle wave (electron) and
the vectorial Poisson equations are evident. The adding
equations in System (60) shows that it complies with the
Cauchy equation of motion (16):

o .
[?‘ 3c2AJ0 +2G,(m)p =0, .
—c?A§+Gy(m)h=0, (61)

82
= ?—CZA 0-2c*Ac, =0.

Note that the wave propagation velocity in System (60)
equals the velocity of longitudinal waves in the Cauchy con-
tinuum: ¢, =3¢ [17]. The vectorial Poisson equation in
(60) confirms that it is the second order PDE system for elec-
tron. The quaternion propagator, G (m)(o, + &)), the vecto-
rial, G (m)¢, and scalar, G (m)o,, propagators are “merged”
and form a strongly coupled system. The rearrangement of
System (62) is shown below and displays different forms of
the second order PDE systems:

i o
¥—3C2A 0'0:0<Z> [&——302Aj00: f=4

—c*Ap+Gy(m)p=0

c*Acy+Gy(m)o,=0

(0, §)+Gy(m)(o,+§)=0  (62)

- [aa:z ZCZA]U+GO(m)(GO+&))=0

Ao + Gy(m)o =0.
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The comparison of the scalar, vectorial and quaternion-
ic propagators shows that the g-propagator offers the
strongest coupling, Equation (62). The quaternionic
Poisson equation in (62) reveals that it is the second or-
der PDE system for proton. The sum of equations in (62)
shows that system complies with the Cauchy equa-
tion (16):

[;—ZZ—ZCZA]0+GO(m)(GO +¢)= o:
(0, ) +Gy(m) (o, +$) =0 (63)

o
= ?—CZA 0-2c*Ac, =0.

Note that the propagation velocity in System (62) exceeds
the transverse wave velocity ¢’ = V2.

The quarks

The comparison of Systems (56), (60) and (62) allows for
the postulation of second order PDE for the quarks from the
up and down groups. Specifically, the second order system
of the u quark from the up group equals:

[l & —CZAJG +§(;0(m)$ -0

2
3ot (64)
2 2 n 2 ~
—"=Ap——G,(m)p=0
S 20=26,0mé
and the system of the d quark from the down group
10% 1 ,
3 Gy(m)o, —gGo(mN): 0
(65)

CZA[O'O +%&>J—Go(m)(00 —%&)} =0.

The sum of equations in the above quark Systems (64) and
(65) does not comply with the Cauchy equation of mo-
tion (16) and may indicate their short lifetime. The terms
2/3(G,(m)$) and -1/3(G,(m)¢) in Systems (64) and (65)
respectively, are related to the charge (Table 2).

Table 2
The basic properties of the quarks in baryons

Group Quarks Charge Spin
up uct 2/3 1/2
down ds b -1/3 1/2

There are two groups of hadrons: baryons (containing
three quarks or three antiquarks); and mesons (contain-
ing the quark and an antiquark). In the following we show
that Systems (60)-(65) comply with the experimental find-
ings shown in Table 2.

The proton is formed be the two up and the single down
quarks: d - u - u. Thus by computing the sum of two Sys-

tems (64) and one System (65) we may expect the proton,
System (62):

10% 1 »

3t Go(m)o, —gGo(m)¢=0

+
CZA[GO+%fj+GO(m)[GO —%&)) =0

2 R (66)
(% 82 CZAJG-%GO(m)(b:O
+2 a
2 2 n 2 n
—"—=Ap+—G,(m)p=0
3 00+3 o(m)o
and the result is identical with Equations (62):
az 2 n
E—ZC A G+G0(m)(00 +¢):0 (67)

() ) +Gy(m) (0 +$) =0.

The neutron is formed by the one up and the two down
quarks: d-d - u:
1%

1 ~
E? + Go(m)co - gGO (m)cb =0

2x L ) +
CZA[GO +§¢] + Go(m)[o0 _§¢] =0

(68)

1 2 .
————Cc“A |o+—=G,(m)p=0
. (3&2 ] 3 0( )q)

22 n 2 n
—"=Ap+—G,(m)p=0
5 A0+ Go(m)e

and the result is in agreement with neutron System (56):
2

6_(25_ c*Ac +2G,(m)o, =0

ot

(69)

c*Ac, +Gy(m)o, =0.

Systems (60), (67) and (69) represent coupled second or-
der PDE’s and show the different coupling strengths. The
strongest coupling of the proton is related to its enormously
long lifetime, Equation (67).

2.5. The quaternionic Schrodinger equation

The vectorial Poisson equation indicates that it is the sec-
ond order PDE system for an electron. We will apply the
schema in System (60) in the integral form of the energy
conservation, in Equation (21). We treat the wave as a parti-
cle in an arbitrary volume Q [19]. The energy per mass unit

e:%ftﬂ +%czc~0*—c2$~$* (70)

in the volume occupied by the particle wave defines its

overall energy

EO=Ep+EV=J.ppedx, (71)
Q

where E_and E, are energies of the particle and of its force
field respectively, p, is the Planck mass density.
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The first step in deriving the Schrodinger equation is the
choice of the symmetric formula scheme for the particle en-
ergy, Ep. Equation (71) can be written in the equivalent form
the following schema in System (60). We separate the E and
E, terms in the integral formula

E+E, :ppj.(%ﬁfl +%c20~0*—c2&)~$*jdxc
Q
1 noa* 2k
Ep:Eij(wu +3c“c-0 )dx (72)
— Q

By =pp [ (e -4 ).
Q

The mass of the particle m = Ep/c2 follows from the parti-
cle wave energy in (72):

A AF

m:lpPJ' 30~0*+# dx. (73)
2 ) c

The terms 30 - ¢ and 1 - '/c? oscillate and depend on
the time and position. The symmetric structure of (73) al-
lows normalizing the deformation and mass velocity with
respect to the overall particle mass:

3&0 o'dx = J‘llytp*dx =1, where Y= 3&0,
m m
° (74)

u

m c

J. pPZ i dx:J-prp*dx:l, where i = Pe
c m
Q Q
The quaternionic particle mass density s can be called the
quaternionicprobabilitybecause therelation J. Y-Pdx=1
Q
in (74) is satisfied. Obviously, the terms y=,/(3p, /m)o
and Y - " vary in time.
We analyze the evolution of the wave as in Relations (73)
and (74) in the time-invariant potential field, e.g, the particle

wave in the field generated by other particles. The overall par-
ticle energy is now a sum of the ground and excess energy Q:

E=E,+Q= J‘(%ppczon* +%ppﬁ~fl* +V(x)1p~¢*de. (75)
Q

We consider the low excess energies, and the impact of Q
on the overall particle mass in (74) is marginal. Thus, Rela-
tion (75) becomes:

1, « 1~ oA x
E=E, +Q:J Emc (R +Eppu-u +V(xW-y |dx=
1 . 1~ (76)
:Emc2 +j[5p,,a-a* +V(X)Lll~ll}*jdx.
Q

Both the £ and m are constant, thus it is enough to mini-
mize the relation

Q—j@pp&.a" +V(x)w~w*jdx- 77)
Q

The above relation contains two unknowns: 4 = du/dt
and . By relating the local lattice velocity i to the force,
specifically to the normalized Cauchy-Riemann derivative
of the deformation /,Dg, one gets

G=P T pe (78)
m m

By introducing (78) and the normalization (74), Rela-
tion (77) generates the functional:

2
Q[w]:.[(;_m(Dll’)'(DlP)* +V(X)l,U'lIJ*JdX. (79)
Q

The functional Q[y], Equation (79), was minimized with
respect to a quaternion function, such that s satisfies the
normalization introduced in the relation. One may follow
the schema used in [19]. In simple terms, we seek a differ-
ential equation that has to be satisfied by the { function to
minimize the energies allowed by (79). Given the function-
al (79), the conditional extreme is found using the Lagrange
coefficients method and the Du Bois-Reymond variational
lemma [38]. In such a case, | satisfies the time-invariant
Schrodinger equation satisfied by the particle wave in the
ground state of the energy E [19]:

2

n
_%Aq”v(x)w =y, (80)

where a constant factor on the right-hand side can be con-
sidered as extra energy of the particle in the presence of the
field V = V(x). For E = A, Equation (80) is clearly the time-
independent Schrodinger equation satisfied by the particle
in the ground state of the energy E:

2
I A VOO = B (81)
2m

2.6. The first order PDE in the Cauchy continuum

The operator quantum mechanics is based on the com-
plex number algebra and matrix algebra. The canonical
quantization starts from the classical mechanics and as-
sumes that the point particle is described by a “probabi-
listic wave function”. Dirac applied complex combinations
of the displacements and velocities in the linear problem
of secondary quantization [39] and replaced the second
order Klein-Gordon equation by an array of first order
equations. He recognized the problem of medium for the
transmission of waves:

It is necessary to set up an action principle and to get
a Hamiltonian formulation of the equations suitable for
quantization purposes, and for this the aether velocity is re-
quired [39].

In this section we follow the Dirac concept. We derive
the formulae based on the aether concept, specifically the
Cauchy continuum and the quaternionic oscillator G, (m) for
the first order PDE and the separated Planck time scale. The
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second order particle wave equation, e.g,, in the electron
PDE System (61), contains two parts:

2
(%— cfA]c

|:Second order wave term "o, : variable:|

+

n

+

o and constant wave velocity ¢; = «/gc (82)
+ 2G,(m)} = 0.
. Propagator with oscillator Gy(m) 0
that runs at two frequencies

We will comply with above schema for the first order PDE:

ou 2
——c,Du +
ot
First order wave term oy variable
(83)

u, wave velocity ¢; = \/gc
+ 26, (mu

[ Propagator with oscillator G, (m) }

that runs at particle wave frequency

Il
(=}

The first order wave term

We consider System (60) and the relation between the wave
velocity and the Cauchy-Riemann derivative equation (78):
Do = -(m/h) - 1. The expression for the overall particle en-
ergy, Equation (72), implies:

o the deformation velocity as the alternative variable:

W=t +4, (84)

where i, = -(h/m) - (0,/1), ii=~-(h/m)" Do,
¢ the longitudinal wave velocity as the wave propagation

velocity:
¢, =3c. (85)

The motionless particle is considered, thus its wave is at
a steady state. The second order time derivative of the
g-potential in (83) we express as follows:

Fo_o(20 N
ot ot\aot ) (86)

The term in the bracket on the right-hand side is the
rate of the g-potential changes. We want to express this
term by the new variable and separate the time scales.
The rate of changes of the deformation potential do/dt
is due to the wave propagation within the particle space.
The propagation process must follow the extremum
principle, i.e., it is the brachistochrone problem [40]. The
good example of “local principle” approximation is by
Derbes [41].

We know that the wave path fulfills the extremum princi-
ple, i.e., the wave path follows its unique trajectory given by
the Cauchy-Riemann derivative, Do. The trajectory which
has the minimum property globally in the whole volume Q

occupied by the particle must have the same property lo-
cally. This path grants the shortest possible travelling time
for the waves identified in QQM. Considering o(u(¢, x)) we

get the formula
3
oo 0o oy,
at [z ou, ot

Consequently from (84)-(86) we postulate the following:

oy, 0o mcy .
—=c > —=—>Ly
ot ot h a7
Go_1m. ®7)
au 3 h

for =1, 2, 3. From Relation (84) we get

DG:—%ﬁ = AG:—DDG:%D&. (88)

Combining Relations (87) and (88), we get the first order
particle wave term consistent with the second order For-
mula (82):

= ——CL

2 g N ; A

Thus, the first order particle wave term in (83) equals:

ou B
——c,Du=0. 90
praal) (90)

The first order quaternionic oscillator

The frequency of the second order quaternionic oscilla-
tor results from two time scales in PK-C: G (f) = 81, f.
We consider the macro scale only and first order PDE
equation thus, by eliminating the Planck frequency from
Relation (48), results in the frequency formula of the first
order quaternionic oscillator when the particle mass is
known:

m

2
G;\(m):4nf:2%:6 (91)

mPtP

By introducing Relations (90) and (91) in the schema (83),
the first order PDE for electron equals

ou

X ¢, pi-12-""
ot

u=0. (92)

mytp

The electron spin

The energy Relations (72) are symmetrical and, in the case
of the electron:

1 Aot
Eelectron particle :EpPI(u'u +C,0-0 )dX
! (93)

2 IS
Eelectron potential field — Pp j(_c 4) ' 4) )dX
Q
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A particle is stable and its energy must be conserved. Thus,
itis justified to assume that the constraint div $= 0 holds for
the completed particle cycle. In the static particle we postu-
late zero dissipation of the twist energy: div$= 0. It implies
the necessity of the spin, S, the process that will provide the
energy conservation:

div = div (§+ ) = 0. (94)

The equipartition of energy between the twists, |<T>| =8|, im-
plies the equipartition of moments: |¢| = |S]. Thus, the over-
all momentum per mass unit equals: 23] = a.

3. MATHEMATICAL MODEL OF AN ELECTRON
We consider the quaternionic system of equations shown in
Equation (61):
2 ~

6—2—3CZA0 +26,(m)p=0

ot (95)

*Ap—Gy(m)h=0.
System (95) is equivalent to the real hyperbolic-elliptic
system

62
% ~3c*Ac, =0

Zt—z‘i’ —3c*Ag+2G,(m)hp =0 (%)

A —Gy(m)p=0

that can be written in the elegant mathematical form

620 2
—%—3¢*Ac, =0

8% A
at—f—cqu) =0 (97)

2Ah—Gy(m)p=0,

Each of the three equivalent Systems (95)-(97) obeys the
constraints

divh=0
{ ivd 98)
&y =24,
The energy must be conserved. Thus the flux, Equation (31),
through the boundary must be zero and we consider the
boundary condition in the form

(¢*px ti - 3c%0, 1) 01 = 0, (99)

where

2 n -

u=-—(Vo,+rotd). (100)
m

Combining (99) and (100) results in

(~x Vo, - dx rot o+ 30,Vo, + 300rotdA)) on=0. (101)

An electron does not generate the scalar field and we add
the condition

Vo, 01 =0. (102)
Consequently the condition (101) becomes
(¢ rotd- 300r0t&)) on=0. (103)

The twist ¢ and compression o, in the above differential
problem (97) are only coupled at the boundary, Equa-
tion (103). In particular, o, affects ¢ but not vice versa. So,
one may formulate two initial-boundary value problems.

3.1. Initial-boundary value problem for compression o,

The hyperbolic equation
o’y 2
?—SC AGO =0 (104)
with the Neumann boundary condition
Vo,0h=0 (105)

and the initial conditions

04(0,x)=00,(x)
d (106)
SH0.x)=00,(x),

where the functions o, and o, are given.

3.2. Initial-boundary value problem for twist <i>
The hyperbolic-elliptic system
0% -
Gt_j) —c*Ap=0
c?Ad—Go(m)p=0 (107)

divh=0
¢1 = 2¢2

with the boundary condition
(& xrotd - 300r0t$) ofi=0 (108)

and the initial conditions

9(0,%) =y (%)

a N
a—‘f(o,xk%z(x),

(109)
where the functions $01 and &)02 are given.

The numerical solution of the model will be presented in
the next paper.

4. CONCLUSIONS

The presented results are based on the ontological model
of the QQM and QFT, i.e,, on the Cauchy continuum and the
Planck unit cell concepts. The major progress is due to the
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use of the quaternion algebra and some structurally sym-
metric quaternion formulas, specifically the postulate of
quaternion velocity. It allows the consideration of the mo-
mentum of the expanding Cauchy continuum and is the
apparent result of the scalar potential o (¢, x) of the expan-
sion/compression. This idea allows the formulation of the
boundary conditions in the electron model. The key new
results are listed below:
The quaternionic G (m)(o, + &)), vectorial Go(m)&) and sca-
lar: G (m)o, propagators are postulated and used to gener-
ate the second order PDE systems for the proton, electron
and neutron.
The scrupulous assessment of the second order PDE sys-
tems allows the postulation of two second order PDE sys-
tems for the u and d quarks from the up and down groups.
Itis shown that both the proton and the neutron adhere to
the experimental findings and are formed by three quarks.
Namely, the proton and neutron are formed by d-u-u and
d - d - u complexes, respectively. All the above PDE systems
comply with the Cauchy equation of motion (16) and can be
considered as stable particles.
The u and d quark systems do not comply with the Cauchy
equation of motion. Also experimental efforts to find the in-
dividual quarks were without success. Observed were the
bound states of the three quarks - the baryons and a quark
and an antiquark - the mesons. Wilczek calls it the phenom-
enological paradox: Quarks are Born Free, but Everywhere
They are in Chains [42]. The inconsistency of the quarks
PDES with the Cauchy equation of motion elucidates the ob-
served Quarks Chains.
The principle of special relativity is explained by this mod-
el and may well be applied for all practical purposes. The
matter almost completely is built up by electromagnetic forc-
es, so we must expect that both Lorentz contraction and time
dilatations will be exactly as predicted by the Lorenz trans-
formations. In the light of this prediction, it is unsurprising
that the experiments by Michelson, Morley and many others
did not reveal the speed of the Earth through the spatial con-
tinuum, which at that time was called the ether.
The results indicate the following targets for an immedi-
ate future:
¢ The particles and quarks in the case of higher coupling
coefficients:n€ Z, n # 0.

¢ The ratios between the constants for the different force
fields.

e The rigorous derivation of the first order PDE basing on
the extremum principle.

The multivalued coordinate transformation to determine
the properties of space with curvature and torsion pro-
duced by the second order PDE systems representing the
QFT [43].
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APPENDIX
Symbols
h Planck constant in terms of angular
frequency
H quaternion algebra
QFT quaternion field theory
QQM quaternion quantum mechanics
PDE partial differential equation
c= Ii transverse wave velocity in elastic
tp continuum
_ longitudinal wave velocity in elastic
L= Vac continuum
f frequency of the particle wave
1
fr= t_ Planck frequency, inverse of the Planck time
P
G,(m) frequency of the quaternionic oscillator
G,(m)o - o’ scalar propagator |
G,(m)o, scalar propagator Il
G,(m)d vectorial propagator
G,(m)(o, + ) quaternionic g-potential propagator
h Planck constant, h = 2mh
1, Planck length
m equivalent mass of the wave, i.e., mass of the
particle
m, Planck mass
coupling coefficient in the oscillator
T deformation tensor

u=(u,u,u,)  displacementin R?

A length of the particle wave
Ap Lamé coefficients

mass density of the particle p = p,/c? as the

P equivalent of the energy density p, in the PK-C

[ density of the deformation energy

pp = 4& Planck density, i.e., the mass density of the
P PK-C
P

0=(0, 0,9, d,) g-potential in R* the quaternion
deformation potential

c stress tensors
o0 strain energy density
Y=o Pp quaternionic particle density, i.e., the
m particle wave function
vy probability, i.e., the normalized particle

mass density
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