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Abstract
The microstructure of a material is fundamental to its properties and behavior under mechanical and thermal loads. Under-
standing the internal structure of a material and controlling the microstructure at the stage of ceramic materials synthesis are 
essential for designing materials with desired properties. This study focuses on the three-dimensional reconstruction of the 
microstructure of yttria-stabilized tetragonal zirconia polycrystalline (TZP). The goal was to create accurate digital models of 
the microstructure which could be used for further material analysis.

The study utilized images obtained through scanning electron microscopy (SEM), on the basis of which the fundamental 
stereological parameters were determined. The microstructure reconstruction was performed using the Laguerre tessellation 
method, allowing for the generation of three-dimensional digital models of the microstructure that represent the material’s 
internal structure.

The results confirm that, based on the basic stereological parameters obtained from two-dimensional cross-sections, 
three-dimensional reconstruction of the microstructure of polycrystalline zirconia is possible. This work, therefore, represents 
a step towards the effective design of ceramic materials with high performance parameters, through the control and optimiza-
tion of their microstructure.
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1. INTRODUCTION

Microstructure has a  fundamental impact on the proper-
ties of polycrystalline ceramic materials. The grain size, 
shape and orientation significantly influence, and some-
times even determine, many of the material’s key proper-
ties on a macro-scale [1]. Therefore, analyzing the interac-
tions between individual grains is essential for a complete 
description of the deformation mechanism occurring un-
der mechanical and thermal loads. Additionally, the grain 
boundaries, which are disturbances in the ideal crystalline 
structure, determine many transport phenomena, such as 
heat transfer or electric current flow, but also have a  sig-
nificant impact on fracture or high-temperature plastici-
ty mechanisms. Understanding these phenomena occur-
ring at the level of individual grains, and controlling the 
microstructure at the synthesis stage, are therefore es-
sential for the effective design of ceramic materials with 
desired mechanical, thermal, and electrical properties.

Research into the interactions between grains and their 
influence on the macroscopic behavior of materials consti-
tutes a key area for achieving progress in the field of mate-
rials engineering. However, for such research to be possible, 

an increasingly accurate description of the microstructural 
structure of a material is required. For this purpose, along-
side measurement methods, techniques for generating 
three-dimensional digital models of microstructure are be-
ing developed. These models, providing a virtual equivalent 
of real polycrystalline materials, are used for both extended 
microstructure analysis (3D) and in numerical simulations, 
which are aimed at investigating the macroscopic prop-
erties of materials. Digital models of microstructure thus 
form the basis for in-silico research, which complement and 
extend experimental methods, allowing for a better under-
standing of the phenomena being analyzed and reducing 
the costs of both basic and applied research.

Methods used for reconstructing microstructure in the 
form of digital material models can be divided into two main 
kinds. One are reconstructions based directly on experimen-
tal data, obtained by X-ray tomography techniques (X-ray 
microtomography) [2–6], scanning microscopy or back-
scattered electron diffraction combined with FIB technique, 
using a focused ion beam (SEM/FIB, EBSD/FIB) [7–10]. The 
techniques in this stream, combined with advanced algo-
rithms for data acquisition and analysis, allow for the repro-
duction of three-dimensional microstructure in the form of 
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digital models [11]. In recent years, these techniques have 
developed rapidly, however, they are still not widely used 
due to technical issues related to, among others, the long 
data acquisition time, limited size of the analyzed space, and 
equipment costs [12].

The second direction of microstructure reconstruction is 
associated with simulation methods, where experimental 
data is used in a limited scope, and sometimes only at the 
stage of verifying the obtained results [13, 14]. Common-
ly used methods in this stream include: the Monte Carlo 
method (Monte Carlo Potts) [15, 16], cellular automa-
ta  [17–19], and tessellation used in this work [20–23]. 
Such reconstructive approaches enable the attainment 
of microstructure models that are statistically equivalent 
to models fully based on experimental data [24], but also 
allow for simulations of virtual microstructure variability 
over time. This facilitates, for example, the analysis of grain 
growth during sintering [25, 26]. The rapid development 

of algorithms, combined with the increasing computation-
al power of workstations, enables the generation of syn-
thetic microstructures that can serve as a basis for further 
numerical analyses conducted, for example, with the Finite 
Element Analysis (FEA) method [1, 21, 22, 27].

2. MATERIAL AND METHODS

Microstructure reconstruction was conducted for yttria-
stabilized polycrystalline zirconia (TZP). The material for 
the study was obtained from commercial 3Y-TZP powder 
(TOSOH), sintered freely at 1400°C. Samples obtained in this 
way were polished, and their surface was additionally etched 
thermally at 1300°C for 0.5 h. Imaging was performed using 
the SEM technique with a Nova NanoSEM 200 – FEI micro-
scope in low vacuum mode using a  high-resolution Helix 
detector. An example image of the microstructure of the ana-
lyzed polycrystalline zirconia is shown in Figure 1a.

a)	 b)

	
c)	 d)

 

Fig. 1. The main stages of processing and analyzing images of the TZP: (a) SEM source image; (b) Euclidian Distance Map; (c) SEM image 
with overlay binary image (red); (d) image after segmentation and indexation prepared for quantitative analysis (colors used only to mark 
consecutive grains; particles lying on the edge of the image not included in the analysis, marked in white)
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The acquired microstructure images were then subject-
ed to processing operations to obtain binary images, which 
were finally analyzed. Image processing began with typical 
operations, including noise removal (median filter), contrast 
and brightness leveling (histogram adjustment). Subse-
quently, a background alignment operation was performed 
using the rolling ball algorithm [28]. The images prepared 
in this way were subjected to binarization. To emphasize the 
positions of the grain boundaries, the binary images were 
transformed into a Euclidean Distance Map [29], and based 
on these, Morphological Segmentation was performed [30], 
which led to the reconstruction of the grain boundaries. The 
entire image processing work was conducted using the Im-
ageJ software (Public Domain license) [31] and, for automa-
tion, recorded in the scripts. Through this approach, utiliz-
ing batch processing of the entire series of SEM images, all 
binary images were obtained with identical parameters and 
processing steps. Finally, the binary images of the micro-
structure, obtained in the processing process, were subject-
ed to manual correction, involving the removal of artifacts 
from the image and sometimes local modification of some 
boundary courses. The prepared binary images were seg-
mented and indexed, and then basic stereological parame-
ters were determined for the obtained particles: particles 
area A, particles perimeter L, particles number N, and Feret 
diameters: maximum dF

max  and minimum dF
min, angle for the 

maximum Feret diameter  θmax. Based on the determined 
parameters, the equivalent diameter eq 2 /d A π  and the 
circularity shape descriptor fc = 4πA/L2, solidity shape de-
scriptor fs = πd2

eq/(4A) were also calculated.
To obtain information about the diameter distribution for 

the three-dimensional grains of the analyzed polycrystals, the 
Scheil–Schwartz–Saltykov (SSS) method was applied [32–34]. 
For this purpose, the equivalent diameter values of the in-
dexed particles were divided into 15 classes (k  =  15) with 
width Δ, and histograms were created showing the number 
of particles (2D) per unit area NA in subsequent diameter in-
tervals di (i = 1, …, k). Using the Saltykov correction factor aij, 
which was generally presented by Takahashi and Suito [35], 
the number of grains (3D) per unit volume NV, contained in 
subsequent (k) classes, was calculated:

	 

 ( ) ( )1
k

V ij A
i j

N a Nj i
Δ

	

(1)

The diameter distribution of equivalent grains (3D) ob-
tained in this way was used for the reconstruction of the 
microstructure.

The reconstruction of the microstructure of polycrystal-
line zirconia was conducted using the Laguerre tessella-

tion method. This method is known as a weighted Voronoi 
tessellation and is based on dividing the space Ω into cells 
(grains), whose area Ci is given by the expression [1]:

	 Ci = {x ∈ Ω: ‖x – Si‖2 – wi < ‖x – Sj‖2 – wj}, for j ≠ i	 (2)

where ‖x – Si‖ is the distance (Euclidean metric) between 
any point x belonging to the analyzed space Ω and a chosen 
seed point Si, while Sj is the seed point of another cell Cj from 
this space. In Laguerre tessellation, the distance of point x 
from the seed point Si is additionally modified by a weight 
coefficient wi, which can be interpreted as a parameter de-
fining the radius of a  sphere ri (or a  circle in 2D), whose 
center is located at the seed point Si (r wi i= ). In practice, 
assigning a specific weight to each seed point enables the 
adjustment of the cell size distribution in the generated 
structure to a hypothetical or empirical distribution of crys-
tallite sizes, allowing for a closer approximation of the mi-
crostructure of real polycrystalline materials compared to 
classical Voronoi tessellation [1, 36–38].

To estimate the size of the reconstructed space, it was as-
sumed that it should ensure a number of tessellation cells 
(representing 3D grains) comparable to the number of par-
ticles indexed on the source SEM images. Therefore, the pa-
rameter NA, which, assuming the sphericity of the cells, is 
related to NV by the relationship [39]:

	
 3/26

6V AN Nπ

	
(3)

Since the expected size of the reconstructed space was 
large, in order to speed up the generation of the synthet-
ic structures it was assumed that a multiple realization of 
smaller dimensions would be performed, which together 
would constitute a statistically equivalent volume element 
(SVE) [1, 22]. To optimize the tessellation structures, in 
addition to the distribution of equivalent grain diame-
ters (3D), the distribution of the solidity shape descriptor fs 
was also utilized. The entire process related to generating 
tessellation structures was conducted using the Neper pro-
gram (GNU General Public License) [40, 41].

3. RESULTS

3.1. Quantitative microstructure analysis

The results of the quantitative analysis of the microstruc-
ture of the studied polycrystalline zirconia were obtained 
based on 50 SEM images taken at a magnification of 50000×. 
The directly determined and calculated values of selected 
microstructural parameters are presented in Table 1.

Table 1 �  
Values of some quantitative microstructure parameters: Ntot – total number of counted particles, Atot  – total area of counted particles,  
⟨A⟩  – average particle area, NA – number of particles per unit area, ⟨L⟩ – average particle perimeter, ⟨Fmax⟩ and ⟨Fmin⟩ – average value of the 
maximum and minimum Feret diameter, ⟨deq⟩ – average equivalent diameter, ⟨fc⟩ – average value of the circularity shape descriptor, ⟨fs⟩ – average 
value of the solidity shape descriptor

Ntot Atot ⟨A⟩  NA ⟨L⟩  ⟨Fmax⟩ ⟨Fmin⟩ ⟨deq⟩ ⟨fc⟩ ⟨fs⟩

– µm2 µm2 µm–2 µm µm µm µm – –

8227 1043 0.127 7.89 1.36 0.470 0.335 0.402 0.726 0.915
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To illustrate the variability of some of the determined 
microstructural parameters, the data collected for them are 
presented in the form of histograms in Figure 2. The distri-

bution of equivalent diameter values Deq, obtained based on 
the transformation using the SSS method, is also presented 
in histogram form (Fig. 2d).

a)	 b)

�
c)	 d)

�
Fig. 2. Some microstructure parameters: (a) histogram of values solidity shape descriptor fs; (b) relationship between the shape factor  fc and 
the equivalent diameter of the particles deq; (c) distribution of angles θmax for the maximum Feret diameters (direction rose); (d) histogram 
of equivalent grain diameters Deq (3D, represented by blue bars) with highlighted frequency values for equivalent diameters of particles deq 
(2D, shown as red dots)

3.2. Microstructure reconstruction

Based on the total number of indexed particles in the SEM im-
ages Ntot = 8227, the determined parameter NA = 7.89 μm–2, 
and the calculated NV = 16 μm–3 from Equation  (3), the 
total volume of the reconstructed space Vtot  =  514  μm3 
was established, corresponding to a  cube with a  side 
length of a  =  8  μm. However, for computation optimiza-
tion, subsequent realizations comprising the SVE had 
Vi = 27 μm3 (a = 3 μm). To achieve the SVE, 19 realizations 
were planned, but the anticipated number of grains was 

reached after only 15 realizations. An example synthetic 
microstructure obtained through tessellation is presented 
in Figure 3a, and a random cross-section of the structure 
is shown in Figure 3b.

For the geometric models obtained through tessella-
tion, basic microstructure parameters were determined 
and compiled in Table 2. To illustrate the variability of the 
equivalent diameters and the variability of the shape de-
scriptor, the collected data are presented as histograms in 
Figure 3.

Table 2 �  
Values of some quantitative microstructure parameters for the tessellation model: Ntot – total number of counted cells, Vtot – total volume of 
counted cells, ⟨V⟩ – average cell volume, NV – number of cells per unit volume, ⟨Deq⟩ – average equivalent diameter of the cell

Ntot Vtot ⟨V⟩ NV ⟨Deq⟩ 

– µm3 µm3 µm–3 µm

9345 405 0.0433 23.1 0.385
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a)	 b)

   �
c)	 d)

�

Fig. 3. The results of the microstructure reconstruction conducted using the Laguerre tessellation method: (a) an example synthetic 
microstructure (the color scale corresponds to the grain size Deq; (b) a cross-section of the synthetic microstructure; (c) distributions of equivalent 
diameters: determined based on SEM images (red dots) and determined for the synthetic microstructure (blue bars); (d) distributions of shape 
descriptors: determined based on SEM images (red dots) and determined for the synthetic microstructure (blue bars)

3.3. Results discussion

Based on the qualitative analysis of the SEM images, it 
can be concluded that the studied TZP possesses a  typi-
cal microstructure for tetragonal zirconia polycrystalline. 
The images are dominated by isometric, convex particles 
whose size does not exceed 1 µm. These observations are 
confirmed by the results of the quantitative image analysis. 
The distribution of equivalent particle diameters deq (2D) 
and the distribution of equivalent grain diameters Deq (3D) 
obtained by the SSS method indicate (Fig. 2d) that the mate-
rial consists of submicron grains, with an average diameter 
of approximately 0.4 µm. Both the particle size distribution 
and the grain size distribution are right-skewed, which is 
well motivated by the theory of sintering ceramic materi-
als. The isometric shape of the particles is confirmed by 
the distribution of the solidity shape descriptor fs (Fig. 2a). 
This distribution is narrow, and  ⟨fs⟩ = 0.915 (Tab. 1). It is 
noteworthy that larger particles are usually more isometric 

than smaller ones. This is illustrated by the relationship be-
tween the circularity shape descriptor fc and the equivalent 
diameter deq presented in Figure 2b. Additionally, the analy-
sis of the distribution of angles θmax for the maximum Feret 
diameters (Fig. 2c) indicates that the polycrystal obtained 
through free sintering does not exhibit significant anisotro-
py in the arrangement of particles.

The presence of isometric, convex particles in SEM im-
ages validates the rationale for using the SSS method to 
transform the distribution of particle diameters deq into the 
distribution of grain diameters Deq. Transitioning between 
dimensions is essential for obtaining the necessary data to 
reconstruct the microstructure in three dimensions.

Understanding the variability of Deq allowed for the de-
termination of weight coefficients wi in Laguerre tessella-
tion, thereby generating a synthetic microstructure of TZP 
(Fig.  3a). The distribution of the size of tessellation cells 
(virtual grains) in the geometric models shows good agree-
ment with the assumed distribution of equivalent grain 
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diameters (Fig. 3c). A slight deviation is only observed in 
the population of the smallest grains. Also, the comparison 
of NV values calculated based on the Equation  (3), which 
is based on the assumption of sphericity of monodisperse 
cells, indicates that the number of tessellation cells in the 
generated microstructure is higher. The deviation likely 
results from the asymmetric distribution of equivalent di-
ameter sizes.

Observing the cross-sections of the tessellation structure 
(Fig. 3b), one can notice a significant similarity in the mor-
phology of tessellation cells compared to the morphology of 
particles visible in the SEM images. The shape of the cells, 
especially the largest ones, is isometric, which is consistent 
with observations and results of the microstructure analy-
sis of the real material. Since the distribution of the shape 
descriptor was additionally used during the optimization of 
tessellation structures, the obtained variability in shape is 
close to the expected (Fig. 3d). However, here too, there is 
a slight deviation, mainly in the range of the smallest shape 
descriptor values.

4. CONCLUSIONS

Summarizing the obtained results, it can be stated that:

1.	 The structure obtained through Laguerre tessellation is 
a good geometric model of tetragonal zirconia polycrys-
talline. The most important microstructure parameters, 
such as the distribution of grain sizes and their shape, 
are consistent with the assumed values in the model.

2.	 To achieve a  statistically equivalent, synthetic micro-
structure of tetragonal zirconia polycrystalline, one can 
use data obtained based on standard stereological mea-
surements, conducted solely on SEM images.

3.	 The reconstruction pathway presented in the study en-
ables the generation of three-dimensional geometric 
models that can be used as the basis for a wide range of 
microstructural analyses. After complementing the tes-
sellation geometric model with material data, it can form 
the basis for numerical analyses conducted by the finite 
element method.
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