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Abstract: Mining activities are a major anthropogenic driver of ground surface deformation, often resulting in 
complex subsidence phenomena that are difficult to characterize using conventional geodetic methods. Interfer-
ometric synthetic aperture radar (InSAR) provides a powerful means of detecting displacements over large areas, 
but decomposing its line-of-sight (LOS) measurements into full 3D displacement vectors remains a challenge, es-
pecially when limited to data from two satellite tracks. This paper presents an iterative decomposition algorithm 
that supplements the classical two-LOS system with an empirical relationship between horizontal displacement 
components and the slope of the subsidence trough, derived from established mining deformation theories. The 
algorithm is validated through both a theoretical “blind” test case and three real-life examples of mining-induced 
seismic deformation in the Legnica-Głogów Copper District (LGCD), Poland. The results show that the proposed 
method significantly improves the accuracy of displacement vector estimation compared to classical decomposi-
tion techniques. This approach not only enhances our understanding of mining-induced ground movements but 
also offers practical benefits for ground surface deformation monitoring and hazard assessment in subsidence- 
prone regions.
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INTRODUCTION

Societal development is closely entwined with 
technological advances which are fuelled by the 
consumption of minerals. Underground mining 
degrades all natural environment components 
(Kratzsch 1983, Blachowski et al. 2014). Research-
ers have studied the adverse direct, indirect, and 
secondary impacts of mining on the environment 
for years (Kratzsch 1983, Peng 1986, Chugh et al. 
1989, Yan et al. 2016). Direct impact involves dis-
placement and deformation of the rock mass and 
ground surface caused by the movement of rock 

towards the mine void. Indirect impact includes 
associated phenomena such as groundwater draw-
down (Loupasakis 2014). Secondary effects can be 
linked to displacement caused by mining-induced 
tremors (Shen et al. 2008). Hence, the post-mining  
deformation process is a  cause-and-effect prob-
lem. Its root cause is the extraction of a  certain 
volume (continuity disturbance), leading to the 
displacement of the rock mass and ground sur-
face (‘towards’ the mine void) (Kwinta 2003, Taj-
duś 2015). Mining operations are not the only an-
thropogenic cause of extensive ground surface 
displacement (Galloway & Burbey 2011, Camós 
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& Molins 2015, Pasquali et  al. 2015, Castelazzi 
et al. 2016, Wang et al. 2019, Cigna & Tapete 2022, 
Karizmadeh et al. 2022, Yang et al. 2023)

Ground subsidence troughs were first recorded 
using surveying methods in the nineteenth centu-
ry. Since experts could measure vertical and hori-
zontal displacements, they have searched for a re-
lationship between these values (Niemczyk 1935, 
Avershin 1946). Various researchers tried to reach 
general conclusions about the problem from indi-
vidual observations (cases) of ground surface dis-
placement. The application of Global Navigation 
Satellite Systems (GNSS) surveying techniques 
empowers scientists to monitor mining-induced 
terrain deformations with even greater detail 
(Hejmanowski & Kwinta 1997, 2001, Zhao et  al. 
2013). Furthermore, since the last decade of the 
20th century, InSAR is of particular value in this 
case (Perski 1998, Ge et al. 2007, Blachowski et al. 
2018). The ability of InSAR to cover large areas 
without the need for ground-based infrastructure 
offers a distinct advantage in complex mining en-
vironments. Furthermore, InSAR techniques al-
low for long-term monitoring and can help distin-
guish between different sources of ground motion, 
including subsidence caused by the direct influ-
ence of mining operations (Witkowski et al. 2021, 
Xie et al. 2024) and also mining-induced tremors 
(Malinowska et al. 2018, Milczarek et al. 2021).

Regrettably, the limitations of sensor technol-
ogy and sensor positioning relative to the surface 
lead to problems with decomposing measured 
displacement vectors into three displacement 
vectors along the axes of the coordinate system. 
Assuming two radar images are used from satel-
lites on different polar orbits (ascending and de-
scending), they yield exactly two displacement 
vector components (Chang et al. 2017, Dong et al. 
2021, Dittrich et al. 2022). When synthetic aper-
ture radar (SAR) image data are collected from 
a single satellite, only a specific imaging direction 
can be discussed. When images come from two 
satellites, and their LOS vectors are not collinear, 
it is possible to obtain two axial components di-
rectly without the third component (third satellite 
data). In addition, due to the circumpolar orbits 
of SAR satellites, they are insensitive to the N–S 
component of horizontal displacement (Wright 
et al. 2004).

In this study, a solution for decomposing LOS 
vectors from differential interferometric SAR 
(DInSAR) measurements into three components 
of displacement field vectors was tested. A mathe-
matical description of the displacement field in 3D 
and the resulting computational effects is present-
ed. Issues of insufficient information to determine 
all three components of the LOS vector based on 
SAR images with different geometries is resolved, 
through the observed proportionality of mining 
deformation indicators (Niemczyk 1935, Avershin 
1947, Litwiniszyn 1974) resulting from analyses of 
survey results and model research. Considerations 
on this topic can also be found in other publica-
tions (Wang et al. 2020, Yang et al. 2020).

It is a  daunting challenge to pursue analy-
ses in mining areas because of the complexity of 
how impacts are observable and the interference 
of diverse deformation phenomena (direct, indi-
rect, and secondary impacts). What makes such 
analyses even more strenuous is that the mining 
and geological environment is often complicat-
ed (Hejmanowski & Kwinta 2010). For this rea-
son, the problem of LOS vector decomposition for 
a displacement field induced by the extraction of 
a single seam of copper ore in Poland (LGCD) was 
investigated. The analyses involved short-term 
tremor-induced deformations to limit the influ-
ence of additional deformations. If the decom-
position procedure proves successful, it can be 
enhanced to cover more complex cases. The pre-
liminary analysis of the proposed solution will 
first involve a theoretical (blind) case. It will then 
be applied to three real-life case scenarios. 

DInSAR LOS VECTORS

The coordinate system for the analyses and the 
coordinates of the vectors within this system are 
first defined. The computations are performed in 
a  right-handed, three-dimensional Cartesian co-
ordinate system. The axes (x, y, z) and the rota-
tion directions (θx, θy, θz) are assumed as shown 
in Figure 1.

Axial rotations in the 3D system are consid-
ered. The problem of coordinate system conver-
sion based on a combination of rotations can be 
addressed using Euler angles. Three elemental ro-
tations to the right are applied. 

https://journals.agh.edu.pl/geol
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Assuming labels as in Figure 1:
−	 Matrix Rx of rotation about the x-axis (angle in 

the yz plane)

 
 = θ θ 
 − θ θ 

cos sin
sin cos

x x x

x x

1 0 0
0
0

R 	 (1)

−	 Matrix Ry of rotation about the y-axis (angle in 
the xz plane)

cos sin

sin cos

y y

y

y y

 θ − θ
 

=  
 θ θ 

R
0

0 1 0
0

	 (2)

−	 Matrix Rz of rotation about the z-axis (angle in 
the xy plane)

cos sin
sin cos

z z

z z z

 θ θ
 = − θ θ 
  

R
0
0

0 0 1
	 (3)

Any rotation matrix R is a  composition of 
three elemental rotations 

z y x= ⋅ ⋅R R R R 	 (4)

Hence, considering Equations (1)–(4) and 
minding the order of rotations:

x y z x z x y z x z X y

x y z x z x y z x z x y

y z y z y

B B B A A B B A A B B A
A B B B A A B A B B A A

A B A A B

 − + −
 

= − − − + 
 
 

R 	 (5)

where Ai = sin θi and Bi = cos θi.

If the three components of any displacement 
vector u0 in a  given coordinate system (x, y, z)  
are known, it can be transformed into vector u in 
a different rectangular coordinate system as long 
as the rotation angles between the systems are 
known. It can be formalised as shown below:

= ⋅u R u0 	 (6)

where u and u0 are the displacement vectors (com-
ponents):

 ,        .
x

y

z

U U
U U
U U

   
   = =   
      

u u
1

2 0

3

Considering the properties of rotation ma-
trix R (an orthogonal matrix with determinant 1), 
the inverse problem of (6) is:

T= ⋅u R u0
	 (7)

Considering the above, the displacement vec-
tors can only be fully decomposed if three mea-
surements in three linearly independent and 
non-coplanar directions are available.

In the case of a  single satellite measurement 
(Fig. 2), the directional LOS displacement vector is 
known for point P. It is possible to compute the di-
rection angles in the coordinate system with pro-
jections onto appropriate planes (xy, xz, yz) based 
on the coordinates of the satellite and the point on 
the ground.

Fig. 1. Three-dimensional coordinate system
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A row of matrix R can be used to link the LOS 
vector to three vectors along the axes of the coor-
dinate system.

When the displacement of point P is deter-
mined from two Sentinel-1 satellites on different 
orbits, two LOS vectors are obtained (Fig. 3).

Fig. 2. Direction angles of the LOS vector

Fig. 3. Displacement LOS vectors from two satellites

https://journals.agh.edu.pl/geol
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It is impossible to fully decompose the two 
measured LOS vectors into their components in 
a  three-dimensional rectangular coordinate sys-
tem. They can only be decomposed into two com-
ponents (Fig. 4): vertical S and horizontal Um. Still, 
certain conditions apply. The calculations will be 
based on the third row of matrix R (5). New labels 
for the angles are introduced as shown in Figure 4:
−	 b is the angle on the vertical plane (on the z-axis  

and LOS vector) from the negative direction of 
the z-axis to the LOS vector measured counter-
clockwise (corresponding to the previous an-
gle θy less 180 gon).

−	 a is the angle on the horizontal xy plane from 
the x-axis to the projection of the LOS vector 
on this plane measured counterclockwise.
Figures 2 and 4, the new labels, and rotation 

matrix R (the first row) yield the following system 
of equations:

sin cos sin sin cos
sin cos sin sin cos

x y

x y

LOS U U S
LOS U U S

= − ⋅ b ⋅ a − ⋅ b ⋅ a + ⋅ b
 = − ⋅ b ⋅ a − ⋅ b ⋅ a + ⋅ b

1 1 1 1 1 1

2 2 2 2 2 2
	 (8)

At this stage, two equations with three un-
knowns are present. When equations for the dis-
placement vector on a plane are introduced, Equa-
tion (8) is transformed accordingly:

sin cos
sin cos

Hz

Hz

LOS U S
LOS U S

= − ⋅ b + ⋅ b
 = − ⋅ b + ⋅ b

1 1 1 1

2 2 2 2
	 (9)

Two vectors on the horizontal plane (UHz1 and 
UHz2). The resultant vector can be determined as 
follows:

( )cosm Hz Hz Hz HzU U U U U= + + ⋅ ⋅ ⋅ a −a2 2
1 2 1 2 2 12 	 (10)

The number of unknowns can be reduced to 
two when the LOS vectors are perpendicular to 
each other or when their projections onto the hor-
izontal plane have the same length. In the former 
case, the pair of vectors (LOS1, LOS2) can be trans-
formed into the pair (Um, S) using transformation 
matrices (1)–(3) or (5).

sin cos
sin cos

m

m

LOS U S
LOS U S

= − ⋅ b + ⋅ b⊥ ⇒  = − ⋅ b + ⋅ b
LOS LOS 1 1 1

1 2
2 2 2

	 (11)

The Equation (8) includes an assumption that 
the displacement in the x-direction is zero, con-
sidering the geometry of orbits in the Sentinel-1 
system. It generates significant errors in locations 
where the reverse is true: the displacement along 
the x-axis is zero, and the displacement along the 
y-axis is substantial. Nevertheless, this assump-
tion is universally employed.

The article contains a  proposal of a  possible 
solution for displacement fields induced by min-
ing operations below.

Fig. 4. Decomposition of the LOS vector into two components
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GROUND DISPLACEMENT  
DUE TO MINING OPERATIONS

Over the last several decades, many methods 
and theories have been proposed for forecasting 
ground surface deformation from underground 
mining. These theories can be classified according 
to various criteria. One such classification can be 
summarised as (Chugh et al. 1989):
−	 empirical and semi-empirical methods (graph-

ic, profiling functions, influence functions, 
zones);

−	 theoretical methods founded on continuum 
mechanics (elastic media, viscoelastic media, 
beam deflection);

−	 theories based on idealised models (stochastic 
model, diffusion model);

−	 numerical models (finite elements, boundary 
elements, discrete elements).
The most popular methods for forecasting dis-

placement and deformation are the empirical and 
semi-empirical ones, particularly those based on 
influence functions. Therefore, a new assumption is 
introduced, stating that vertical displacement is de-
termined using an influence function (Knothe 1953).

Consider a  situation as shown in Figure 5. 
A mineral deposit on depth H has been extracted 
over area A. The mine void migrates towards the 
surface and emerges as an area of subsidence. 

Points on the surface within the impact zone 
of the void are displaced and deformed. Figure 5 
shows point P within the impact zone of the void. 
Using labels as per Figure 5, the vertical displace-
ment S of this point can be described as:

( )= max,
A

S S f x y dA∬ 	 (12)

where Smax is the maximum final subsidence [m], 
f(x, y) is the influence function (theoretical func-
tion of influence infinitesimal elements of the ex-
cavation on subsidence), and A  is the area of the 
extracted deposit.

In the initial period of interest in the adverse 
impact of mining, researchers focused solely on 
vertical displacement. Relationships to describe 
the horizontal movement of the ground were 
not sought until later. In general, there are three 
methods for describing a displacement field in the 
horizontal plane (Kwinta 2003):
1)	 a relationship Ψ between horizontal U and ver-

tical displacement S, i.e.:

: S UΨ → ,

2)	 a relationship Φ between horizontal displace-
ment U  and slopes of the subsidence trough 
profile T, i.e.:

: ~T UΦ ,

3)	 independent determination of horizontal dis-
placement, i.e.: 

( ): ,U U x y= .

Each group of the forecasting methods list-
ed above offers interesting approaches. Methods 
in the second set are the most commonly em-
ployed, whereby horizontal displacement is de-
scribed based on the profile slope of the subsid-
ence trough. Avershin first made this observation. 
In fact, Avershin (1947) ascertained a relationship 
between horizontal deformations and curves as 
the following equation based on numerous mea-
surements:

− =
dU d SB
dx dx

2

2 0 	 (13)

where B is a  coefficient of proportionality deter-
mined empirically.Fig. 5. Subsidence from underground mining

https://journals.agh.edu.pl/geol
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The Equation (13) yields (integration) a  com-
monly used relationship:

= − ⋅i iU B T 	 (14)

It means that horizontal displacement in any 
direction Ui is directly proportional to the slope of 
the subsidence trough profile Ti in that direction.

The value of the B coefficient has been wide-
ly investigated and discussed (for example, Hej-
manowski & Kwinta 2009). The value is used in 
forecasting deformations, however, in the present 
study, Equation (14) is applied to calculate hori-
zontal displacement in any direction a and the 
slope of the subsidence trough profile in that di-
rection.

cos sin
cos sin

x y

x y

T T T
U U U

a

a

= ⋅ a + ⋅ a
 = ⋅ a + ⋅ a

	 (15)

i.e.:

cos sin

cos sin

x x
x y

y y
x y

UU T
T T

UU T
T T

a

a


= ⋅ a + ⋅ a


 =
 ⋅ a + ⋅ a

	 (16)

or as:

⋅ − ⋅ =y x x yT U T U 0 	 (17)

In this manner, an additional relationship be-
tween displacements in the horizontal plane can be 
introduced. Since the slope of the subsidence trough 
profile must first be calculated, the computation is 
performed using successive approximations. The 
procedure is outlined in the following section.

PROCEDURE OF  
VECTOR DECOMPOSITION

Based on the above theoretical solutions, the fol-
lowing procedure is proposed for decomposing 
LOS vectors in mining areas.

Two sets (tessellations) of LOS displacements 
from two different directions (e.g., two paths of 
Sentinel-1) are considered for an area affected by 
mining-induced deformation. The displacement is 
assumed to occur preferably across the entire sub-
sidence trough. The coordinates of each point and 
the respective orientation angles relative to the 

coordinate system axes (the angle to the vertical 
axis and to the horizontal x-axis) are known for 
each LOS displacement.

In the initial step, approximate values of the 
displacement vector components Ux0, Uy0, Uz = S,  

are determined. According to Equation (8), the 
following applies:

cos cos
tg cos tg cos

sin cos
cos

sin cos
cos

x

y

x

x

LOS LOS

U

U
LOS US

LOS U

 − b b =
b ⋅ a − b ⋅ a

 =
 + ⋅ b ⋅ a = +
 ⋅ b
 + ⋅ b ⋅ a +
 ⋅ b

1 2

1 2
0

2 2 1 1

0

1 0 1 1
0

1

2 0 2 2

2

0

2

2

	 (18)

The distribution of vertical displacements 
along the x and y axes of the coordinate system is 
subsequently integrated to determine the slope of 
the subsidence trough profile. When the displace-
ment is regular and point density significant, the 
derivatives may be replaced with:

S
x

y

ST
x x
S ST
y y

∂ D
= ≈ ∂ D

 ∂ D = ≈
∂ D

0 0

0 0
	 (19)

Subsequently, Equations (8) and (17) are used 
to construct a system represented in the form of 
a matrix equation:

sin cos sin sin cos
sin cos sin sin cos

x

y

y x

LOS U
LOS U

T T S

    − b ⋅ a − b ⋅ a b
    = − b ⋅ a − b ⋅ a b ⋅    
    −    

1 1 1 1 1 1

2 2 2 2 2 2

0 0
	 (20)

Equation (20) can be solved with matrix cal-
culus, but in some cases, the matrix is ill-definite 
(very small elements). 

The problem can also be approached differ-
ently. Based on displacement and slope along the 
x-axis of the coordinate system and using Equa-
tion (14), the mean value of the proportionality 
coefficient between horizontal displacement and 
subsidence trough profile slope is determined:

=

−
= ∑

n x
m i

x

UB
n T

0
1

1 	 (21)



180

https://journals.agh.edu.pl/geol

Kwinta A., Kopeć A., Michałowska K.

Then, the mean value is used to calculate the 
components of the displacement vectors:

( )

( )

sin cos sin

cos

sin cos sin

cos

x m x

y m y

y x

y x

U B T
U B T

LOS U U
S

LOS U U

= − ⋅
 = − ⋅
 + ⋅ a + ⋅ a ⋅ b = +

⋅ b
 + ⋅ a + ⋅ a ⋅ b + ⋅ b

1 1 1 1

1

2 2 2 2

2

2

2

	 (22)

Considering that the calculations start with 
the determining approximate values of the dis-
placement vectors, the iterative method is prefera-
ble for obtaining their final values.

Consequently, a  convergence metric must be 
defined to terminate the iteration process. For the 
purposes of this article, the following metric is as-
sumed as the metric of changes in displacement 
from the iteration process:

( ) ( ) ( )x x y yU U U U S SD = − + − + −
22 2

0 0 0 	 (23)

The metric (23) can be considered the stopping 
criterion for the iteration process. The iteration 
process is repeated with the displacement compo-
nent values calculated in the previous step used as 
approximate values of the components. The com-
putation cycle (19) through (23) is then repeated 
until the limit value of the Δ metric is achieved. 

The method yields three components of dis-
placement vectors for ground surface affected by 
mining operations. The proposed solution is veri-
fied with a few cases below.

CASE SCENARIOS 

The soundness of the solution to the problem 
posed above is tested with calculations for a  few 
cases:
1)	 a  theoretical (blind) case based on generated 

theoretical (model) displacement values;
2)	 cases of continuous short-term tremor-in-

duced displacements over a  room-and-pillar 
copper ore mine.

Theoretical case scenario 
The best verification method for computation al-
gorithms is a  blind case. A  hypothetical mining 
area of defined dimensions is modelled, generating 

the maximum possible vertical displacement over 
its centre. The assumed extraction method is 
longwall mining with caving. There is a 2,000 m 
× 2,000 m point grid over the mining zone. The 
mesh size is 20 m × 20 m. The deformation is de-
termined for 10,201 points. An overview of the 
mining area and the points is shown in Figure 6.

The outline of the mining zone is marked in red 
in Figure 6, and grid points are in black. Deforma-
tion coefficients were calculated according to the 
Knothe–Budryk theory in the Modez 4 deformation 
modelling software (Hejmanowski & Kwinta 2010). 
The theoretical values of displacement vectors were 
determined based on the specified data and param-
eters (Fig. 6). The mining field was configured so 
that the maximum displacement was over its cen-
tre and the displacements cancelled each other on 
the edges of the grid. The theoretical values of dis-
placements along the x-axis reach the maximum, 
while displacements along the y-axis reach zero on 
the midpoint of the vertical edge of the mining field. 
Conversely, displacements in the x-direction are 
zero and horizontal displacements along the y-axis  
reach maximum values on the horizontal edge. 
The generated displacements are shown in Figure 7. 
Next, two hypothetical locations of satellites and 
imaging parameters (horizontal and vertical an-
gles) were assumed, and displacements of LOS1 and 
LOS2 were determined according to Equation (8). 
The displacements are represented in Figure 7.

As per the procedure in section “Procedure 
of vector decomposition”, vectors LOS1 and LOS2 
LOS1 were employed to compute displacement 
field vectors iteratively. Table 1 shows the values 
of the distance parameter Δ (23) for consecutive 
iterations from the table. It also contains the max-
imum divergence between the approximate and 
computed displacement vectors for each coordi-
nate system axis and for entire vectors.

Table 1
Results of consecutive calculations of the displacement vector 
variability measure for the theoretical case scenario

Calculation ΔS 
[mm]

ΔUx 
[mm]

ΔUy 
[mm]

Δmax 
[mm]

Classical 116.5 47.8 971.6 978.5

Iteration 1 9.7 54.4 80.2 80.8

Iteration 2 3.3 15.0 27.4 27.6

Iteration 3 0.4 1.5 3.4 3.4

https://journals.agh.edu.pl/geol
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Fig. 6. Graphical summary of data for the theoretical example

Fig. 7. Theoretical displacement vectors
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The results in Table 1 demonstrate that the most 
significant changes in displacement vectors occur 
for horizontal displacements in the y-direction  
of the coordinate system. The values are large for 
the classical calculation, which is only to be ex-
pected considering the assumption of no displace-
ment in that direction. Still, this assumption also 
generates errors for the remaining components of 
the displacement field. In this case, the other dis-
placement differences are also significant, which 
shows that the assumption of no displacement 

along the y-axis is wrong. The differences decline 
with each consecutive iteration. The iteration pro-
cess is terminated when the result is satisfactory. 
Figure 8 shows distributions of differences be-
tween the calculated vectors for classical and iter-
ative calculations and the theoretical (input) val-
ues of displacement.

The results shown in Table 1 and Figure 8 un-
ambiguously confirm that the proposed algorithm 
is correct. The algorithm is now verified against 
real-life cases, based on DInSAR measurements. 

Fig. 8. Divergences between theoretical and calculated values of displacement vectors
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REAL-LIFE CASE SCENARIOS

It was demonstrated above that the algorithm 
works with a  theoretical case scenario. Now, the 
algorithm was tested using real-life data. As pre-
viously mentioned, three real-life cases of copper 
ore mining subsidence were selected. All of the 
cases were dynamic events (mining-induced trem-
ors) from 2016 to 2017 in the area of the LGCD. 
SAR images from Sentinel-1A/B platforms, from 
two orbits (ascending and descending) were avail-
able for the area at that time so that LOS vectors 
could be decomposed, and the impact of the trem-
ors on ground surface displacement determined 
(Malinowska et  al. 2018, Owczarz & Blachowski 
2020, Milczarek et al. 2021). We selected SAR im-
ages with the shortest time interval for each event. 
Details of the SAR data used for determining LOS 
vectors for each case are shown in Table 2.

DInSAR LOS displacements were determined 
in GMTSAR software (Sandwell et al. 2011), phase 
unwrapping was carried out using the SNAPHU 
algorithm (Chen & Zebker 2002). GACOS atmo-
spheric correction was also applied (Yu et al. 2018).

Figures 9–11 present (top-down):
−	 spatial distributions of the LOS vectors; 
−	 the position of the tremor against the outline 

of the mining area and distribution of vertical 
displacement as determined here;

−	 subsidence trough profile slopes towards the 
axes of the coordinate system;

−	 determined horizontal displacements along 
the axes of the coordinate system. 
All the distribution diagrams in Figures 9–11 

were made in SURFER following appropriate in-
terpolation methods in grids. The subsidence 
trough profile slopes were also computed with 
a dedicated function in SURFER.

Data in Figure 9 demonstrate that the subsid-
ence trough is well developed around the epicen-
tre of the induced tremor (the red star). The dis-
placement image is rather regular as both LOS 
vectors have similar values and shapes. 

Concerning the second case shown in Fig-
ure  10, there were some analytical challenges. 
The first issue was that two tremors occurred 
on the same day, not far from each other. There-
fore, the bottom of the subsidence trough is not 
over the epicentres, but rather shifted towards 
the mine void. The distribution of the LOS vec-
tors shows significant disproportions of defor-
mations. The maximums for the LOS2 vector are 
over twice the values of the maximums of the 
LOS1 vector and this is detrimental to the shape 
of the subsidence trough. Therefore, the subsid-
ence trough profile slopes are irregular, result-
ing in an irregular distribution of horizontal 
displacements.

Table 2
The data concerning SAR images and tremors dates and times 

Case
Dates and times of tremors

[dd-mm-yyyy,
hh:mm:ss (UTC)]

Image

SAR images acquisition dates and times
[dd-mm-yyyy,  

hh:mm:ss (UTC)]

ascending path descending path

1 17-10-2016
23:50:32

reference 11-10-2016
16:43:32

08-10-2016
05:08:48

secondary 23-10-2016
16:43:32

20-10-2016
05:08:48

2 16-12-2016
06:46:51

reference 10-12-2016
16:43:31

13-12-2016
05:08:02

secondary 16-12-2016
16:43:31

19-12-2016
05:08:47

3 07-12-2017
17:42:50

reference 05-12-2017
16:43:341

02-12-2017
05:08:59

secondary 17-12-2017
16:43:33

14-12-2017
05:08:68
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Fig. 9. Results of LOS vectors decomposition  – case 1

The third case in Figure 11 is also far from ‘per-
fect’. The LOS vectors only reach the maximum val-
ues near the lower edge of the image. Here, the LOS 
vectors are also disproportionate. The bottom of the 
subsidence trough is located near the epicentre, but 

regrettably, only the bottom and the northern part 
of the trough had been recorded. That is why the 
image of slopes and horizontal displacements is in-
complete in this case. The small subsidence trough 
in the top right corner of the image is interesting. 

https://journals.agh.edu.pl/geol
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Fig. 10. Results of LOS vectors decomposition  – case 2

The maximum displacement on the bottom 
of that trough is about 18 mm, but it is regular 
and can be found in both LOS images. Its slopes 
are regular, leading to relatively regular horizon-
tal displacements of about 12 mm for the x-axis 

and 14 mm for the y-axis. It supports the notion 
that ‘good’ LOS imaging allows the researcher 
to identify regular troughs and determine the 
‘smooth’ distributions of horizontal displace-
ments.
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Fig. 11. Results of LOS vectors decomposition  – case 3

ANALYSIS AND DISCUSSION OF 
THE RESULTS

As demonstrated in the theoretical part, redun-
dant observations are required to accurately rep-
resent a  displacement field, similarly to classical 
survey methods. Three non-collinear observations 

are the minimum number of observations neces-
sary to determine a  spatial displacement vector. 
A  system of three independent measurements 
can determine three displacement vector compo-
nents. Still, when measurements contain errors 
(all measurements do), the end result may be in-
correct. Every redundant measurement improves 

https://journals.agh.edu.pl/geol
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the accuracy of the calculated displacement val-
ues. The matter is even worse when the number of 
observations is lower than the number of displace-
ments to be calculated. When only a single DIn-
SAR LOS vector is available, only the slant vec-
tors can be analysed, and no inference regarding 
the components of the displacement field can be 
made. In the case of two slant LOS vectors, ad-
ditional information about displacement values is 
available; however, the third observation remains 
unavailable. If the deformation occurs only in two 
dimensions and the LOS vectors are coplanar, the 
components of a  two-dimensional displacement 
field can be computed. Deformations in mining 
areas, whether direct, indirect, or secondary, are 
spatial displacements described with three com-
ponents. Hence, when two images are available, 
the system is underdetermined. Decomposing 
two LOS vectors into two components and assum-
ing a  zero value of the third component may be 
a grave mistake. This conundrum can be resolved 
(at least for mining areas) with the observation 
that horizontal displacements are proportionate 
to the slopes of the subsidence trough profile (the 
Avershin observation). The observation offers an 
additional equation, but slopes can only be calcu-
lated if vertical displacement is known, hence the 
need for an iterative algorithm. 

The algorithm proposed in section “Procedure 
of vector decomposition” was tested on a theoret-
ical case and three practical cases. The theoreti-
cal (blind) case made it possible to verify wheth-
er the algorithm was correctly constructed and 
produces accurate results. The results are indeed 
consistent with the input data. Therefore, the al-
gorithm works.

The next step was to test the solution in real- 
life cases. Small and dynamic subsidence troughs 
caused by induced tremors near underground 
mining sites were selected for analysis. In this 
case, the void in the rock mass reaches the sur-
face faster due to vibrations than in the case of 
direct deformation processes. Figures 12–14 show 
isolines of the differences between the classical 
displacement computation method (in two direc-
tions) and the displacements computed using the 
algorithm.

The graphs include contours of the mine op-
eration areas and epicentres of the tremors that 

shaped the subsidence troughs. Each case demon-
strates significant differences in terms of values 
and ranges. Table 3 summarises the depth of the 
tremor H, the calculated mean proportionality 
coefficient Bm, and the maximum difference be-
tween vectors calculated with the two methods 
for each case.

Table 3
Summary of results of calculations for each real-life case sce-
nario investigated

Case H [m] Bm [m] Δ [mm]

1 984 173.97 45.6

2 954 167.67 40.5

3 935 172.28 53.8

Our results confirm that the classical method 
for decomposing LOS vectors generates signifi-
cant axis value errors (in the directions of axes 
of the coordinate system) for displacement vec-
tors. When the iterative algorithm and addition-
al equation are employed, the displacement rep-
resentation is more consistent with actual values 
than for classical computations. Data in Table 3 
offer one more interesting insight. Values of the 
proportionality coefficient are similar in each 
case. The tremor epicentres were also at simi-
lar depths. Standardisation of the proportional-
ity coefficient Bm in relation to H yields a value of 
approx. 0.18H, which is consistent with the val-
ue proposed by Avershin (1947) and coefficient 
values calculated for classical surveying meth-
ods and analyses on survey lines (Hejmanowski 
& Kwinta 2009).

Underground mining operations cause voids 
that migrate upwards and create subsidence 
troughs. Describing the geometry of subsidence 
troughs is challenging because of the limited num-
ber of observations and the complex origin of the 
troughs driven by many mining and geological fac-
tors. Analyses are hampered by the fact the various 
influences overlap, disturbing the course, time, and 
shaping of subsidence troughs in space. Classical 
surveying methods offer very limited capabilities 
for measuring trough geometry because of their 
temporal and spatial discreteness, as indicated also 
by other research teams in their publications, e.g. 
Yang et al. (2020) and Przyłucka et al. (2024).
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Fig. 12. Distribution of differences D (23) between displacement vectors for case 1

Fig. 13. Distribution of differences D (23) between displacement vectors for case 2

Fig. 14. Distribution of differences D (23) between displacement vectors for case 3
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Interferometric synthetic aperture radar tech-
niques revolutionised the computation of dis-
placement vectors. They can provide data on 
ground surface point displacement for large areas 
affected by mining in a relatively short time. 

Regrettably, classical methods for decom-
posing LOS (two LOS vectors into three vectors 
along of the coordinate system) vectors gener-
ate displacement errors along axes of the coordi-
nate system. If the number of measured vectors 
is insufficient relative to the number of vectors 
being calculated, a  significant problem arises. It 
can be helped by using an observation of the pro-
portionality of displacements in the vertical and 
horizontal planes. The present article proposes an 
iterative algorithm for solving the problem. Our 
analyses of theoretical and real-life case scenari-
os demonstrate the substantial computational ca-
pabilities of the algorithm. Differences between 
classically and iteratively computed displacement 
vectors are important for correctly describing the 
deformation process. This is a  solution that can 
be classified as a  combined method, integrating 
geometric and physical approaches (Brouwer & 
Hanssen 2024). Unlike other proposed methods, 
such as pixel offset (Chen et al. 2018) or inversion- 
based (Tang et  al. 2019, Brouwer & Hanssen 
2024), the proposed solution is characterized by 
simplicity, due to the small number of parame-
ters. It makes the solution easy to implement in 
practice and systematic errors are reduced. The 
proposed method, due to the possibility of adjust-
ing the parameters to different types of mining 
operations, can be used for the decomposition of 
the LOS vector in various areas affected by min-
ing activities.

New satellite technologies are promising and 
it seems merely a  matter of time before an ob-
served area can be assigned to a network of a doz-
en or so SAR sensors that will represent changes 
in a  spatial displacement field induced by min-
ing operations in real time. Several satellites will 
help compute displacement and analyse the accu-
racy of end results. Until then, it seems reason-
able to employ the iterative algorithm proposed 
in this study. It should be noted that the present-
ed method has limitations resulting from, among 

others: accuracy limitations of SAR images, de-
formation process disturbances, overlap of sever-
al causes. The algorithm can also be used to deter-
mine the coefficient of proportionality between 
horizontal displacement and subsidence trough 
profile slopes for an area of mining operations, 
which is relevant to ground surface deformation 
forecasting.

CONCLUSIONS

In summary, this work introduces a  novel ap-
proach for resolving underdetermined decompo-
sition problems in SAR-based displacement mon-
itoring. By leveraging domain-specific knowledge 
of mining-induced ground behaviour, the method 
bridges classical theory with the modern InSAR 
technique. It represents a  meaningful contribu-
tion to the field of ground surface deformation 
monitoring and has promising applicability in 
various mining areas.

Based on the research and analyses conduct-
ed in this work, the following conclusions can be 
drawn: 
−	 Determining 3D displacements based on two 

LOS measurements without additional con-
straints leads to significant directional er-
rors in displacement estimation especially in 
north  – south direction.

−	 In mining areas where deformations follow 
known empirical behaviour, it is possible to 
incorporate an additional equation to close 
the equation and achieve more accurate de
composition.

−	 The proposed iterative method successfully in-
tegrates the Avershin relation into InSAR anal-
ysis and provides a  computationally effective 
tool for estimating spatial displacements.

−	 For the LGCD area, the proportionality as-
sumption holds and improves results; in the case 
of tremor-induced deformations, the algorithm 
demonstrates particularly high reliability.

−	 The method also enables the estimation of pa-
rameters relevant to generalized Knothe mod-
els  – Bm, which are valuable for forecasting sur-
face deformation.
Work on this issue is ongoing.
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