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Hyperbolicity of Systems Describing Value Functions
in Differential Games which Model Duopoly Problems

Joanna Zwierzchowska*

Abstract. Based on the Bressan and Shen approach (Bressan and Shen, 2004; Shen, 2009), we
present an extension of the class of non-zero sum differential games for which value functions
are described by a weakly hyperbolic Hamilton—Jacobi system. The considered value functions
are determined by a Pareto optimality condition for instantaneous gain functions, for which
we compare two methods of the unique choice Pareto optimal strategies. We present the
procedure of applying this approach for duopoly.
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1. INTRODUCTION

Dynamic models describe situations in which two or more players make their decisions
about their own behavior under the same circumstances. In this paper, we shall consider
games with a finite duration of time. We shall be interested in solving theoretical
maximizing problems that can be applied to finding better strategies in models of
duopoly. Our effort is focused on finding a better solution than the Nash equilibrium.
On the one hand, we want the solution to provide greater payoffs for both players,
but also we want to obtain a well-posed system of PDEs describing value functions.

We assume that the evolution of state is described by the following differential
equation:

&= f(z) + b(x)ur +b(x)us (1)

with initial data:
2(t) =y € R™ (2)
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where f: R™ — R™, ¢,¢ : R™ — M, x»(R) and u; are feedback strategies — they
depend on time ¢ and state x(t), (i = 1,2). The goal of the i-th player is to maximize

his payoff function; i.e.,
T

Tty gy ur, u) = go(a(T)) — / ha(t), s (£))dt (3)

T

where
a terminal payoff g; : R™ — R is a non negative and smooth function (4)

and
a running cost h; : R™ x R™ — R is a smooth function such that

hi(z,-) is strictly convex for every x € R™

(5)
We consider the instantaneous gain functions:

Y1(x, p1,p2, ur,u2) = p1 - F(x,ur,uz) — hi(z,ur)
Yo(x,p1,p2, v, u2) = pa - F(x,ur, ug) — ha(x, uz)

(6)

where F(x,u1,us) is the right side of the dynamic and the dot denotes the scalar
product (in (1), we have F(z,u1,us2) = f(x)+d(x)us +(x)us). Fixing x, p1,ps € R™
and s > 0, we can find Pareto optimal! choices U} (x,p1, p2, s) for the static game
Yi(x,p1,p2,-, ), i = 1,2, in the following way: if (uf’,ul’) is the maximum of the
combined payoff Yy = sY; + Y3, then the strategies (ul’, ul’) give Pareto optimal payoffs
in game (Y7, Y2). As a result, strategies U}” depend on s. We choose a smooth function
s(z,p1,p2) and define feedback strategies U (x, p1,p2) = UL (z,p1, p2, s(z, p1,p2)) for
the problem (1)—(3). Such strategies are called semi-cooperative (Bressan and Shen,
2004). If functions:

Vvis(’ca y) = Ji(T7 Y, Uf? U;)
are smooth enough, then they satisfy the following system:
Vig+ Hi(z, Vi V1,V V) =0
‘/Q,t + H?(xa vx‘/lv vxv2) =0
with the terminal data:
Vi(T,z) = gi(x)  and  Vo(T,x) = g2(x) (8)

where the Hamiltonian functions are given by:

Hi(w,p1,p2) = Yi(@,p1,p2, Ui (2, p1,p2), Us (2, p1,p2))
and they depend on s. Functions V;® are usually called the value functions.

1 We say that (uf,ug) is a pair of Pareto optimal choices for the game, which is given by
payoff functions Y;j(ui,u2) (i = 1,2), if there exists no pair (u1,u2) such that Y7 (ui,u2) >
Y1 (uf, ul’) and Ya(u1,u2) > Ya(uf,uf’). This means that no pair of admissible strategies exists
that improve both payoffs simultaneously.
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In Section 2, we shall prove that system (7) is weakly hyperbolic and is hyperbolic
except for some curves on the (pi,p2)-plane (see Theorem 2.1). If the system is
hyperbolic, then it is well-posed and this fact is crucial for numerical solutions (for
more details, see (Serre, 2000)). This result is a generalization of Theorem 3 from
(Bressan and Shen, 2004). In that paper, it is shown that, if we consider the dynamic:

T = f(x) +uy + uz, 9)

then system (7) is weakly hyperbolic and is hyperbolic except some curves on the
(p1, p2)-plane.

In Section 3, we compare two methods of stating a Pareto optimum for functionals
(Y1,Y32). In both cases, the referential point is a Nash equilibrium payoff (Y, Y5V), and
we require Pareto optimal outcomes to be greater than those for the Nash equilibrium:

YP>YN for i=1,2
Obviously, the above criterion does not determine Pareto optimal strategies uniquely.
Bressan and Shen (2004) receive the uniqueness of Pareto optimal choices by using

the following condition:
Y1P - YlN = sz - YzN

The second criterion of choosing Pareto optimal strategies is based on the concept of
the Nash solution to the bargaining problem (see (Nash, 1950)). The pair (Y;¥,Ys) is
such a solution if:

(}71}3 - YlN)(yzp - YQN) > (Ylp - YlN)(Y2P - YQN) for every (Ylpa YQP)-
The above condition can be reformulated using function s:

(.1, p2) = argmax{ (v (s) = Vi) (V5 (5) = ¥3¥)}

The main advantage of the second approach is that, considering the dynamics such as
the Lanchester duopoly model used in (Chintagunta and Vilcassim, 1992) and (Wang
and Wu, 2001) in which the dynamic is given by the equation:

T =u(l —2x) —usx (10)
and the duopoly model from (Bressan and Shen, 2004) given by the formula:
t=x(1 —xz)(u; —usg) (11)

it is possible to compute function s analytically, as we shall study in Section 3, and
determine the system (7) effectively. In view of Theorem 2.1, the obtained systems are
hyperbolic except for some curves on the (p1, p2)-plane.

A natural consequence of the above result should be solving numerically received
systems and using them to construct semi-cooperative strategies for empirical examples
of a duopoly. Unfortunately, we have no ready algorithms for such problems at the
moment. Although, the situation seems not to be hopeless. Hamilton—Jacobi systems
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can be transformed into systems of conservation laws, and for such problems, there
exist numerical algorithms. For now, a numerical solvability will not be the subject of
this paper.

The Nash equilibrium is the most common approach to the problem of maximizing
payoff (3) for the dynamic given by (1) and (2). As Bressan and Shen (2004) show, in
general, such an approach leads to unstable systems of partial differential equations.
Therefore, we shall use a Pareto optimality condition. Moreover, our result is not
only a theoretical generalization of the Bressan and Shen dynamic, because (9) is
not sufficient for empirical research. Let us notice that duopoly models (10) and (11)
are not of the (9) form, but they are of the (1) form.

2. PARETO OPTIMAL CHOICES — THE MAIN RESULT

First, we recall the basic definitions and facts concerning the hyperbolicity of linear
and nonlinear systems of PDEs. One can find details in (Bressan and Shen, 2004;
Serre, 2000).

We consider a linear system on R™ with constant coefficients:

m
‘/t + Z Acxvxa =0 (12)
a=1

where ¢ is time, 2 € R™, V : R x R™ — R*. Let us notice that k corresponds to the
number of players in a game and m is the dimension of the state space. We define the
linear combination:

A(&) = Z E.choc
a=1

where & € R™.

Definition 2.1. System (12) is hyperbolic if there exists a constant C' such that

sup |[[expiA(E)|| < C

EcIR™
where:
expiA(&) = Z GAE)" 7(5))
n=0 :

Definition 2.2. System (12) is weakly hyperbolic, if for every & € R™, the matriz
A(&) has k real eigenvalues A (&), ..., A(&).

In (Bressan and Shen, 2004), it is shown that the initial value problem for system
(12) is well-posed in L?(R™) if and only if the system is hyperbolic. We have the
following necessary condition of hyperbolicity.

Lemma 2.1. If system (12) is hyperbolic, then it is weakly hyperbolic.
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The next result refers to the one-dimensional case, when system (12) takes the

form:

Lemma 2.2. System (13) is hyperbolic if and only if the matriz A admits a basis of
real eigenvectors.

It is also easy to see that the following statement is true.

Remark 1. Let A € Myyo(R). The matrix A has two real eigenvalues if and only if
(A11 — A22)2 + 4A12A21 2 0. 1\/IOI'QOVBI‘7 if (A11 — A22)2 + 4A12A21 > O, then the
eigenvectors span the space R2.

In view of Lemma 2.1, it is reasonable to check the weak hyperbolicity in the first
place. We mainly receive nonlinear systems, so it is necessary to understand what the
hyperbolicity means in this case. Consider the system of Hamilton-Jacobi equations:

(Vi) + Hi(z, Vi)ar -, (Vi)a) =0 i=1,....k (14)

The linearization of (14) takes the following form:

OH; oV;
Vi)e + (2, p1, P2 - ., =2 =0 i=1,....k 15
V) ;[apja( propm)| - 5 (15)

where (z,p1,p2,...,pr) € ROTF™ and p; = (V;),. If we denote:

_ om,
apjoc

(Acx)ij : (,p1,p2, -, Pk) (16)

then equations (15) are of the (12) form.

Definition 2.3. The nonlinear system (14) is hyperbolic (weakly hyperbolic) on the
domain 2 € ROUTRI™ if for every (x,p1,p2,...,pr) € 2 its linearisation (15) is
hyperbolic (weakly hyperbolic).

Due to the fact that we are interested in solving empirical problems in a duopoly
and applying numerical methods, we need to know that our systems have a unique
solution, and this solution’s behavior changes continuously with the initial conditions.
For this reason, hyperbolicity is crucial.

Our aim is to study the hyperbolicity of a system of Hamilton—Jacobi equations
describing value functions generated by a Pareto optimality condition for instantaneous
gain functions. The evolution of the state is described by (1) with the initial data given
by (2). The goal of the i-th player (i = 1,2) is to maximize his payoff function (3),
where g; and h; satisfy the assumptions (4), (5). We shall consider instantaneous gain
functions:

Y1 (%, p1,p2,ur,uz) = p1 - (f(2) + d(x)ur + P(w)uz) — hi(w,ur)

Ya(x, p1,p2, w1, u2) = p2 - (f(z) + d(@)ur +P()uz) — ha(z,uz)
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Fixing z,p1,pa € R™ and s > 0, we can find Pareto optimal choices U} (z, py, pa, s) for
static game Y;(x,p1,p2,-,°), i = 1,2, in the following way: if (uf’, uf’) is the maximum
of function Y, = sY; + Y, then strategies (ul’,ul’) give Pareto optimal payoffs in
game (Y7, Y3). This is the reason why strategies U depend on s. We choose a smooth
function s(z,p1,p2) and define the semi-cooperative feedback strategies:

Uf(xaplapQ) = UiP(‘raplaPQaS(xvphp2)) 1= 172 (17)

We define the Hamiltonian functions as follows:
Hy(x,p1,p2) = Yi(x,p1,p2, U3 (2, p1,p2), Us (2, p1, p2))

Hy (2, p1,p2) = Ya(x, p1, p2, Ui (2, p1,p2), Us (x, p1, p2))
If value functions:

are smooth, then they satisfy the system of Hamilton—Jacobi equations:

Vie+ Hi(z,Vy, V1,V V0) =0
(18)

V2,t + HQ(xa vxvla VI‘/Q) =0

Theorem 2.1. Consider problem (1)—(5). As gradients (p1,p2) of the value functions
range in open region 2 C R?™, assume that the players adopt Pareto optimal strategies
of form (17) for some smooth function s = s(x,p1,p2). Then, system (18) is weakly
hyperbolic on domain (2. Moreover, if we consider one-dimension case (m = 1),
system (18) is hyperbolic except for some curves on the (p1,p2)-plane.

The method of proof is similar to the proof of Theorem 3 in (Bressan and
Shen, 2004).

Proof. We define functions k; : R”™ — R™ — ¢ = 1,2 as follows:
k1 (&) = k1(&, v, ) = arg max{&(f(z) + (@)w + P(2)v) — h(z,w)}
and:

k2(&) = k2 (&, v, 2) = arg max{&(f(x) + d(@)v + ¥(x)w) — ho(z,w)}

where x € R™ and v € R™. Since hy, hs are smooth functions that satisfy (5), one can
observe that
oh oh
871(33, Fi(8) = &b(z)  and  —2(2,ka(8)) = EY(x) (19)
(5% (9’U,2
We seek Pareto optimal choices by maximizing function Y; = sY; + Y5. In view of (19),
we can formulate Pareto optimal strategies using functions k; and ks:

Pz)

uf (z,p1,p2,8) = ki(p1 + . and uf (z,p1,p2,8) = ka(sp1 + p2) (20)
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The necessary condition for a local maximum implies that:

Y Y- Y,  0Y:
o o on | oY (21)
8u1 6U1 8u2 8“2
Denoting:
EP = YVi(-f,pl,pQ, ulp(xap17p27 5)7 u§($7p17p27 S)) i=1,2
and recalling (21), we obtain the following equality:

)l 1YY
== 22
0s s 0Os (22)

Now, we compute the linearization of system (18). From (20), we get:

Y =m <f(93) + ¢(2)k <P1 + p2> + () ka(sp1 +p2)> —hy (x, ey (pl i P2>)

S S

v = pa((f1) + 0ot (114 2 ) + vledhalom +p2)) = Faloalspr + p2)

To clarify further computations, let us temporarily assume that m =n =1 and
that s = const. The linearization takes the following form:

[+ k1 + ko + p1 (KL + spky) — hiky pr (LK) + wkb) — Lhik,
p2(Gk] + spksy) — shiks F + (ks + ks + pa( LR, + vkd) — hgkg] 23)
where: Con o
hy = Giul and hYy = 87112
Let a := 1p1kh — 5 dpok}. We can write matrix (23) as follows:
A= [J:;rz;bkl +wk2+saf+¢k1 +¢k2—32] = (f + dpky + k)T + A*
where:

|10 t_ | sa a
I= [O 1] and AT = [—52a —sa}
In view of Remark 1, it is obvious that A is weakly hyperbolic.
Now let s = s(z, p1,p2). In this situation, the linearization matrix is the following:

A= (f + ki + ko) + A* + A°

where:
avr as oYL as

ds Op1 ds  Opa

AP =
oYy 9s  OYy 9s
ds Op1 Js  Op2
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6Y1P ds d .= 3Y1P Os

ds Op1’ 0s Op2’

b c d
A= [—SC —sd}

From Remark 1, it is easy to verify that matrix A has two real eigenvalues: A; =
f+ dk1 +Yks and Ay = f+ bk + ks + ¢ — sd; thus, the system is weakly hyperbolic.
Furthermore, the system is hyperbolic when ¢ # sd and p; # 0 for i = 1, 2.

Now let m,n € N. We need to verify if matrix:

we obtain:

Using (22) and denoting ¢ :=

A(‘i) = Z E.aAa
x=1

is weakly hyperbolic where, as in (16),

OH,; 2

8pj¢x

Ax = { (%mm)]

i,j=1
Repeating the reasoning for «’s coordinate of p; and po, we receive:
Aa = (Ja+ (k1)a + (ko)) + AL + A7

where:

Aﬁ:|:3aoc aoc:| Ab:|:ccx doc:|

—S8Gy —SUy —SCo —Sdy

and ay = Y(Dka - p1)a — s%d)(Dkl “D2) ey Cox = 8;; 8(2715“’ do = 8;—;32;. This means
that matrix A(&) has the following form:

AE) =) Eada = (- f+E Oky + & Vho)] + AH(E) + A°(E)
ax=1

where:
biey_ | &rsa E-a ey | &rc &-d
A(E')_{—E-S%—E,-sa]’ A(a)_[—i-sc—i-sd
Matrix A(£) has the two real eigenvalues:
AM(E) =& (f 4 dki 4 pka) and Ao (&) = & (f + dk1 + Yka + ¢ — sd). ]

Remark 2. If s is constant, then our problem becomes a cooperative game, and
there is no guarantee that Pareto optimal payoffs dominate Nash payoffs. Such
dominance is crucial for our considerations, because we want to improve outcomes in
a reasonable way.
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3. THE UNIQUENESS OF THE PARETO OPTIMAL CHOICES

The choice of Pareto optimal strategies is a very important issue. Since Pareto optimal
outcomes are not unique, we present two meaningfully different criteria. In this section,
we compare the Bressan and Shen criterion (2004) with the criterion proposed by us,
which is based on the Nash solution to the bargaining problem. Finally, we determine
Pareto optimal solutions for two duopoly models.

Bressan and Shen formulate the choice of s basing on the fairness conditions:

Y7 (s) > YN for i=1,2 (24)

and:
Y (s) =V =Y (s) = VY (25)

Condition (24) is necessary to receive better outcomes than the Nash equilibrium ones,
and it is essential to convince players to use a Pareto optimal approach. Unfortunately,
conditions (24), (25) are not easy to apply in the examples. Accordingly, we suggest
using the Nash solution to the bargaining problem. Firstly, the choice should not make

the payoffs worse:
Y2 (s) = YN for i=1,2 (26)

Pair (Y, Y,F) is the Nash solution to the bargaining problem if:
(Yflp - YlN)(YQP - YQN) > (Ylp - YlN)(YQP - YQN) for every (Ylpv sz)
In the examples, we use the following reformulated form:

s(x,p1, p2) = argmax{(¥," (s) = Y1) (¥3"(s) = ¥3")} (27)

If the intersection of the image of function Y = (Y1, Y3) and set {(y1, v2) : yi = Y.V,

1 =1,2} is convex, then conditions (26), (27) provide the unique s. We compare these
two approaches for two dynamics, the Lanchester duopoly model:

T =u(l —x)— ugx (28)
and the duopoly model from (Bressan and Shen, 2004):
z=x(1—xz)(u; —usg) (29)

In both cases, state = € [0, 1] characterizes the market share. We shall use the following
payoff function:

T 1 )

Ji(T,y, ur,uz) = z;(T) +/ {xi(t) — Ui (t)} dt (30)

T

where z1(t) = z(t) is the market share of the first company at time ¢ € 1,7, while
x9(t) = 1 — z(t) is the market share of the second. Both methods require comparing
new values with Nash equilibrium payoffs YlN , YQN — the instantaneous gain functions
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for Nash equilibrium strategies u}, ud’. The strategies can be found from the following

conditions:
oYy

duy

0Ys

— d 22
0 an Dty

=0 (31)

EXAMPLE 1
Let us consider the Lanchester duopoly model, which is given by (28), with the payoff
function (30). The instantaneous gain functions take form:

1 )
Yi (2, p1,p2, w1, u2) = pi(ur (1 — ) — ugw) + x; — §Uf i=1,2

where z; = x and 22 = 1 — z. Using (31), we obtain that u} = p;(1 — z) and

u = —pyz. The Nash payoffs are the following:

1
YlN = }/Vl(x7p17p27uiv7uév) = ipf(l - x)Q +p1p2$2 +x

1
Y2N = }/2(1'71717?27“{\]7“5\]) = 5}?%272 +p1p2(1 - :E)Q +1-x

Now, we find the set of Pareto optimal choices. We maximize function Y; = sY; + Y5:

1 1
Ys(z,p1, p2, u1,ug) = 5P1(u1(1_51”)—U2$)+5~T—3§“?+p2(Ul(l_if)—usz)+1—x_iug-
Using necessary condition:
oY, oY,
=2 =9 d —2 =0 32
8u1 an 8uz ( )
we receive uf = (p1 + 1po)(1 — z) and uf’ = —(sp1 + p2)x. The respective payoffs are:

2
1 1 1
Vi =p ((pl + SP2) (1—2)*+ (spr +P2)$2) +x - 5 (Pl + SP2> (1—x)?

1 1 2
Vi = P2(<p1 + Sp2> (1—2)%+ (sp1 +P2)$2) +1—2— 5 (Spl +p2> z?

Firstly, we shall use fairness condition (24) and (25). Condition (25) allows us to
present function s as one of the solutions of the following equation:

(p17)%s* +2(p12)?s° — 2(p2(1 — 2))%s — (p2(1 — 2))> =0 (33)

Unfortunately, condition (33) does not provide solutions that could be presented in
one simple, analytically computed formula. On the other hand, applying conditions
(26) and (27) we obtain that the seeking function s is given by the formula:

(z,p1p2) = (p“‘"””)) (34)

yaEY
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The Hamilton functions for (34) are the following:

2 2
1 z \?2 3 1—x 3
Hi(z,p1,p2) = > (P%— <(1 ) P%pz) ) (1—1‘)2-‘1— <p1p2+ (( )p%pz) )x2+x
—z T
1 1—a\2 § z 3
Ha(w,p1,p2) = 5 p%—(( " ) p1p§> x2+<p1p2+((1_$>p1p§> >(1—x)2+1—1‘

The matrix of the linearization of (18), in this case, takes the form:

[ 2 oy L 2 4 —1\% ]
(pl 2 (z>gp1p2)s > (1= oy K (x)(P;PQ ) (1 - 22
1
2 1 2 4 —1\3
+ (PQ + 4(31,7(11;233 ) z? + (pl + 7(?(:&)) ) x2
(o1'pd)® 2(pips) s
2 1 2
T 36w <2 302 () )m
1
26 (x) —1_4\3 2 1
+(p2+0'§1v)>(1_x)2 +(m+4¢%w>(§wz)3 (1 22

= p1=VeV1,p2=Vy V2

wln

where ¢(z) = (1:5)

EXAMPLE 2
Let us consider the second duopoly model, which is given in (29). The payoff functions
are given in (30); thus, the instantaneous gain functions take the following form:

L o

Yi(z, p1,p2, ur, uz) = piz(l — x)(ur — ug) + x; — Fue =12
where 71 = x and x5 = 1 — x. Using (31), we obtain that v} = p;z(1 — z) and
ud = —pyz(1 — ) with the Nash payoffs:

vy =

1 1
(@ = o (ot 4 ) b ¥ =@l 0)? (503 +papa) +1 -

Now, we need to find the set of Pareto optimal choices. To do that, we shall maximize
function Yy = sY; + Ya, (s > 0 is fixed):

1 1
Yi(z,p1,p2,u1,uz) = spro(l—x)(u —U2)+5$—5§U%+p2$(1—$)(ul —ug)+1l—x— 5“3

Using necessary condition (32), we get u!’ = <p1 + ipg) r(1—z) and ul = —(sp; +p2)
2(1 — z), and the Pareto optimal payoffs are:

1 2
V== (54 )t o - 2]+
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1 1 s2p?
v == (341 ) +om - T8 41

Applying (25), we get a very similar polynomial as in Example 1:
(p1)?s* +2(p1)*s® — 2(p2)?s — (p2)? = 0

On the other hand, from conditions (26) and (27), we find that seeking function s is
given by the following formula:

2

3

s(enpa) = (2) (39)
p1

The Hamilton functions for (35) are the following:

1 1 2
Hy(z,p1,p2) = 2%(1 — x)? <2p% + pip2 + 3 (pip2) 5) +x

)+1—a:

{Vll—i- o(z) <;D1 +p2+§(?1pgié) d(x) (p1+%<P411P271>%) ~[V1L: [0}

Vs _ 1 1% 0
: é(x) (m + 3 (pl lp%) ) ¢ (z) <p1 +p2+ 2 (pip2) 3) 2
P1=VgV1,p2=Vg V2

Wi

P2+ pips + = (p1pd)

2 2

The linearization of the system takes the following form:

1 1
Hy(z,p1,p2) = 2*(1 — x)? ( 5

where ¢(z) = 22(1 — z)2.

Criteria (26) and (27) provide an effective analytical formula describing Hamilotnian
functions Hy, Hs in system (18) in both duopoly models. Our next aim is to solve the
received systems numerically and to compare the obtained solutions with empirical
data.
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