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Uncertainty Mathematical Models of Power Converters

1. Introduction

Themathematicalmodels of the power converters can be considered in the formof trans-
ferfunction [4, 5, 6, 11, 14, 15]

K
G,(s)=K,e ™ ~—L_
P() P T05+1 (1)

For a three-phase system the constant T is regarded as:

— the half of the natural commutation period 1, = é L =1.667 ms (for Europe f; = 50 Hz),
N
— the half of the symmetrical modulation PWM period 1, = % 7 ! (typically fppy,is in
PWM

the range 5+20 kHz).

Such a model of the power converter is used in the parametric optimization of the torque
and the speed controllers [7, 11, 14, 20], but in the analysis of the control system robustness
[3, 8,22, 24] the use of more accurate mathematical models is necessary. These models should
contain the range of the parameters changes which come from construction and work condi-
tions of considered power electronic systems.

The transfer-function models for the three-phase power electronic systems are taken
into account in the article.

2. Three-Phase Thyristor-Controlled Converter

Thyristor-controlled converters [4, 10, 5, 11, 12, 17, 19] are used as the supply system of
the DC motors or rectifiers in the frequency indirect converters (Fig. 1).
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Fig. 1. Three-phase line-commutated converter bridge

The average voltage of the DC side of converter equals [4, 10, 5, 15, 19]

32 3

Uy =Uggcos(0)—AU,, Uyo="Ur, AU, ==0L] 0))
T T

where o is the delay (firing) angle, Uy is the line to line rms voltage and AU, is the voltage drop

caused by the commutation. AU, voltage is a linear function of the load current / and it can be

modelled as a series additional resistor R = éu)LS in the converter output [4, 7, 15].
Converter control is usually realized through the reference voltage U, which is produced

in the control system. For a continuous current conducting the relationship (2) with U, the
voltage consideration is presented in Figure 2.

Ugor

— ! ! !

Usmam IO V Usmin

Fig. 2. Transfer characteristic of a thyristor-controlled converter

The output voltage (gain) of the converter is the nonlinear function of the angle o and
depends on the shape of a current conducting (continuous or discontinuous).

Thyristor-controlled converter possesses variate time-delay T, additionallywhich de-
pends on the the previous value of the angle o

T = f(outy), olty))

The control process of the converter for various values of the firing angle o is presented
in Figure 3.
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Fig. 3. Output voltage and control signals of three-phase converter
with RLE load — continuous current conduction

The results from the presented signals are [15]:

— increasing of the voltage output U, is realized immediately,
— decreasing of the voltage output U, is realized with time-delay and for the large change

of the angle o can even lead to T, = 8 ms.

The dynamic operation analysis of the thyristor converter is very complicated, so the

timedelay model (1) is completed by interval coefficients.
Thus,

7, € [0,0.008]

€)

But from Figure 2 and equation (2) the range of the static gain K, can be determined as

K € [K -pmin> pmax]

Example 1. Continuous current conduction is considered. If Up

@

=/3-230V and

input signal of thyristor converter is in range £10 'V then firing angle must be computed as

a:——Us'FE or Us—

20
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The function U, = f(Uy) determines the static converter gain for several input signals.
Thus, the range of K, is calculated as:

U 40 ©08(%min ) \ U cos(oy) \4
=————-=538 —, K =————-=845 — 5
Pmin US Vv Pmax US vV ( )

max X

where USx’ o, are small input voltage near 0 V and corresponding to the firing angle.

3. Space Vector Modulation for AC Drives

The structure of a typical three-phase voltage source inverter (VSI) is presented in
Figure 4. The transistors IGBT as power electronic switches (PES) are used most frequently
which allowus to obtain high switching frequencies (up to 20 kHz) for the large values of
currents.

TC¢ Q2 Q4 Q6

Us1 Us2 Uss

Fig. 4. Voltage source inverter

Control signals a, a’, b, b’, ¢, ¢’ of PES are assumed as logical (0, 1), whereas Ug;, Ugy, Ugs
are line to neutral voltages of the motor. There exist 8 different values (a, b, ¢).

The space vector PWM (SVM) method determines switching sequence of the power
transistors (Q1+06). Different input states (a, b, ¢) create the hexagon of output voltages from
additional two zero vector states (Upyy, Uy11)- These 8 vectors are called base space vectors:
Uo» Usos U20: Uis0» Ua40: Uz00- Upoos Ut

The graphical representation of the space vectors in stationary (o, B) frame is presented
in Figure 5, where in brackets the control values (a, b, c¢) are given. Reference voltage l_]Sref
represents the average voltage:

1 J‘ Tpwm U

Us,,, (t)dt =
Tpywm 70 /

7 (U + 100 ©)
PWM

where T i T, are turn-on times of neighbouring base vectors U, 1 Ug, 4 respectively and Tpy,
is the carrier signal period.
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Fig. 5. SVM voltage base vectors in (o, B) frame

When |Uyg y
re
vectors in time 7},. Hence,

| < Upc then between times 77 and 7, modulation requires Uy or Uyq

T1+T2+T0:TPWM

The times 7'} and 7, can be evaluated in different ways [5, 12, 15, 19, 23] but the obtained
results are identical.

In order to prevent short-circuiting in VSI there should be a time-delay between the
turnoff of one transistor (e.g. O;) and the turn-on of the next (e.g. Q,). This time-delay Tp; is
called deadband. In the inverter control systems it is possible to compensate the time 7pp [5],
so this phenomenon is omitted in the process of creating a mathematical model.

Signals generation example for

(54
Us,, =0.9Upce 9 6) k=0,1,2,34,5

is shown in Figure 6, where the principles presented in Figure 5 and described by relation (6)
are used. The voltage Us, two times in every period Tpy, is introduced. The periods 77, 7,
and 7, are compared with symmetrical carrier signal. The effects of such inverter work is
presented in Figures 7 and 8. Based on these waveforms it can be concluded:

. 1
1f|QS,€f|>EUDC then Ty =[0, Tpypy I,

. 1
if |Us,,, |<EUDC then Ty = [Tpyas » 3pwa |-
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Following the above conclusions the delay in the operation of the inverter should be
adopted in the range

To € [0,3Tppl @
sector3 sectori sectorb sector4 sectoré sector2
0.5‘ T L__I___‘\ U\ T T T T T T ]
—————— '__%@
or 1 -
S S
lJSozref ',— _____ :
-0.5¢ T, : T T T T
T AT A A
1 !
T [ T | T !
2[\o ]l ez A3 T ;
carrier - T, ] : T, : \To 1
: T I T
T o2\ T Lol b T Lo
i 0 r
S IR o ML - . |
11 [ |
FLTJ H LI A i B
[o] ” ] | | L|_|T|_L| IJ LI |T| M

0 025 05 0.75 1 125 15 1.75 2 225 25 275 3
t[s] x10°

Fig. 6. SVM symmetrical signal a, b, ¢ generation (in p.u.) (Tpwas = 4000 s)
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Fig. 7. Line to neutral output voltages for U S,y = 0.9U pce ( 9 6
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Fig. 8. Line to neutral output voltages for Us,, =0.4Upce ( 9 6]

The voltage variations Up on the capacitor C = 1000 UF during the starting and braking
PMSM are shown in Figure 9 (with active load torque).

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

|
0 0.1 0.2 03 0.4 05 0.6 07 0.8
t[s]

Fig. 9. The signals in PMSM control system (2.3 kW) without braking chopper

The changing signal of voltage Up- shows that it varies in the range from 302 V (for
starting) to 370 V (for braking), however, the rated voltage is equal to U, pCy = 325 V. From this
interval the range of variation of the inverter gain can be determined as

Upc,
K e|lK, ,K , K, =——— i=max, min 8
p [ Pmin Prmax ] bi max |l_]S ; | ( )
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On the basis of the assumptions (3), (4), (7), (8) adopted mathematical model as (1) taking
account the changes in parameters

G,(s)=K,e ™, 190, Tyx], K,€ [K o Kp ] ©

This model represents the typical parametric uncertainty (structured).

4. Frequency Dependent Uncertainty

The analysis of systems with parametric uncertainty (9) is possible however can be
considered in the frequency domain (unstructured uncertainty), too.

In the uncertainty analysis of a plant the following descriptions are used [22]:
IT: a set of possible perturbed plant models which is generated by #,, norm-
bounded stable perturbations to the nominal plant. Usually this set includes
an infinite number of possible models G,(s).
I1; fixed or uncertain set of neglected dynamics.
Gy(s) € IT: nominal plant model.
G,(s) € II: particular perturbed plant model.

Multiplicative uncertainty [8, 22, 24] is defined as:
IT: G (s) = Go(s)(1 + wi()A(s),  [|All.<1 (10)

where A is a stable transfer-function and w;(s) is the input uncertainty weight.

If Gy(s) is the certain model of the plant and f(s) is neglected dynamics then
G,(s) = Go(s)f(s) is a set of plants and the relative uncertainty is defined by following relation

G, (jo) =Gy (jo) .
1©) 51:2)1(1 Go(jo) | }I;%)?'f(]w) | ()

The weight w;(s) is performed as a rational transfer-function
wr (jo) 21 (@), Vo (12)

The weight w;(s) is the upper bound on the magnitude of f(s), and is usually selected as
[1,22,24,18]:

1/n\!
W](S)ZM (13)

v/
RN
[Mmz B)

where mp is bandwidth frequency, 4 and M are minimum and maximum of the magnitude plot
of | /' (jw)—1].
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5. Robust Performance

The £, (Euclidean) norm of a time-domain scalar signal u(¢) is defined as [8]

@), = [~ u? @)t (14)

The norm (14) represents the energy of the signal u.
For stable scalar transfer-function G(s) the #_, norm is defined as [8, 22, 24]

Vu#0 (15)

ly@)|
||G(s)||°° = sup|G(j(1))| = sup 2 ,
o ve 22 @,

., norm for a SISO system is induced by £, norm for signals. The physical interpretation
of the #_, norm corresponds to the maximum energy amplification over the input signal. It can
be shown that ||G(s)||.. equals the peak magnitude in the Bode plot of the transfer-function.

In a typical SISO closed-loop control system, with controller Gx(s) and plant G(s), impor-
tant transfer-functions are defined:

L=GGy loop transfer-function (16)
S = L sensitivity function (17)
1+L
L e .
T= oL complementary sensitivity function (18)
+

They are indispensable to #,, optimization. In this approach the designer specifies the
magnitude of suitable transfer-function as a function of frequency and then calculates
a controller which gives the desired shape of the Bode plot [22]. In this approach the magni-
tude of the closed-loop transfer-function (sensitivity and complementary sensitivity func-
tion) is shaped. A synthesis of the controller is realized by the #, performance index optimi-
zation.

Typically (nominal performance) in the loopshaping magnitude of S, which should be

small, is only considered. The sensitivity function is compared with the upper bound ©)

wp(S
where wp is weight (fixed stable transfer-function). The loopshaping performance require-
ment is satisfied by condition

1
S(jo)| < ———
| (]w)|<|w,,<jw>|
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which in A, norm leads to inequality
[wy(s)s()|_ <1 (19)

The robust performance requires the loopshaping performance (19) to be satisfied for all
possible plants (10). Thus, the optimization in #, space [1, 8, 22] leads to condition (20)

pr (S)S(S)| +|wy (S)T(S)HL <1 20)

in which the transfer-functions S, T are shaped by the controller parameters tuning.

6. Numerical Example

Considering the model (9) for the thyristor converter (Fig. 1) where time-delay equals
Tmax = 8 ms and the parameters of the gain are

K =84.5X, K, =53.8X
v v

pmax pmll’l
K — Kpmax _Kpmin K — Pmax
a > r
P 2 U
From relation (11)
. - 2
L@ = max | F(0) 1] =[K e~ = K2, ~2K , cos(@T ) +1 @1)

fell;

the following parameters are calculated:

,

T . . .
max = —— frequency of the first maximum in the magnitude plot,

max

- A=K, —1,M=K,. + 1 minimum and maximum of the magnitude plot,

Wp; =
max

K, .
arcos Tp bandwidth frequency (/(®w) = 1).

The choice of weight is shown in Figure 10 which is completed by oscillatory element in
the following form

5% +ys+a 5% +ys+a

=M= 2
HS2+2LS+B s” +28wys + )

NIT:
where £ = 0.8, 0= A, a 2‘2\/6, X0 :\/M_B-

o (s) = 22)
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Fig. 10. Multiplicative weight for (21)

The coefficients § and y are obtained by the parametric optimization (numericalmethods)
for the following criterion

min (o ()|~ 1; () 3)
s Y

with the constraint /() < [w/(jm)|.

The interior-point method (function finincon in MATLAB) in the optimization problem is
applied. Presented result with 107 absolute tolerance on the function value is obtained.
The minimization of A, norm (20) for the motor torque controller is considered. The
model of the power converter and DC motor [7, 11, 14, 20, 21] (fixed transfer-function) is
assumed in the following form
B
K, 6 —s
Ge)=2O o PR gy Ry ) 24)
U(s) BTs*+Bs+1 2

e

where B, v,, M, are electromechanical time constant, flux linkage, motor (electromagnetic)
torque respectively.
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Proper operation of DC drive in dynamic states is guaranteed for the following limita-
tions of the state variables:

[I(t)| <1, =AyIy — current limitation,

(1 25)
‘d—() <ply — limitation of current derivative
dt
where Ay, p are positive constants.
Thus, the performance weight wp(s) must satisfy
S (26)
s+ 2| w0
N
so,
Mi+o
w,(s)= S/M; +opp @7
s+ g PAl

and for parameters of the drive from appendix 4 the following parameters 4, =0.01, M| = 1.55,
wgp = 6 rad/s are proposed.

For parametric optimization of motor torque controller Gp(s) the MATLAB function
hinfstruct is applied. Hinfstruct is included in the Robust Control Toolbox and based on the
paper [2]. The method uses subgradient calculus to solve the problem by first mini-mizing the
spectral abscissa of the closed-loop system to find parameters for fixed-structure controllers.

For weights (22), (27) and fixed (certain) plant transfer-function (24) the parametric opti-
mization of #, norm (20) is considered. The input uncertainty weight wy(s) after parametric
optimization includes the following coefficients: &= 0.79, w, = 245 rad/s, o. = 13440, y= 585.

From the fact that operator s occurs in the numerator of the motor transfer-function (24)
the 11> controller is selected in the following form

K +K
GR(S)=1—22S (28)
s

Thus, for the plant sG(s) and the PI controller parametric optimization is realized. In
Figure 11 the results of numerical simulations are presented. The step response may be
interpreted as p.u. transient. For too large value of the bandwidth frequency wgp the norm (20)
is greater than 1 (Fig. 12), so optimization failed. For the compensator in the following form

bys® +bys+by

Gr(s)= 29

s(s +als+a0)

the proper solution of this problem may be obtained (Fig. 13).



Uncertainty Mathematical Models of Power Converters

Magnitude

Fig. 11. Responses of the closed-loop system (I 2 controller) — wgp = 6 rad/s (G(s) = Gy(s))

Magnitude

Fig. 12. Responses of the closed-loop system (I 2 controller) — wpp = 9 rad/s (G(s) = G(s))

Magnitude

Fig. 13. Responses of closed-loop system (compensator) — wgzp = 9 rad/s (G(s) = G(s))

Frequency response

S(s) = 1+G(51)GR(S)

w [rad/s]

Frequency response

S(S) = 1+G(51)G1r,(5)

w [rad/s]

Frequency response

S(s) = 1+G(31)Gn(s)

w [rad/s]

7. Conclusions

The parameters uncertainty of the power supply of an electric motors is presented for the
first time. The method of determining the parametric uncertainty of the thyristor-controlled

Step response

Output signal
o o o
= o [e) -

o
o

1
= T T " Xn/ps+1
G(s)G
T(s) = 6 nts
0.5 1 15
t[s]

Step response

Output signal
I o o
s » © -

o
)

1
T T T T Xn/pstl

Gs)@
T(s) = 1+(GS()5)SE:()S)

05 1 15
t 5]

Step response

1oymm ==
1
= 08ff-
5 I
.eb
“ 0.6(1
*é 1
3041., L o
| el vy - r=s
0.2
: _G(s)Gr(s)
: T(S) =;1+G:ss g:s
0
0 05 1 15
t [5]

converter and the voltage source inverter SVM is shown.
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The conversion method from the parametric to the dynamic uncertainty is used. The
multiplicative uncertainty weight in the form of the oscillatory element is suggested.

In uncertainty conditions the motor torque controller synthesis in #,, space is achieved.
In this approach the sensitivity upper bound is considered.

The results of the research in frequency- and time-domain are satisfied.

Obtained results are promising and one foresees them to complete with the uncertainty
of the motor model.

Appendix A. DC Drive Parameters

Py=18 kW], Uy=440[V], Iy=47[A],
rad rad
ny= 1800 [rpm], Oy =188 I:T:l, 0 =200.3 I:T:l,
R=18[Q] L=99 [mH], T=L/R=55[ms],
Vs I,
=2197 |— | ~ Ay =2 |-max| _ 2
Ven [rad] N { Iy } J=0.69 [kgm?],
\% A
K,=69 =], =501y | —
ol e[
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