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In this paper we consider parametric optimisation of a controller for nonlinear system.
Our focus is on systems in the form

( ) ( ( ), ( ))

( ) ( )

t t t

t t

=

=

x f x u

y Cx

�

(1)

where f : �n � �r → �n is twice differentiable, C ∈ �m�n with controllers in the form of
generalized PI controller

0

( ) ( ( ) ( )) ( ( ) ( ))d
t

p it K t t K t t t= − + −∫u w y w y (2)

where Kp, Ki ∈��
r�m and w(t)�∈��

m is a reference signal. We will consider optimisation of
parameters Kp, Ki in order to minimise performance index in the form of

T

0

( , ) = ( ( ) ( )) ( ( ) ( ))

( ( ), ( ))d

p i

T

q K K T T T T

L t t t

− − +

+∫

w y Q w y

y w

(3)

where L : �m 
� �m → � is also twice differentiable and Q = QT ∈ �m�m is positive defi-

nite. This class of problems is very general, and contains for example a standard PI con-
troller optimisation, for SISO system with and integral square error criterion (ISE) with
finite horizon.
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Controllers like (2) are usually described with transfer functions. Because considered
system (1) is nonlinear we will use the state space formulation. We will introduce additional
m auxiliary variables x* = [xn+1… xn+m] described by following system of equations

* = ( ) ( ) = ( ) ( )t t t t− −x w y w Cx� (4)

using these variables, we can write closed loop system as

( ) = ( ( ), ( ( ) ( )) ( ))

( ) = ( ) ( )

p it t K t t K t

t t t

− +

−

*

*

x f x w Cx x

x w Cx

�

�

(5)

Also, what will be explained later let us model parameters of controller as state varia-
bles described by

( ) = 0, ( ) = 0t tp iK K� � (6)

It can be seen, that Kp ≡ Kp(0) and Ki ≡ Ki(0) so this rewrite does not influence the
control structure. Additionally we will add an auxiliary variable xq given by

( ) = ( ( ), ( ))qx t L t tCx w� (7)

It can be easily seen that:

0

( ) ( ( ), ( ))d
T

qx T L t t t= ∫ Cx w

Using this variable we can reformulate performance index as

T T

T

( , ) = 2 ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )q

q T T T T

T T T x T

− + +

+ +

p iK K w Cx w Qw

x C QC x
(8)

Because w(T)TQw(T) is constant it does not influence the optimisation and therefore
can be omitted. Collecting all these reformulations we get a closed loop system

( ) = ( ( ), )t F t tX X� (9)
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where X(t) = [x(t)x*Kp,11…Kp,r1… Kp,rm Ki,11…Ki,rm xq]T and

2 1

( ( ), ( ( ) ( )) ( ))

( ) ( )
( ( ), )) =

( ( ), ( ))

rm

f t t t t

t t
F X t t

L t t

×

⎡ ⎤− +
⎢ ⎥
⎢ ⎥−⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

*
p ix K w Cx K x

w Cx

0

Cx w

(10)

with X(0)=X0 ∈�
�

n+m+2rm+1 and performance index becomes

T T
0( ) = ( ) ( ) ( )q T T T+X X WX R X (11)

so the parametric optimisation problem (1), (2), (3) is equivalent to the optimisation of an
initial condition of nonlinear system (9) with performance index (11), and that more general
problem will be considered in the following part of the paper.
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In the earlier works of the authors (see [3]) the above formulation of optimisation pro-
blem was solved with the use of line search methods – namely Newton’s method. Newton’s
method is a very quickly convergent method (quadraticaly convergent) in the convergence
area. However in order to obtain such convergence Hessian has to be positive definite.
It is not always the case in the context of nonlinear problems, and basic Newton’s method
has problems to obtain the solution (see [7]). There are of course methods that improve the
convergence area, however that convergence is no longer quadratic. Also all kind of line
search methods have their own problems, as they my require multiple evaluations of
the performance index. Different approach for solving nonlinear optimisation problems is
the trust-region problem.

 ���!	������"�	
��
�#	�!��

We are interested in problems in the following form

min ( )
x

q x

In the algorithmic strategy, known as trust region method, the information gathered
about q is used to construct a model function mk whose behavior near the current point xk is
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similar to that of the actual objective function q. Because the model mk may not be a good
approximation of q when x is far from xk, we restrict the search for a minimiser of mk

to some region around xk. In other words, we find the candidate step p by approximately
solving the following subproblem:

min ( )k k km +x p

where xk + pk lies inside the trust region.

If the candidate solution does not produce a sufficient decrease in q, we conclude that
the trust region is too large, and we reduce it and re-solve the subproblem. Usually, the trust
region is a ball defined by ||pk| = Δk, where the scalar Δk > 0 is called the trust-region radius
- norm used is usually Euclidean, however also scaled euclidean, taxicab and maximum
norms are used. Sometimes there are changed from one iteration to another.

The model mk in subproblem is usually defined to be a quadratic function of the form

T T1
( )

2k k k k k x k k xx k km q q+ = + ∇ + ∇x p p q p p

where qk, ∇xqk and ∇xxqk are a function value at xk, gradient of function at xk, and Hessian
matrix of function at xk, respectively (for details see [4, 7]).

This concept allowed for the creation of Basic trust-region algorithm (BTR):

Initialization:

An initial point x0, intial value of trust-region radius Δ0 , and maximal radius Δ̂  are
given. Also the constants η1,�η2 such that

1 20 1< η ≤ η < (12)

are given. Compute initial value of performance index q(x0) and set k = 0.

Step 1: Model definition

Choose the norm and construct the model mk in the trust-region.

Step 2: Step calculation

Compute the step pk that reduces the model and such that xk + pk belong to trust-region.
Usually by minimisation of the model over region or by approximate minimisation.
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Step 3: Compare the reduction of the model vs reduction of the function

( ) ( )
=

( ) ( )
k k k

i
k k k k k

q q

m m

− +ρ
− +

x x p

x x p

If ρk = η1, then xk+1 = xk + pk, otherwise xk+1 = xk.

Step 4: Update radius

Choose Δk+1 from appropriate interval:

k 2

1 2 k 1 2

1 2 k 1

ˆ[ , ) if � � �

[ , ] if � �� �� ��

[ , ] if � ��

k

k k k

k k

+

⎧ Δ Δ ≥
⎪⎪Δ ∈ η Δ Δ ∈⎨
⎪
η Δ η Δ⎪⎩

k = k + 1 and go to Step 1.
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To find the next trial point we need to formulate and solve the Trust-Region subpro-
blem. Usually depending on number of the variables solutions are obtained exactly or
approximately. Usually if there are no more than about 50 variables exact methods canbe
used – otherwise such methods as Cauchy point, dog-leg and subspace minimisation are
used.

In this paper for the solution of the subproblem an exact method was used. The global
solution to the subproblem is given by the following.

Theorem 1. (see [7]) The vector p* is a global solution of the trust-region subproblem

T T1
min . .

2n
k

k k k k k k k kq s t
∈ℜ

+ + < Δ
p

p g p H p p

if and only if p* is feasible and there is a scalar λ
≥
�
such that the following conditions are
satisfied:

( )

( ) 0

( ) 0

k

k

k

+ λ = −

λ Δ − =

+ λ ≥

*
k

*

H I p g

p

H I
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In this paper – because of the low dimension of the considered problems we have used
the following strategy:

�= ����#"
�#
&��≥
�
�#
 �)
 ����2

k = − kH p g�

%�&
$'�$.
�#
 k .Δ ≥ p� 
�#
!'� 
$��&�!���
� 
#-�#����&
 �!
 .∗p = p� 
�'� 
 �!-%!���
� 
%
��/>

!��? 
 !�+
�#
���(!'
≤
Δ.

�= �!'��/� �)
#��&
 ��-!���
�@λ=
 -$'
!'%!

( ) ( )k + λ λ = − kH I p g

#��
��/
&�,�� ���%�
+��A��, 
��%,��
#��,-�%
$%�
A�
- �&�

B= C��&
���! 
�#
!'�
#����/��(
+��"��,�%�

T 2( ) ( ( ) ( ) )det( )k kw λ = λ λ − Δ + λp p H I

�'� �
�+��%!��� 
$%�
A�
�% ��"
$�,+-!�&
/�!'
�%!�%A�

5= �'�� �
%
���!
λ�
�#
'@λ=
/'�$'
#-�#��� 

( ) 0k + λ ≥H I

%�&
 �!
�
(�
)��*λ�

+�

In problems of higher dimension certain iterative schemes must be used (see [4, 7]). In
order to use trust-region algorithm we need to compute gradient and Hessian which are
given in the following section.
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Our analysis will be based on the so called variational equation (see. [6] p. 95). Varia-
tional equation takes form

( ) = ( ( )) ( )t t t� � � �� (13)

(0) = N N×� � (14)

where J(X(t)) ∈ �N�N is a Jacobi matrix of right hand side of (9). Variational equation has
a following property

0

d ( )
= ( )

d

t
t

X
�

X
(15)
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It should be noted, that variational equation(13) is linear time varying equation, that
can be solved simultaneously with (9). We will now use the variational equation to compute
the gradient of q(X0) that is

T
00

( ) = ( ) (2 ( ) )X q T T∇ +X � �� � (16)

Conclusion, is that in order to obtain gradient of (11) with respect to initial condition
X0 needs to solve a system of N2 differential equations (13).
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The Hessian ∇x0 x0 q(X0) = H(T) is given by

T( ) = ( ) 2 ( ) ( )T T T T+H V � �� (17)

TT
1

T

( ( )(2 ( ) ))

( ) =

( ( )(2 ( ) ))N

t T

t

t T

⎡ ⎤+
⎢ ⎥
⎢ ⎥
⎢ ⎥

+⎣ ⎦

V WX R

V

V WX R

� (18)

= ( )
=1

( ) = ( ( ) ( ) | ) ( ) ( ( )) ( )
N

j pj z X t j
pp

t t z t t t
z

∂φ +
∂∑V J � � � �� (19)

( ) = ( ( )) ( )t t t� � � �� (20)

(0) = N N×� � (21)

(0) = , 1,2,...j N N j N× =V 0 (22)

Because ΦΦΦΦΦ�was computed already in order to determine the gradient, then the effective
numerical cost of Hessian computation is solving N3 differential equations. For determina-
tion of Hessian for this performance index see [3], and for more detailed discussion of deri-
vatives with respect to initial conditions see [2]. It should be noted, that both gradient and
Hessian computation gives us derivatives with respect to all initial conditions. To obtain
needed derivatives with respect to parameters one needs to extract appropriate rows and
columns.
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Let us consider a parametric optimisation of series DC motor with PI speed controller.
Model of the motor (see [1, 5]) is given by

1 1 1 2 1 2

2
2 1 1 2 2

( ) = ( ) ( ) ( ) ( )

( ) = ( ) ( ) ( )

x t x t x t x t u t

x t x t x t t

−α −α +β

γ − γ − τ

�

�
(23)

where τ is load torque, x1 is motor current and x2 is angular velocity. Controller has form

2 20
( ) = ( ( ) ( )) ( ( ) ( ))d

t
p iu t K w t x t K w t x t t− + −∫ (24)

We want to minimise the performance index

2
20

( , ) = ( ( ) ( )) d
T

p iq K K w t x t t−∫ (25)

This problem is equivalent to system (9) where

2
1 2 6 2

0 0

2 1 3 2 4 5

( ) ( ( ) ( ))d , ( ) ( ( ) ( )) d ,

( ) ( ), ( ) ( ), ( ) , ( )

t t

p i

X t w t x t t X t w t x t t

X t x t X t x t X t K X t K

= − = −

= = = =

∫ ∫

Equations of right hand side of differential equations are given in [3]. The performance
index takes form

0 6( ) ( )q X X T= (26)

that means, that matrices of performance index (11) are W = 06×6 and R = e6 (with ei deno-
ting the i-th unit vector). We can apply then formula for gradient (16), and the Hessian
matrix can be computed with formulas (17)–(24). Analytical computation of coefficients for
this formula see [3].

For optimisation a trust region algorithm was used where η1 = 0.25 and η2 = 0.75 (see
for example [7]). Algorithm was stopped when gradient g of performance index with
respect to optimised parameters would fulfil the condition || g || < 10–10. For computation of
gradients a multi-step backward difference method of Klopfenstein-Shampine family was
used. It is implemented in Matlab as ode15s [8]. Absolute and relative tolerance of the
method were set both equal to 10–9. Algorithm determined a minimum from multiple (stable
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and unstable) starting values in less than 20 iterations. Step response of the system with an
example of initial and optimised parameters is presented in the Figure 1. Iterations of algo-
rithm with trust regions are presented in the Figure 2.
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In the paper a trust region method was successfully adapted to the task of parametric
optimisation. Method of analytical computation of derivatives presented in [3] gave satis-
factory results quickly finding optimum.
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