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1. Introduction

Nowadays, the interest of Unmanned Aerial Vehicles (UAV) is ameliorating very
quickly, both in civilian and military usage. The UAVs have great potential in areas such
as: agriculture, geodesy, inspection, energetics and entertainment. The most popular
type of drone is quadrocopter both in scientific and commercial aspects. Quadorotor has
four engines with propellers and occurs in variety sizes and weights. From very small,
which can be placed on hand, up to 1.5-2 m in diameter and they are able of carry pay-
loads from few grams to even 20 kg.

This paper describes modelling Tricopter — uav with three rotors. Trirotors, rather
then quadrocopters, are less popular, due to system instability — autorotataion in yaw
axis. This effect occurs because aerodynamic moments are unbalanced. It can be elimi-
nated by change in construction, one of motors must be tilted. The best approach is have
possibility to change angle of tilted motor, during flight.

Tricopter and other multirotors are capable of vertical taking-off and landing
(VTOL), hovering flight. But, in contrary of multicopters with even rotors number, Tri-
rotors have greater flight dynamics and improved manoeuvrability (due to built-in insta-
bility).

This study presents, more detailed, mathematical models of Tricopter’s subsystems:
BLDC (brushless direct current) motor with propeller and Li-poly battery. Moreover,
also presented a flight dynamics model which is based on quaternions algebra. However,
this model has lack of aerodynamics coefficients, so it can be used only for stability ana-
lysis in hovering flight.
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Engineering, Krakow, Poland
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2. Propeller, aerodynamics forces and moments

Consider propeller of diameter D, which has angular speed , (Fig. 1). This move-
ment generate thrust 7' directed perpendicular to the plane of rotation, torque Mg acting
on the motor’s shaft, and torque Mp effecting on Tricopter’s yaw axis. To calculate
thrust 7 and torque O blade element theory is used. It says that propeller’s blade
consists of infinitely many, infinitely thin and aerodynamically independent elements,
which are located along the radius. On Figure 1 sample section is marked. It has thick-
ness dr and is placed in r from centre, whereas Figure 2 shows cross section of the blade.
The following forces have been marked on it: drag — dD, lift — dL, thrust — dT and torque
—dQ. Also marked: forward speed — v, angle of attack — o and effective pitch angle — &.
There is more parameters, such as inducted speed or pitch angle, all of them can be
found in [2].

Fig. 1. Propeller

Rotation axis
dlj

Plane of rotation

Fig. 2. Cross section of the blade
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Based on Figure 2, forces dT and dQ can be expressed using dL and dD,
dT = dL cos& — dD sin§ (1)
dQ = dLsing + dD cos (2)

while forces dL and dD have the following form [2, 6, 11]:

dL Z%pv%q ey dr ?3)

dD= % pv%g lepdr 4)

where:
p — air density,
[ — average (for simplified) chord’s length,
¢y, cp — lift and drag coefficients.

To calculate thrust 7 and torque Mg, perform following actions:

R
T=Ng [dTdr ®)
0
R
Mg = Np [ rdQdr (6)
0

where Np is number of blades. Way of solving integrals from equations (5) and (6) can be
found in [2, 6, 11]. The result is:

T =Crpn?D* (7)
Mg = Cypny D’ ®)

where C7 and C,; is dimensionless coefficients of thrust and torque, p is air density, #y is
revolutions per second and D is propeller’s diameter. Manufactures provides coefficient Cp
instead C,,, which is dimensionless coefficient of power. Equation (11) presents relation-
ship between them.

P = Mgw, = Mg2nn, =2nCppniD’ )
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P=CppniD’ (10)
Cp =21Cy (11)

Coefficients Cy and Cp are dependent on the coefficient — advance ratio from equa-
tion (12):
v
ngD

J= (12)

Figure 3 shows relationship of coefficients C; and Cp from J.
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Fig. 3. Typical relationship of coefficients Cy and Cp from J

Torque Mp acting on Tricopter’s yaw axis is produced by force dQ which is caused by
propeller’s rotation with speed ®,. Given that the propeller has two blades, so torque Mp
is sum of two torques. On the Figure 4 shows one of Tricopter’s drive units which is place
in distance d from centre of mass. Based on Figure 4, torque produced by upper blade is
equal to:

Mpg = dQsin(n—E—B) P +d? —2rdcos@ =
: (13)

= dQcos[S\/r2 +d? —2rd cos @
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Fig. 4. One of Tricopter’s drive units

And for the lower blade:

Mpp = dQsin(g—B’) r?+d? ~2rd cos(2n—-m—¢) =

(14)
=d(Qcos [_’)'\/r2 +d? +2rd cos [0)
In next step, cos B i cos B’ must be calculated. From law of cosines:
d2:r2+r2+d2—2rdoosq)—2r r2+d2—2rdcosq)cosB (15)
which for r > 0 gives:
cosp= r—dcos (16)

\/r2 +d? —2rd cos ¢
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And analogously:

r+dcos @

cosf = (17)
\/r2 +d* +2rd cos @
After inserting equations (16) and (17) into (13) and (14):
Mpg = dQ (r—d cos @) (18)
Mpp =dQ (r + d cos ¢) (19)
And finally obtained equation:
3n
2 R
Mp=2 [ [(Mpg—Mpp)drde=
T 0
? 20
N (20)
2 R
=—4d [ [dQcosgdrdg
T 0
2
Way to solve the equation (20) can be found in [20]. The result is as follows:
_ 24
Mp = CMPdanD (21)

where €y, is dimensionless coefficient of torque acting on Tricopter’s yaw axis, and
which is dependent on J.

2.1. BLDC motor

In almost all copters available on the market, brushless direct current motors are
used. They are the most important system on board, because they are the only source
of thrust. BLDC motors can be divided into two types outrunners and inrunners. First
type has magnets on outer, spinning shell and coils inside, while inrunners have inverse
construction. BLDC motors needs three phase inverter to run. On Figure 5 has been
shown equivalent circuit of motor.
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Fig. 5. Equivalent circuit of BLDC motor

There are a lot of literature about modelling brushless motors and control strategies
for example [4, 8, 10, 12, 15]. Based on cited literature and Figure 5, the following equa-
tions were written:

.. d,. .
V;lbZR(la—lb)-i-LE(la—lb)-i-Ea—Eb (22)
.. d,. .
VbcZR(lb—lC)-i-LE(lb—lc)-i-Eb—EC (23)
. d,. .
VcaZR(lC—la)-i-LE(lC—la)-i-Ec—Ea (24)
dog
M62H37+BOJS+ML (25)

where:
V' — phase-to-phase voltage,
i — phase current,
E — phase electromotive force.

Moreover R means phase-to-phase resistance R = R, + R, = R, + R, = = R, + R,
and L is phase-to-phase inductance L = L, + L, =L, + L, = L, + +L,. M, is tor-

que, I, is inertia of motor, o, is angular speed, B is damping coefficient and

do
M; =1p dts

+ My is torque produced by load, in which [ is inertia of propeller, My is

aerodynamic torque.
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Electromotive force of brushless, three phase direct current motor is function of
rotor position, furthermore is shifted in phase 120° for each phase [8, 10].

E, = kemsf (ee) (26)
Eb:kewsf(ee—%n) (27)
E, = k0 f(ee +%") (28)

where 6, is electrical angle, k, is electrical constant [Lsd]’ o, is angular speed and func-
tion f(0,) describes trapezoidal form. ra
Additionally electrical torque may be expressed as [8, 10]:

Me:ki[f(ee)ia+f(ee_2;;_n)ib+f(ee+2;;_n)ic:| (29)

. Nm
where k; is torque constant N

Relationship between electrical angle and angular speed is expressed as follows:

d&:ﬁws (30)
da 2
P
96 :Eem (31)

where P is number of poles. While function f(6,) has form [10]:

S9,-1 o0<p,<™

T 3

1 §£66<n
£(8,)= 32
(6) ; i (32)

——0,+7 m<O,<—
4 3

-1 %S 0, <2n
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Applying Kirchoff’s laws and algebraic transformations to equations (22)—-(25) ob-
tained:

R 0 0 0
i L i,
. 0 R 0 0
I : _z Ip +
s 0 0 B 0||%
m HS+HP em
| 0 0 1 0]
2 1
3L 3L
V., —E
L1y ab ™ Fab (33)
+ 3L 3L Vbc_Ebc +
0 ! M,
HS+HP
| 0 0 0 |
SRR
0
+ B MS
HS+HP
L 0 .
(i, 1] [1 0 0 0]
Iy
ip 0O 1 00
I
i. |={-1 -1 0 0 (34)
(DS
y 0O 0 1 0
O
10,,] [0 O 0 1]

Based on equation (33) you can see that the inputs os system are voltages V,, i V.
They are coming from three phase inverter, which is shown on Figure 6. For the purpose
of this work inverter can be simplified. Transistors was replaced witch switches.
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Fig. 6. Example of BLDC inverter

Therefore, following equations are obtained [12]:

Vid Vid

V=8 2dd _ g, “dd

a=517""% (35)
Vid Vid

Vy=8y-dd _ g “dd

b=57""% (36)
vV, vV,

where V,,; is source voltage, and Sy, Sy, ..., S are corresponding to state of switches in
inverter. Switching table can be found in Table 1.

Table 1
Switching table

66 S1 Sz S3 S4 SS S6

0°
60°
120°
180
240°
300°

(=R - =
[ R R = =)
S = = O O O
_ = 0 O O O
-0 O O O =
O O OO = =
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3. Li-poly battery

Tricopter is powered by lithium—polymer battery. This is type of Li-ion cell, which is
build from lithium alloys and conductive polymers. They are lightweight which makes
them suitable for fling devices, and also characterised by a hight discharge current.
Moreover they have grater energy density and have not ,,memory” effect, known from eg.
Nickel-cadmium cells. Reason why model of battery should be include in overall model is
dependency cell voltage from temperature, drawing current and state of charge. Change
of battery potential has impact on angular speed of propellers which implicates diffe-
rence in thrust and torque.

In scientific papers there are many elaborations about Li-poly cells, not only includ-
ing chemical processes [5, 7], but also simplified models, which represents battery voltage
from state of charge [3, 13, 17, 18]. Author decided to choose simplified model without
temperature compensations due to good cooling provided by airflow.

Model of battery is divided into two parts. First one is serving for approximation of
state of charge. It is combined from capacitor and current source which represents re-
spectively cell capacitance and current drawing of system. Scheme is shown on Figure 7.
Effect of self-discharge was deliberately omitted because cells are discharging in rate
about 8% monthly at 21°C [1].

Usoc
=

Fig. 7. Scheme of approximation of state of charge

Equation which represents state of charge is as follows:
1
Usoc=Up= [ 1at (38)

where:
C - is battery capacitance,
I — is discharge current,

U,

[, — Is initial voltage in the range from 0 to 1.
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The second part of model was developed based on Thévenin’s theorem, which says,
that any linear electrical network with voltage source and impedance can be replaced at
terminals AB by an equivalent voltage source in series with matching impedance. In this
case, voltage source is relative to Uggc, and impedance has form of two resistors and
capacitor. Scheme is shown on Figure 8.

Ry
s N
= =
Cr
E(U.
(Usoc) Uin
I
<€ B
Fig. 8. Equivalent circuit of battery
According to Kirchoff’s law:
E(Usoc) = IRg + Upc + Uyp (39)
where:
= Ure , ¢ AUk (40)
RT dt
dUgc _ I Ugc
dt CT RTCT (41)
Urc(0)=0
ot
URC = IRT - IRTe RTCT (42)

after substitution:

t
Uup = E (Usoc )— IRs — IRy + IRpe TiCr (43)
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4. Flight dynamics of Tricopter

Simplified models of Trirotor dynamics can be found in [14, 19, 21]. This representa-
tions absenting all important physical interactions, what is more, they are based on Euler
angels, which may lead to gimbal lock effect or numerical errors. In this paper quater-
nions algebra is used to representation of angular movements, moreover additional force
moments are included. What is more, standard aerospace frame — North East Down (NED)
is used, in contrary to model in [21].

4.1. Quaternions

They are extension to imaginary numbers in 3D space. They were discovered by
Irish mathematician — William Hamilton in 1843. On the beginning they were regarded
as strange and unnatural, because their multiplication is noncommutative and they were
discovered before matrices. They are used mainly to rotations in R3 space. Quaternions

are represented in form:

q=qo+qi + g2 +qsk (44)

where: q, g, g, and g3 are real numbers, symbols i, j, k are quaternion units for which we
defined:

P=p=k=-1 (45)
j=—gi=k jk=-k=i, ki=-k=j (46)
Two Quaternions are equal only if they have exactly the same components. From

equations (45) and (46) results that multiplication of quaternions in noncommutative.
Moreover quaternion conjugate is defined as:

qd=q90—qi—qj—qk (47)

and quaternion norm:

N(q)=q3 +af +a5 +q3 (48)
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Relationship between angular speed and quaternion is defined as [16]:

0 40 q0
; 1| 0 ® -
qu{_L1|%p r q || 9 FK,e q1 (49)
qQ 2 (Dq — O, 0 (Dp qQ qQ
a3 o o, -0, 0 a3 a3
2,2, 2 2
8=1—(%J+Q1+QZ+Q3) (50)

where: K, is normalization gain, normally equal to 1.

In the following part will be needed two more relationships. First between quater-
nion and rotation matrix and second between Euler angels and quaternion. They are
respectively defined as:

@+t - -3 2aptaa)  2(qa-90)
R=| 2(qiq2-q0a3) 4§ -ai+a3-a5 2(02495+d0q1) (51)
2(qas+aqo)  2(0as—q0m) qg —gt-g3 + 032

2 + |
arctan -5 5 3 3 (Q2Z3 ZO‘II )2
Q-9 —D2+93%3

D S

=| arcsin(-2(q193 - q042)) (52)

v 2
arctan{ 2((11(12 +4043) ]

2 2 2
9Q+N0 D295

Equations (51) and (52) are valid only for quaternions with unit norm.

4.2. Tricopter’s dynamics

Tricopter flies due to thrust produce by three brushless motors with propellers. Two
of them are spinning in clockwise direction, and the third in anticlockwise. It causes un-
balance of aerodynamics torque and leads to autorotation of vehicle [21]. To eliminate
this effect, one of rotors is placed on moving platform so tilted angle can be changed.
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Figure 9 shows forces generated by rotors (7}, T, T3) and tilted angle — y. Motors are
placed in equal distances (d) from mass centre, and angle between them is 120°.

| Y
T3

Ys

T

I3

B
Fig. 9. Forces of Tricopter

Based on Figure 9 the resultant force and torque generated by 7; fori = 1, 2, 3 is:

0
1—7% = ~Tssiny (53)
T Ty - Tycos y
(T -Tl)dsing
—B b
M7 =|(T +T2)dcos§—T3dcosy (54)
Tid siny

o,

according to (7) T; =CTpn§ D4, substituting ng, = e fori =1, 2, 3 obtained:
1 1 T

2

5 4
D (55)

T;=Crp
' 4n
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which after alternate into (53) and (54) gives:

0
4
P -—cpl o siny (56)
4?
2 2 2

), +0), + 03008y

S lod ot

2
M%—C dD—41 2+l )- ol cos 57
r=C1p 4752 E((Dsl (")sz) g, v (57)
a)? sinvy

3

Torque vector (57) is not only one moment of force in this system. Additional
moments are created by moving tilted, tail, motor. This moment is dependent on angular
acceleration and inertia of tail engine [14, 21]. It produces rotation in xg axis and is
expressed as follows:

—B ..
MY = [—Ian, 0, O]T (58)

During rotation of tail rotor occurs gyroscopic effect. This torque depends on pro-
peller momentum [9, 14, 21]:

]T/[? = I o, 7[0, siny, —cos v (59)

Moreover, in this system, is presented another torque which is created by change
of momentum, which is result of difference of propeller angular speed.

- o . T
Mg =1 [O, — @, Siny, G, — g — g, cosy] (60)

What is more, a propeller shafts encounters aerodynamics drag, which based on
third Newton law generates torque in aerodynamic centre [21]. The result is rotation in
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counter direction then propeller. Detailed calculations can be found in chapter 2. The

outcome is equation (21), and vector is defined as:

4
MP —CMde
47

0, o} smy,(o -
53 52

2

2

T
5, — O, cosy]

The result of adding equations from (57) to (61) is resultant torque:

2

2

3 (2 .
2 ((1)52 _(Dsl)_lzn’y
—B Cl 2
M = 5 ((:os1 +u)52) Cl(yos3 cy + o, 5y — 150, Y+C2(yos3 y
2 . . . . 2
Crog, sy — L0, Yy + I ((:os2 — g, —(053CY)+C2 ((:os2
1)4 1)4
where C; = CTpd , G = CMde Sy, ¢y I8 siny and cosy.

Six degree of freedom equations of motions are defined as [6]:

where m is Tricopter’s mass, V/, is his speed in body frame, o = |

speed and [

F~ =iV, +mVj, + ox(mVy) -

M =lo+Io+ox(lo)

RT [0,0, mg]T

1)

O, Cy

(,l)(,l)(,l)

(61)

(62)

(63)

(64)

r] is angular

is his inertia. Because Tricopter’s mass is constant durlng flight, and his

construction is stiff so his inertia is also constant. Above equations are transformed into:

Vb ZLF‘B —oxVp +RT [0, 0, g]T
m

Q:TJUW%—mx@m”

(65)

(66)

More interesting is speed in Earth frame then body axes. Relationship between

them is following:

V =RV}

(67)
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This differential equations represents mathematical model of Tricopter’s dynamics:

S=V
V =RV},
Vy =L F® _oxV,+ RT[0,0,¢]"
m
1 [~—=DB
=1 1(M —ox(1 )
® ox(lo) 68)
do 0 -0, -0y —0 ||qg q0
| 1{op 0 o -o5lq q
=— +K e
92 0  —0 0 Op |92 92
q3 O 0 —0, 0 93 93

where S is location in Earth frame.

5. Summary

This paper presents six degrees of freedom analytical model of Tricopter’s dynamics.

It is based on quaternion’s algebra instead Euler’s angles, this leads to eliminations

of gimbal-lock effect in numeric simulation. Moreover, to describe full dynamics, pro-

pulsion and electricity subsystems are demonstrated. Next step will be models validation

and then synthesis of controller.
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